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Related Literature

Nagurney (2006) demonstrated that supply chain
networks could be reformulated’as.transportation

networks.

Nagurney and Liu (2006) proved the supernetwork
equivalence of the electric power supply chain networks
with traffic networks.
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Outline

In this paper, we-ask the question as to whether financial
network preblems with intermediation can be reformulated
as transportation ‘network equilibrium problems?

- We first extend the model of Nagurney and Ke (2003) to

the case where the inverse demand (price) functions are
assumed known.

We recall the transportation network equilibrium model
with fixed demands due to Smith (1979) and Dafermos
(1980).

- We establish the supernetwork equivalence of the

financial network model with a special configuration of the
fixed demand transportation/traffic network equilibrium
model.
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The Financial Network with
Intermediation

Internet Links .

Intermediaries

Demand Markets - Uses of Funds




Table 1: Notation for the Financial Network Model

Notation Definition

y m-dimensional vector of the amount of funds held by the source agents with
components i denoted by S

m-dimensional vector of uninvested portion of funds held by source agents with
component ¢ denoted by g;in41)

2mn-dimensional vector of all inancial flows for all

source agents/intermediaries/modes with component 750 denoted by ;4
mo-dimensional vector of all direct electronic financial transaction flows
between sources of funds and demand markets with component ik

denoted l.lji.' ik

2no-dimensional vector of all financial Hows for all

intermediaries/demand markets/modes with component jki denoted by g,y
n-dimensional vector of total inancial flows received by intermediaries
with component j denoted by g;, g; = X7 S5, qiit

n-dimensional vector of shadow prices associated with the intermediaries
with component j denoted by -,

o-dimensional vector of market demand with component £ denoted by dj,
iverse demand function at market &

the variance-covariance matrx associated with source agent 2, which 1s

of dimension (2n + o) x (2n + o)

the varlance-covariance matrix associated with intermediary j, which 1s

of dimension (2m + o) x (2m + o)
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Table 1 (Continue)

Notation

Definition

Cijt\Git )

Cik\ ik )

i k!
Ciki\ ikt)

i F, 1 \ ) F "
Cj ! rl.} ] = Cj { gdi)

cijt( qist )

&m(Q, Q3)

(@, Q°)

the trading cost incurred at source agent ¢ in the transaction between source
agent ¢ and intermediary j using mode [ with marginal transaction cost

deggilgig)

denoted by Sais

the trading cost incurred at source agent ¢ in the electronic transaction between

sSOUrce 1-1}__‘_;15111' ;i 1-111-:-1 i']l_"ll];_-'j_]lr_]_ IIlE‘ll‘kPT I.' 15'-'11-11 llli"il'j_";illi:'ll tri"'-llh-':i'!_'ti-: n cost
denoted by 2cikldic)

. - ";'I'-F.I'efr. . | N |
T}ll_- 'L']_*.'_-l':]_lll}'__‘_; cost 111['111'1".'1]. at 1111".'1'1111“':]_11'11‘:"--J' 1mn Hll.' transaction ]:-I.'T"ﬁ'-e‘*-t‘*ll

mtermediary j and demand market k via mode [ with marginal transaction cost

et (k1)
5‘@;‘1:.'
converting/handling cost of intermediary j with marginal handling cost
with respect to g; denoted by %{— and the marginal handling cost
EJ‘C‘,IZQI‘J
the trading cost incurred at intermediary § in the transaction between source
agent ¢ and intermediary j via mode [ with the marginal transaction
Aeialgn)
;41
the umt trading cost meurred at demand market & in the transaction

denoted by

with respect to g denoted by

cost denoted ]:-ji.'

between intermediary j and demand market &
the umt trading cost meurred at demand market & in the transaction
between source agent ¢ and demand market k
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The Behavior.of Source Agents

Limited source of\funds

Maximize i Vg,

subject to




The Optimization Conditions of the Source
Agents

- The Optimization Conditions of/the Source Agents

el gl :
K i\ Y ) K o R el A2y - -0
S z l Zontk 1 + - - ."'1.'.‘-'] ["J-‘-‘-' - “1'.?.1..'] = U, T, Q7)) = A

Jer .
i=1 k=1 Cik

wher 5.." denotes the z;-th row of 17 and 21 Is defined as the indicator: ;= {0 —1)n +
Similarly, V7 . denotes the 2o, 1 -th row of V7 but with o, defined as the 2n + A-th row,

and the fe: hl] le set KM = 1(( J' ()‘ e "o ’“' F:E;—m”+I'Ih'-'.’_'|lil1 conservation of How equations hold}.




