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Motivation

In US: half a trillion dollars worth of net assetsIn US: half a trillion dollars worth of net assets
Consumes almost 40% of domestic primary energyConsumes almost 40% of domestic primary energy
Electric power supply chains, provide the foundations for theElectric power supply chains, provide the foundations for the
functioning of our modern economies and societies.functioning of our modern economies and societies.

Communication, transportation, heating, lighting, cooling,Communication, transportation, heating, lighting, cooling,
computers and electronics.computers and electronics.
August 14, 2003, blackout in the Midwest, the Northeastern UnitedAugust 14, 2003, blackout in the Midwest, the Northeastern United
States, and Ontario, Canada.States, and Ontario, Canada.
Two significant power outages during the month of SeptemberTwo significant power outages during the month of September
2003 – one in England and one in Switzerland and Italy.2003 – one in England and one in Switzerland and Italy.

Deregulation: from vertically integrated to competitive marketsDeregulation: from vertically integrated to competitive markets
In US, Europe and many other countriesIn US, Europe and many other countries

Inelastic, seasonal demand.Inelastic, seasonal demand.
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Objectives

The objective of this research was to develop a dynamic electric powerThe objective of this research was to develop a dynamic electric power
supply chain network equilibrium model with exogenous time-varyingsupply chain network equilibrium model with exogenous time-varying
demanddemand

The theory that has originated from the study of transportationThe theory that has originated from the study of transportation
networks was utilized to construct this time-dependent equilibriumnetworks was utilized to construct this time-dependent equilibrium
modeling framework for electric power supply chain networksmodeling framework for electric power supply chain networks

The new dynamic electric power supply chain network model that weThe new dynamic electric power supply chain network model that we
developed in this research is also motivated by the unification ofdeveloped in this research is also motivated by the unification of
projected dynamical systems theory and evolutionary (infinite-projected dynamical systems theory and evolutionary (infinite-
dimensional) dimensional) variationalvariational inequalities inequalities



Outline

The static electric power network model with fixed demandsThe static electric power network model with fixed demands

The The supernetworksupernetwork equivalence of the electric power supply chain equivalence of the electric power supply chain
networks and the transportation networksnetworks and the transportation networks

Overview of the transportation network equilibrium modelsOverview of the transportation network equilibrium models
The The supernetworksupernetwork equivalence of the transportation networks and equivalence of the transportation networks and
the electric power supply chain networks with fixed demandsthe electric power supply chain networks with fixed demands

The electric power supply chain network model with time-varyingThe electric power supply chain network model with time-varying
demandsdemands

Evolutionary Evolutionary variationalvariational inequalities and projected dynamical inequalities and projected dynamical
systems; Applications to transportation network equilibriumsystems; Applications to transportation network equilibrium
The computation of the electric power supply chain networkThe computation of the electric power supply chain network
equilibrium model with time-varying demands.equilibrium model with time-varying demands.
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The Electric Power Supply Chain Network
Equilibrium Model with Fixed Demands



Conservation of flow equations must hold for each generatorConservation of flow equations must hold for each generator

Power generator’s optimization problemPower generator’s optimization problem

The optimality conditions of the generatorsThe optimality conditions of the generators

The Behavior of Power Generator and Their
Optimality Conditions



The Behavior of Power Suppliers

Supplier’s optimization problemSupplier’s optimization problem

For notational convenience, we letFor notational convenience, we let



The Optimality Conditions of the Power Suppliers

The optimality conditions of the suppliersThe optimality conditions of the suppliers



Conservation of flow equations must holdConservation of flow equations must hold

The vector (The vector (QQ22*, *, ρρ33**) is an equilibrium vector if for each) is an equilibrium vector if for each s, k, v s, k, v
combination:combination:

The Equilibrium Conditions
at the Demand Markets



Electric Power Supply Chain Network Equilibrium
(For Fixed Demands at the Markets)

Definition 1Definition 1:: The equilibrium state of the electric power supply chain The equilibrium state of the electric power supply chain
network is one where the electric power flows between the tiers of thenetwork is one where the electric power flows between the tiers of the
network coincide and the electric power flows satisfy the sum of thenetwork coincide and the electric power flows satisfy the sum of the
optimality conditions of the power generators and the suppliers, andoptimality conditions of the power generators and the suppliers, and
the equilibrium conditions at the demand markets.the equilibrium conditions at the demand markets.



Variational Inequality Formulation



The Supernetwork Equivalence of Supply Chain
Network Equilibrium

and Transportation Network Equilibrium

NagurneyNagurney, A. (2006), , A. (2006), On the Relationship Between Supply Chain andOn the Relationship Between Supply Chain and
Transportation Network Transportation Network EquilibriaEquilibria: A : A SupernetworkSupernetwork Equivalence with Equivalence with
ComputationsComputations, , Transportation Research E (2006) Transportation Research E (2006) 42: (2006) pp 293-42: (2006) pp 293-
316316

  



Smith, M. J. (1979), Existence, uniqueness, and stability of trafficSmith, M. J. (1979), Existence, uniqueness, and stability of traffic
equilibriaequilibria. . Transportation Research 13BTransportation Research 13B, 259-304., 259-304.

