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Introduction and Background

T he topic of transportation network equilibrium and ap-
pears as early as in the work of Kahl (1841) and Pigou
(1920), with the first rigorous mathematical treatment
given by Beckmann, McGuire, and Winsten (1956) in
their classical book and using Wardrop’'s principles.

Other seminal publications in terms of transportation
network equilibrium modeling and methodological caon-
tributions include those of Dafermos and Sparrow (1969),
Evans (1976), Florian (1977), Smith (1979), Dafermaos
(1980, 1982), and Boyce et al. (1983).

For additional research highlights in transportation net-
work equilibrium, see the paper by Boyce, Mahmassani,
and Nagurney (2004) as well as that of Florian and
Hearn (1995) and the books by Patriksson (1994) and
Nagurney (1999, 2000).



T he richness of tools developed for transportation net-
work equilibrium modeling, analysis, and computations
have also been exploited in numerous other applications,
including:

e Sspatial economic problems;
e Telecommunication network probleams;

e o variety of economic equilibrium problems includ-
ing Walrasion price equilibrium and oligopolistic market
equilibrum problems;

e aNnd even recently in Internet marketing as well as in

e kKnowledge networks.



Here we ask the question:

Is there a relationship between supply chain network

equilibria and traffic network equilibria?



Some Background on Supply Chains

In supply chain modeling and analysis (cf. Federgruen
and Zipkin (1986), Federgruen (1993), Lee and Billing-
ton (1993), Slats et al. (1995), Anupindi and Bassok
(1996), Bramel and Simchi-Levi (1997), Lederer and
Li (1997), Stadtler and Kilger (2000), Miller (2001),
Mentzer (2001), Hensher, Button, and Brewer (2001)
and the references therein), one, typically, associates
the decisicn-makers with the nodes of the multitiered
supply chain network.

In transportation networks, on the other hand, the nodes
represent origins and destinations as well as intersec-
tions. Travelers or users of the transportation networks
seek, in the case of user-optimization (cf. Wardrop
(1952), Beckmann, McGuire, and Winsten (1956), and
Dafermos and Sparrow (1969)), to determine their cost-
minimizing routes of travel.

The “gaming”™ or competition on a transportation net-
work takes place on paths associated with origin/destination
pairs of nodes whereas that in the supply chain networks
takes place on the nodes and links.
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Examples of Supply Chains

IKEA

— 172 stores with products from 1,600 suppliers
in 55 countries.

Carrefour (& Carrefour

— the second largest retailer worldwide with
11,000 stores in 30 countries and over 250
warehouses. Products come from 15,000
suppliers and are distributed using 1.5 million
trucks that carry more than 40 million pallets

each year in the 4 major European countries.



& TOYOTA  Toyota

— Parts and materials from over 500 suppliers
and has 6 parts facilities and 5 assembly
facilities in North America. Vehicles are sold
at more than 1700 North American dealers.

UM e

— 1,069 stores in 21 countries; Products come
from 700 suppliers.

.

L Ford Motor Company

— operates a global supply chain consisting of
2311 partners and suppliers, 5127 dealers

in the U.S and 13000 dealers worldwide.




McDonald's

— 30,000 restaurants in 119 countries. In the
U.S, it operates over 40 distribution centers
and 12,000 restaurants.

WAL*MART" wal-Mart

- the world’s number one retailer; operates
4900 stores; Uses 68,000 U.S suppliers and
6000 international suppliers.

METRO METRO GROUP

- 1,700 outlets in Germany. More than 8,000
suppliers supply 1 million separate items.
Annually, more than 50 million orders to
suppliers.



The topic of supply chain analysis is interdisciplinary by
nature since it involves manufacturing, transportation
and logistics, as well as retailing/marketing.

It has been the subject of a growing body of literature
with the associated research being both conceptual in
nature due to the complexity of the problam and the
numerous agents, such as manufacturers, retailers, and
consumers involved in the transactions, as well as ana-
lytical.

Lee and Billington (1993) expressed the need for de-
centralized models that allow for a generalized network
structure and simplicity in the study of supply chains.

Anupindi and Bassok (1996), in turn, addressed the
challenges of formulating systems consisting of decen-
tralized retailers with information sharing.

Corbett and Karmarkar (2001) were concerned with the
equilibrium number of firms in oligopolistic competition

in asupply chain.



An Equilibrium Framework

Many researchers, in addition to, practitioners, have de-
scribed the wvarious networks that underly supply chain
analysis and management with the goal being primarily
that of optimization.

In 2002, Nagurney, Dong, and Zhang in Transportation
Research E developed apparently the first supply chain
network equilibrium model.

It provides a benchmark against which one can evaluate
both price and product flows. The equilibrium model
captures both the independent behavior of the various
decision-makers as well as the effect of their interac-
tions.



T his model has been used to-date as the foundation for:

e The introduction of electronic commerce into this set-
ting;

e The introduction of risk and uncertainty (cf. Nagur-
ney, Loo, Dong, and Zhang (2002), Dong, Zhang, and
Nagurney (2004), and the references therein) as well as

e The development of dynamic, multilevel supply chain
network models (Nagurney, Ke, Cruz, Hancock, and
Southworth (2002)).