The Behavior of Intermediaries

- The/intermediary’s optimization problem

2

Maximze U J”i' ) = ZZ,UEJHQ‘ kKl —C i.I” I — ZZ(Hrlﬁr? 1) ) — ZZ .i.,”’]’i-.Ul
=1i=1 i=1 =1
—ZZm it — 4 V4
_1 r_

subject to:
m 2

0 'il
YD am <)) G
[=1

k=1 i=11=1
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The Optimization Conditions of the
Intermediaries

- The Optimization'Conditions of the Intermediaries

) 1. il d Ly~ p2mnd-Znoto
x[,j— ?] >0, ¥(Q',Q%+) eRY |

where V7 denotes the zz-th row of V7 where z; is defined as the indictor: =

Similarly, \ denotes the z-th row of V7 and 2 is the indicator: =

The Virtual Center for
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The Equilibrium Conditions at the Demand
Markets

- Flow conservation at demand market k

- Equilibrium conditions at demand market k

The equilibrium condition for consumers at demand market & are as follows: For inter-

mediary j; j=1,...,n:

For source of funds ;2 = 1. ... .1 e

.-"--'-1'5;,_ + éa ‘-r-.;::'i*- {.';}.E:*:] { : .'u .:_ e:_l!,--':-h




The Variational Inequality for the Demand
Markets

- The Equilibrium Conditions at the Demand Markets




Financial Network Equilibrium

Financial Network Equilibrium

Definition 1: Financial Network Equilibrium with Intermediation and with Elec-

tronic Transactions

The equilibrium state of the financial network with intermediation is one where: all source
i b F

agents have achieved optimality; all intermediaries have achieved optimality, and, fina

7
id

. R [ e . I | _ e - T
?l.li!-.frf" Ul I.IJ' rum conditions at |+.|r|' e demand markets .|f|' bl

Define the feasible set

9o~ vl a2 ol oA 0y~ pmtimnt2notmoto
)0~ d _,|||,_{';._1' L7 07, .‘-"!r.J [ j';_'_

v P

_|I:lu_. — I II ‘_I::‘I. . ;"'I. 5 1’

and conservation of low equations hold }




Variational Inequality Formulation

Theorem 1: Variational Inequality Formulation

The equilibrium conditions governing the financial network model with intermediation are
equivalent to the solution to the variational mequality problem gqiven by:
p . ; PR P T R e
determine Il{f,_}l e .f,)‘g A dY) e K osafisfymng:
[ ¥ F % oy~ i i i
egi(ql)  Oci(QM) Oci(al)

2V qf + 2V, g + + + —
{ ; b Agiji i i |

l!:_.lilr"lil.|:|'Jl'.+‘_:| . ; \
+ZZ[ s @+ 4 QM QM) | % g — il

i=1 k=1 ik

':-Jf'ji.':'[ ff_;;.;g )

r -+ {*-jkﬂ:{;)ih{;)ﬂ*] + “f] bt [‘r;l'_,".':.'f — rJr__;M]
Igjn J

F o
# - - _ LA . s
ikl hod [J — ;] E figh;lt{.'r | [r.'r;; '-('F.i.:] = (
= k=1

V(QN Q% Q y.d) € K2
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Corollary 1

Corollary 1

- . . o . . 1 y - . 1
The market for f.nr financial flows clears for each mtermediary at the financial network

LT

F|| | II rl|
k=11=1 i=1[=1

I'I.l|||| ¥,

«  For notational convenience

cil {'-L::'l ) =D aist) = cilgs)

i=11=1
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Corollary 2

b

Corollary 2
A solution (QY. Q% Q% " . d") € K to the variational ineguality problem:

£l . _.' Y " £l '._- -_." & "
deg il i) eyl 4i51)

-+

dg; i g i

2
£
X [‘Jz‘ﬂ — Tiﬂ]

> [E’TT,. g+ 2V g+
/ 3 ..