DafermosDafermos, S. (1980), Traffic equilibrium and , S. (1980), Traffic equilibrium and variationalvariational inequalities. inequalities.
Transportation ScienceTransportation Science 14, 42-54. 14, 42-54.

In equilibrium, the following conditions must hold for each O/D pairIn equilibrium, the following conditions must hold for each O/D pair
and each path.and each path.

A path flow pattern is a transportation network equilibrium if and onlyA path flow pattern is a transportation network equilibrium if and only
if it satisfies the if it satisfies the variationalvariational inequality: inequality:

Overview of the Transportation Network
Equilibrium Model with Fixed Demands



Transportation Network Equilibrium Reformulation
of the Electric Power Network Model with Fixed

Demands



The following conservation of flow equations must hold on theThe following conservation of flow equations must hold on the
equivalent transportation network:equivalent transportation network:

Transportation Network Equilibrium Reformulation
of the Electric Power Network Model with Fixed

Demands



Transportation Network Equilibrium Reformulation
of the Electric Power Network Model with Fixed

Demands
We can construct a feasible link flow pattern for the equivalentWe can construct a feasible link flow pattern for the equivalent
transportation network based on the corresponding feasible electrictransportation network based on the corresponding feasible electric
power flow pattern in the electric power supply chain network modelpower flow pattern in the electric power supply chain network model
in the following way:in the following way:



Transportation Network Equilibrium Reformulation
of the Electric Power Network Model with Fixed

Demands
We assign user (travel) costs on the links of the transportation networkWe assign user (travel) costs on the links of the transportation network
as follows:as follows:



Path costPath cost

We assign the (travel) demands associated with the O/D pairs asWe assign the (travel) demands associated with the O/D pairs as
follows:follows:

The (travel)The (travel) disutilities disutilities::

The equilibrium conditions:The equilibrium conditions:

Transportation Network Equilibrium Reformulation
of the Electric Power Network Model with Fixed

Demands



Transportation Network Equilibrium Reformulation
of the Electric Power Network Model with Fixed

Demands

The The variationalvariational inequality in link flow form inequality in link flow form



Transportation Network Equilibrium Reformulation
of the Electric Power Network Model with Fixed

Demands
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More Evolutionary Variational Inequalities and
Projected Dynamical Systems Literature



Finite-Dimensional Projected Dynamical Systems

Finite-Dimensional Projected Dynamical Systems (Finite-Dimensional Projected Dynamical Systems (PDSsPDSs) (Dupuis and) (Dupuis and
NagurneyNagurney (1993)) (1993))

PDSPDStt describes how the state of the network system approaches an describes how the state of the network system approaches an
equilibrium point on the curve of equilibrium point on the curve of equilibriaequilibria at time t. at time t.

For almost every moment ‘t’ on the For almost every moment ‘t’ on the equilibriaequilibria curve, there is a curve, there is a
PDSPDStt associated with it. associated with it.

A A PDSPDStt is usually applied to study small scale time dynamics, i.e [t, is usually applied to study small scale time dynamics, i.e [t,
t+τ]t+τ]



Finite-Dimensional Projected Dynamical Systems

Definition:



Projected Dynamical Systems
and Finite-Dimensional Variational Inequalities



Definition:Definition:

wherewhere

with the projection operator with the projection operator given bygiven by

The feasible set     is defined as followsThe feasible set     is defined as follows

Infinite-Dimensional Projected Dynamical Systems



Evolutionary Variational Inequalities

Evolutionary Evolutionary VariationalVariational Inequalities ( Inequalities (EVIsEVIs))

EVI provides a curve of EVI provides a curve of equilibriaequilibria of the network system over a of the network system over a
finite time interval [0,T]finite time interval [0,T]

An EVI is usually used to model large scale time, i.e, [0, T]An EVI is usually used to model large scale time, i.e, [0, T]

EVIsEVIs have been applied to time-dependent equilibrium problems in have been applied to time-dependent equilibrium problems in
transportation, and in economics and finance.transportation, and in economics and finance.



Evolutionary Variational Inequalities

Define

where

EVI:



Projected Dynamical Systems
and Evolutionary Variational Inequalities

CojocaruCojocaru, , DanieleDaniele, and , and NagurneyNagurney (2005b) showed the following: (2005b) showed the following:



Projected Dynamical Systems
and Evolutionary Variational Inequalities



A Pictorial of EVIs and PDSs

x(t1)

t=T

t=0

x(t1,0)

x(t2, 0)

x(t2)

x(t1, τ) 

x(t2, τ) 

PDSt1

PDSt2
EVI



DefineDefine

EVI Formulation:EVI Formulation:

Feasible setFeasible set

The EVI Formulation of the Transportation Network
Model with Time-Varying Demands



The Numerical Solution of Evolutionary Variational
Inequalities

(Cojocaru, Daniele, and Nagurney (2005 a, b, c))

The vector field The vector field FF satisfies the requirement in the preceding Theorem. satisfies the requirement in the preceding Theorem.