It has also been instrumental in vielding supply chain
network perspectives for other application areas, includ-

ing:

e recycling, notably, electronic recycling networks (see
Nagurney and Tovasaki (2005));

e power/electric grid networks consisting of suppliers,
generators, distributors, transmitters, and consumers
(Nagurney and Matsypura (2004)), and for

e the integration of social networks with supply chain

networks (Wakolbinger and Nagurney (2004)).
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Supply Chain -Transporation Superneiwork Representation
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The 4-Tiered E-Cycling Network

Sources of Electronic Waste

Recvelers

Processors

Demand Markets



The Electric Power
Supply Chain Network

Power Generators

Power Suppliers
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Integrated Supply Chain -
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The Supply Chain Network Equilibrium Model

We recall the supply chain network equilibrium model

proposed in Nagurney, Dong, and Zhang in Transporta-
tion Research E (2002).

T he manufacturers are involved in the production of a
homodgeneous product, which can then be purchased by
the retailers, who, in turn, make the product available
to consumers at the demand markets. The links in the

supply chain network denote transportation/transaction
links.

Manufacturers

Demand Markets

T he Network Structure of the Supply Chain at Equilib-
FiLm



Supply Chain Network Equilibrium Model Notation

Notation | Definition

q manufacturers’ production output vector with
components: gi..... Gm
(;;_}1 mn-dimensional vector of product shipments

between manufacturers and retailers

with component ij denoted by g;

Q- no-dimensional vector of product shipments
between retailers and demand markets
with component jk denoted by g

Y n-dimensional vector of shadow prices
associated with the retailers

with component 7 denoted by ~;

03 o-dimensional vector of demand market prices
with component k& denoted by pag
filq) production cost of manufacturer i with

marginal production cost with respect to g;
= fi(QY) denoted by ﬂ-ﬂ and the marginal production

cost with respect to gi; denoted by _.Lqﬁ-?il

cij (@i ) transaction cost between manufacturer ¢ and
retailer 5 with marginal transaction cost
denoted by 2% ('3 )

vector of the r’et'nlers supplies of the product
with components: sqp.....: Sn

cj(s) handling cost of retailer j with marginal such
cost with respect to s; = ¢;(Q!) denoted by S—E—
and the marginal handling cost with respect to
qi; denoted by ——(-qgll

ik (Q7) unit transaction cost between retailer j and
demand market k

dr.(p3) demand function at demand market k

o




T he Behavior of the Manufacturers

Let pjij denote the price charged for the product by man-

ufacturer i to retailer j (i.e., the supply price) and note
the conservation of flow equations that express the rela-
tionship between the quantity of the product produced
by manufacturer ¢ and the associated shipments to the
retailers:

T
qizz'gﬁ, i=1.....m. (1)

j=1
Due to (1), and as noted in Table 1, we may express the
production cost associated with manufacturer , namely,

f; as follows: f;(Q1) = fi(q) foralli = 1.. We can,
thus, express the criterion of profit m"-mrrnz"-:tmr"l ﬁ:]r
manufacturer 7 as:

T i
Maximize Z Pl — Fi(QY) — Z cij(qyy)  (2)
=]

j=1
subject to g;; = 0, for all j.



We assume that the production cost functions and the
transaction cost functions for each manufacturer are
continuously differentiable and convex. Hence, as dis-
cussed in Nagurney, Dong, and Zhang (2002), assum-
ing that the manufacturers compete in a noncoopera-
tive fashion in the sense of Cournot (1838) and Nash
(1950, 1951), the optimality conditions for all man-
ufacturers simultaneously (see also Bazaraa, Sherali,
and Shetty (1993) and Nagurney (1999)) may be ex-
pressed as the following variational inequality:

determine Q* € R}" satisfying:

mon . . )
r:'Jf:-(Ql”j r_'}r:'gjl.’:g:‘.j :: o
ZZ [ + - — Prij| X [G’j — t}’;’j] = 0,

i 5 iy
i=1 j=1 1ig 1ig

vQ' e R (3)



T he Behavior of the Retailers

T he retailers, in turn, are involved in transactions both
with the manufacturers since they wish to obtain the
product for their retail outlets, as well as with the con-
sumers, who are the ultimate purchasers of the product.

T he retailers associate a price with the product at their
retail outlets, which is denoted by p5., for retailer j. This
price is determined endocgenously in the model along
with the prices associated with the manufacturers, that
is, the piéj, for all ¢ and 7. Assuming that the retailers
are also profit-maximizers, the optimization problem
of retailer ; is given by:

i

7]
. . ' -1 5=
Maximize P2; Z ik — f—"j(@ j - Z Prijij (4}
i=1

k=1
subject to:
] m
Zfi’jk EZ@':‘;- (5)
k=1 i=1

and the nonnegativity constraints: ¢;; = 0, and ¢ = O,
for all « and k.

The term ~; is the Lagrange multiplier associated with
constraint (5) for retailer 5 and, hence, has an interpre-
tation as a shadow price as noted in Table 1.