Aoyl qh) :
¥ oA 1 sy R Jx *
g P ) ¢ aw — aid
Dix
[ i %
ICikl( Gkt )

Ik

+ f"jm'.ffc}z*‘{f*jl} . [[ﬁm B [j;m]

— ‘-r,rﬂ — Z Pag(d") % [.rf,:; — .rf;] =10, ‘If,_}lf,_:"z QB.‘[;. d) € K
k=1

where

- ¥ : . W | F . N - 2 :':'..
K= {(QN Q% Q7% g.d)|[(Q", Q% Q% g,d) € RyF2mntmatinotnto
and conservation of flow equations hold}

satisfies variational inequality (11).
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Overview of the Transportation Network
Equilibrium-Model with Fixed Demands

Smith, M. J. (1979), Existence, uniqueness, and stability of traffic
equilibria. Transportation Research 13B, 259-304.

Dafermos, S. (1980), Traffic equilibrium and variational inequalities.
Transportation Science 14, 42-54.

In equilibrium, the following conditions must hold for each O/D pair
and each path.

A path flow pattern is a transportation network equilibrium if and only
if it satisfies the variational inequality:
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Transportation Network Equilibrium
Reformulation-of the Financial Network
Model with Intermediation

Source of Fiancial Funds

Internet Links / |3

Intermediariés (] :Non-investment Node




Transportation Network Equilibrium
Reformulation-of the Financial Network

Model with Intermediation

The following conservation of flow equations must hold on
the/equivalent transportation network:




Transportation Network Equilibrium
Reformulation-of the Financial Network

Model with Intermediation

- We can construct\a feasible link flow pattern for the
equivalent transportation network based on the
carresponding feasible financial flow\pattern in'the
financial network model in the following way:
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Transportation Network Equilibrium
Reformulation.ef the Financial Network
Meodel with Intermediation

- We assign the travel cost on the links of the transportation
network as follows:

We now assign costs on the links of the supernetwork g as follows: to each link a;j;,

assign a cost r-g“,lgiwn by

et Gigr) - Oy Gag )

Casu, = 2V qi 2V g+ — : =1,..., g =1,..., nli=1=1.2
’ Utiji Ui
to each link a;(n41) assign a cost cq,
Caynpry = 0, ¢=1..... 17
to each link ay, assign a cost ¢, :
. dosgl Qi) . 9 a. _
Cay = E‘i-fﬂﬂ_“ T ik 19 + f-:-,;.ltsz.(ggj. r=1,..., mihk=1,...,0

g
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Transportation Network Equilibrium
Reformulation-of the Financial Network
Model with Intermediation

to each link a;q, assign a cost ¢, -

i Gk )
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Transportation Network Equilibrium
Reformulation-of the Financial Network
Model with Intermediation

In addition, to the link ag,41p assign a cost cq 5

M.

Capnpnin =

Finally, for each link app assign a cost:
Cann =M — py(d), E=1....
where M is a scalar and defined by:

M = max sup{pse(d))
k=1...0 4=7

where D = {d|d € R} and d < 3.7, S°,

The Virtual Center for
Supernetworks
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Transportation Network Equilibrium
Reformulation-of the Financial Network
Model with Intermediation

- Path Flow Cost

A user (“traveler™) of path pyg e, for i =100 0my g =1,....n; J

2.1y = 1,2, on the supernetwork G g in Figure 2, incurs a path cost ¢,

e dgly Vil ) Uf'ﬁjzl (i1 ) o/ ;)

Oiin Ay dg;

+ rﬁ'jk,;,:l:{f,;}g. (23] + M — pa(d).

The Virtual Center for
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Transportation Network Equilibrium
Reformulation of the Financial Network
Model with Intermediation

- Path Flow Cost

_“‘& 115eTr 13_{ I]I‘IT._II_ JII'_J:.[;. i‘ = J_ I 3 ;I- o J_ 0 on (_‘Tr S i][ i]]_{']_[]_‘h a []“I_]l I:.“h-t- (:_’_L_..I.;..

| Y

el

LR

: ik ) o o
Gt — + Cal Q7,7 )+ M — pagdd).