We first We first discretizediscretize time horizon T. ( time horizon T. (BarbagalloBarbagallo, A., (2005) ), A., (2005) )

At each fixed time point, we solve the associated finite dimensionalAt each fixed time point, we solve the associated finite dimensional
projected dynamical system projected dynamical system PDSPDStt

We use the Euler method to solve the We use the Euler method to solve the finite dimensional finite dimensional projectedprojected
dynamical system dynamical system PDSPDStt..



The Euler Method



The EVI Formulation of the Electric Power Network
Model with Time-Varying Demands

We know that the electric power supply chain network equilibriumWe know that the electric power supply chain network equilibrium
problem with fixed demands can be reformulated as a fixed demandproblem with fixed demands can be reformulated as a fixed demand
transportation network equilibrium problem in path flows over thetransportation network equilibrium problem in path flows over the
equivalent transportation network.equivalent transportation network.

Evolutionary Evolutionary variationalvariational inequality provides us with a dynamic version inequality provides us with a dynamic version
of the electric power supply chain network problem in which theof the electric power supply chain network problem in which the
demands and path costs vary over time.demands and path costs vary over time.

Evolutionary Evolutionary variationalvariational inequality is a dynamic (and infinite- inequality is a dynamic (and infinite-
dimensional) version ofdimensional) version of variational  variational inequality with the path costsinequality with the path costs
defined in (44).defined in (44).



Solving Electric Power Supply Chain Network
Model with Time-Varying Demands

First, construct the equivalent transportation network equilibriumFirst, construct the equivalent transportation network equilibrium
modelmodel

Solve the transportation network equilibrium model with time-varyingSolve the transportation network equilibrium model with time-varying
demandsdemands

Convert the solution of the transportation network into the time-Convert the solution of the transportation network into the time-
dependent electric power supply chain network equilibrium modeldependent electric power supply chain network equilibrium model



Dynamic Electric Power Supply Chain Network
Examples with Computations

Example 1Example 1



Numerical Example 1



Generating cost functionsGenerating cost functions

Transaction cost functions of the productsTransaction cost functions of the products

Numerical Example 1



Operating cost functions of the suppliersOperating cost functions of the suppliers

Unit transaction cost between the suppliers and the demand marketsUnit transaction cost between the suppliers and the demand markets

Numerical Example 1



Three pathsThree paths

The time-varying demand functionThe time-varying demand function

Numerical Example 1



The Solution of Numerical Example 1

Explicit SolutionExplicit Solution
Path flowsPath flows

Travel disutilityTravel disutility



Time-Dependent Equilibrium Path Flows for
Numerical Example 1



The Solution of Numerical Example 1

t=0



The Solution of Numerical Example 1

t=1/2



The Solution of Numerical Example 1

t=1/2t=1



Numerical Example 2

The network structure and the cost functions are the same as the firstThe network structure and the cost functions are the same as the first
example.example.

The demand function is the step function:The demand function is the step function:

The explicit solution:The explicit solution:



Time-Dependent Equilibrium Path Flows for
Numerical Example 2



Numerical Example 3



Generating cost functionsGenerating cost functions

Transaction cost functions of the productsTransaction cost functions of the products

Numerical Example 3



Operating cost function of the suppliersOperating cost function of the suppliers

Unit transaction costs between the suppliers and the demand marketsUnit transaction costs between the suppliers and the demand markets

Numerical Example 3



Four pathsFour paths

The time-varying demand functionsThe time-varying demand functions

Numerical Example 3



The Solution of Numerical Example 3

Numerical SolutionNumerical Solution
t=0t=0

t=1/2t=1/2

t=1t=1



t=0

The Solution of Numerical Example 3



The Solution of Numerical Example 3

t=1/2



The Solution of Numerical Example 3

t=1t=1



Conclusions

We established the We established the supernetworksupernetwork equivalence of the electric power equivalence of the electric power
supply chain networks with transportation networks with fixedsupply chain networks with transportation networks with fixed
demands.demands.

This identification provided a new interpretation of equilibrium inThis identification provided a new interpretation of equilibrium in
electric power supply chain networks in terms of path flows.electric power supply chain networks in terms of path flows.

We utilized this isomorphism in the computation of the electricWe utilized this isomorphism in the computation of the electric
power supply chain network equilibrium with time-varyingpower supply chain network equilibrium with time-varying
demands.demands.



Thank You!

For more information, please see:For more information, please see:
The Virtual Center for The Virtual Center for SupernetworksSupernetworks

http://http://supernetsupernet..somsom..umassumass..eduedu
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