( !"._f'.' k

A user of path pyggqy, for i =1,....m, on Gs Incurs a path cost ¢, |, given by
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Transportation Network Equilibrium
Reformulation-of the Financial Network

Model with Intermediation

- We assign the fixed travel demands associated with the
O/D pairs as follows:

» [For each O/D pair w, and each path connecting this O/D
pair:
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Transportation Network Equilibrium
Reformulation of the Financial Network
Meodel with Intermediation

- The variational inequality in link flow form

- VI (60) is precisely VI(18b) governing the Financial
Network Equilibrium
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Transportation Network Equilibrium
Reformulation-of the Financial Network
Model with Intermediation

Theorem

rF r..-.'_:.-- ok NS B A oy S ol i T
A solution (( f 1 NPT £ I - '-._.“ { -'| the variational ine quality | 15 -.I! ); governing a jinancial

network el ibrium with intermediation and electronic transactions coincides with the 1Lrf"-"4'.—
-

sthle link ,.11_-!"2-' w g attern i’LIZ..-"F the su pernetiu ork G g constructed above and safisfies variational

neq i'l'-l:-.'--!"i'i"-?." { 61l ). H-' nee, it s a tran. SPoTt tation networ .Il g "L'f [ 'F LU pat tter Ny I.Iil.'-'" 5 -TJ'-',I'-'E"'F‘.-'J.'F"?L—

||.|!.”|" ‘T'h
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The Euler Method

Step (O Initialization

Set X" 2 K and set T = 0. T 1s an iteration counter which mav also be interpreted as a
time period.

Step 1: Compuatation
Compute X by solving the variational inequality problem:
X = Pes( X7 — a; C(XT)).

where {ayp} 1s a sequence of positive scalers satistving: 377 oy = o0, ap — 0 a

and Fy- is the projection of X on the set & defined as:

y= X =argmm || X — =z ||

Step 2: Convergence Verification

Y+ _ oyl |<= &, for some € = 0, a prespecified tolerance, then stop; else, set T = T4 1.
‘111'1 g0 to ""'ffIJ 1.

T Eugene M ) The Virtual Cent for
m l S en b e rg mSuI::);:?:et:v'c]}rils *
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The Euler Method

- The subproblem can be rewritten as:

. 1 T - PR — s T -
= arg min —X° - X — (X7 —a, C(X7))" - X,
Y ekE -

el

- /The solution of the above subproblem is equivalent to
the solution of: for each O/D pair w, compute:

1 -
min— > X4+ Y ATX,
£) .-I—T F .r__t i+ i

=

= np=rL =

ﬁ.lll.n_il.'-: T to:




Numerical Examples

Sources of Financial Funds

0

Intermediaries p. Non-investment Node

Demand Markets
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Numerical Examples

- Example 1

The financial holdings for the two source agents in the first example were: St = 10 and

-

5% = 10. The variance-covariance matrices V' were identity matrices for all the source agents
i = 1.2, The variance-covariance matrices V7, in turn. for intermediaries j = 1.2 consisted
of an identity submatrix associated with the g0 & = 1.2 variables, with all other terms
}:r:'illg_': ( '-elllsi_] to zero. We have SUPPLess ' the sul .1.‘-.{'1"i]:|T [ associated with the transaction cost

functions since we have assuined a single (phvsical) mode of transaction onlv being available.

The transaction cost functions of the source AZCIIES AsSe wiated with their transactions

‘-.‘.’if]l Tlll." f[]],T_i'1‘1111.’-<li.'-‘11‘i¢'.“- were :_':].,\'t."]], ]P

ciilqiy) = 245, + qi; + 1, for




Numerical Examples

Example~1

The transaction cost functions of the intermediaries associated with rransacting with the

sources agents were given by:
' (f3 ' = ’;f.': + '._ff}',_: ; —+ 1. ii = 1.2: r = 1.2,
The handling costs of the intermediaries were:
¢ 1 - W2 ¢ 1 _ 2
] l.(-;J | = “*"—“-_r_!lll + ga1) . ol (_cl ) = ”,-‘_li,_ (/12 + (a2 ),
The inverse demand (demand market price) functions at the demand markets were:
papld) = —2d;, + 100, for b =1,2.

The transaction costs between the intermediaries and the consmmners at the demand mar-
kets, in turn, were given bv:

Cik =qik+ 2, for j=12F=12

’ Eugene M . The Virtual Center for
G [senberg M




Numerical Examples

Example 2

e the data were identical to these in Example 1, except
that the financial holdings of the source agents Si; 1= 1,
2, were now both equal to 6.

Example 3

e The third numerical example had the same data as
Example 1 except that the handling cost of the second
intermediary was given by:

S,

(inIsénberg



Numerical Examples

Example 4

e Example 4 was constructed from Example 1/and had
the identical data except that the demand market price
(inverse demand) functions were now changed to:

pald) = —1.14dy + .858ds + 281.7L.  pasld) = —1.14ds 4+ .858d; + 281.71.,

Example 5

e Example 5, in turn, had the same data as Example 2
(Si=6; 1= 1, 2), but with the inverse demand functions
as in Example 4,

ST,
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Numerical Examples

- Example 6

e Example 6 had the same data as Example 3/(Si=6; 1 =
1, 2) except that the demand market price functions
were as in Examples 4 and 5, i.e.

a1l d) = —1. l—ll'i'l| + --‘Z"-:h"f"f'-';-__ir_ + 281.71. (32l ) = —l.l—ll‘-‘l'_‘:r + .-“_":l-“_‘:r.ﬂ + 281.71.
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Solutions of the Numerical Examples

Table 2: Path Flow Solutions to Examples 1, 2, 3, 4. 5. and 6

Example 1

Example 2

Example 3

Example 5

I‘:I\{;illllrll.‘ 0

Path Flows

2.07

2.07
2.07
‘}.“1—
1.74
2007
2.007

2.07

=

|.74

1.50
1.50)
1.50
1.50

(.00

5

Example 4

2.50

1.50)
1.50
1.50)
1.50

(U6

50

263
2063
st

2.38

The Virtual Center for




Solutions of the Numerical Example

Table 3: Link Flow Solutions to Examples 1. 2, 3. 4,

5. oand 6

Link Flows

Example 1

Example 2

Example 3

Example 4

Example 5

Example

L
]

i
I
S

o4
I
of

1.13
13
1.74
1.13
13
1.74

3.00)
3.00
(3.0
3.00)
3.00

O

1.16
3.77
2.07
1.16
3.7

207

,rr.i:'“
.‘-},”H
(), 1)
500
.‘-l,i:"‘ll

(), )

.00

]
»
. ;}
A

.00
(.06
3.00
3.00)

)06

.I'.J

}

L7TH

8,20

8,20

). )
. 0

8.3

L b

10.00
10.00

(3, ()
. 0

L13
113
4.13
113

5.0
3.00)
3.00)

3.00)

‘.‘r,i:“:l
5.00)
.‘-r.l:'“

f-r,i:":l

3.00
3.00
3.00

300

8,20
820

3.48

5. O
[y L)
)

10000
100
(. 00)

. U
.00
.06

The Virtual Center for
Supernetworks
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Conclusions

We first presented a new model of financial network
equilibrium with intermediation and electronic transactions
iIn which the inverse demand functions were assumed
Known.

We constructed the supernetwork representation of the
financial network problem, which corresponds to an
Isomorphic transportation network equilibrium problem
with fixed demands.

This equivalence allowed us to provide a novel
interpretation of the equilibrium conditions of the financial
network problems with intermediation in terms of paths
and path flows.
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Conclusions

We thenproposed and applied an algorithm for the
computation of solutions to fixed demand
transportation network equilibrium problems by
Nagurney and Zhang (1997) to compute solutions to
six numerical financial network problems.

The computational results yielded information that
was not previously available since both the
equilibrium path flows as well as the equilibrium link
flows were now obtained.

S,

(inIsénberg



Thank You Very Much!

For more information, please see:
The Virtual Center for Supernetworks
http://supernet.som.umass.edu
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