We assume that the handling cost for each retailer is
continuously differentiable and convex and that the re-
tailers also compete with one another in a noncooper-
ative manner, seeking to determine their optimal ship-
ments from the manufacturers and to the demand mar-
kets. The optimality conditions for all retailers si-
multaneously coincide with the sclution of the follow-
ing variational inequality:

determine (QY. Q% ,~*) ij”Jr”‘jJr“ satisfying:

& Ie; (QF _ _ .
Z Z [r %G ‘l— Plij — “3] X |qs5 — G’z;]

I
i=1 j=1 1i]

+ZZ =55 + 7] % a5 — 4]

i=1l k=1
) e o
+D[Dod = dw| x -l 20
j=1 Li=1 k=1

_{U E :} = Rrrm—l—?m—l—ﬂ. (6:'.'



The Consumers at the Demand Markets and the
Equilibrium Conditions

T he consumers take the price charged by the retailers
for the product, which, recall was denoted by ,.r_:-gj for
retailer 3, plus the transaction cost associated with ob-
taining the product, in making their consumption de-
cisions. The equilibrium condition for consumers
at demand market £k, (cf. Samuelson (1952) and
Takayama and Judge (19?’1)) takes the form: For all
retailers 3; 7= 1..... n.

;}3 g T {};ii:k > 0
J'r-}-‘:-j .}L"io :J" { - 3!., if 0, {?}

and

¢ n
= Z Gr: T p3 >0

dp(p3){ IRt (8)

= Z Q’;A T p3 =

j=1




T he Equilibrium Conditions of the Supply Chain

In equilibrium, we must have that the optimality con-
ditions for all manufacturers, the optimality conditions
for all retailers, and the equilibrium conditions for all the
demand markets, must hold simultaneously. Hence, the
shipments that the manufacturers ship to the retailers
must, in turn, be the shipments that the retailers ac-
cept from the manufacturers. In addition, the amounts
of the product purchased by the consumers at the de-
mand markets must be equal to the amounts sold by
the retailers.

We now state this more formally as done originally in
Nagurney, Dong, and Zhang (2002):

Definition 1: Supply Chain Network Equilibrium

The equilibrium state of the supply chain network is
one where. all manutacturers have achieved optimality
(cf. (3)), all retailers have achieved optimality (cf. (6)),
and, finally, for all pairs of retailers and demand markets,
equilibrium conditions (7) and (8) hold.



We now recall the following theorem:

Theorem 1: Variational Inequality Formulation (Nagur-
ney, Dong, and Zhang (2002))

The equilibrium conditions governing the supply chain
network model are equivalent to the solution of the vari-
ational inequality problem given by:

determine (Q*".Q*",~", p3) € R satisfying:
(s o _q
)£ (Q) dr_«--(q:-) De; (QY . |
337 (AL T 1 298D ] o)
i1 _}—1 rJ{j' "r-’}{_fllij r_Jg:-j
T o .
+ Z Z [e.(Q%7) +7f — phe] * a5k — @x]
i=1 k=1
T T (4]
DI A RIS
=1 Li= k=1

3 [ g - detod) | x los = sl 2 0

k=1 | j=1

_({21 02 ~ F"Ej e Rr_;_m-I—ua-I—n-I—a. (Q)

T



Corollary 1 (Nagurney, Dong, and Zhang (2002))

T he market for the product clears for each retailer at
the supply chain network equilibrium.

In addition, for notaticnal convenience, and subsequent
use, we let

n

dp = Z gk, k=1,..., 1. (11)
j=1
and
0
5j = Z Q. J=1,.... . (12)

k=1



T he following result is then immediate:

Corollary 2

A solution ((.3152(;}3*.,0_;) € K to the variational inequality
problem:

m 5 (jl r,i'r_"g-(g;-) i (_?1 g
ZZ[ = 0 29 ) fa g

i=1 j=1 Oqi Oqi 04ij

+ Z Z e (Q%) — p3x] * [gsx — g}

j=1k=1

3 |3 g — o) | xlose = p3] 2 0, W(QLG2 pa) € K

k=1 | j=1
(13a)
equivalently, a solution (q*, QY s*, Q%" d* pi) € K? to:
m , .
a7:(q") deij(giy)
e qi — G X | Gii — G
T " +zz — 2o [ag =

i—1 j—

—|—Z [r)f_j{ )] i — H. _|_ Z Z JL{O ) [{}j;; — Q’jk]

o
S j=1k=1

(]
— Z :"-7'.%!; x [dp — “T;.,]
k=1



o
+3° 1 — de(o3)xlps — o3 = 0, ¥(,QY,5,Q%,d, p3) € K2,
k=1

(13h)
where

2

K:.L
= {(g le QE. d. J.ljaj“:q. le - QE, s, p3) € Ri_t—l—mn—l—n—l—?m—kzg
and (1), (10) — (12), hold}

also satisfies variational inequality (9).



T he Traffic Network Equilibrium Model with Elastic
Demand

We now review a traffic network equilibrium model with
elastic demands in which it is assumed that the demand
functions associated with the origin/destination (O/D)
pairs are given. We present the single modal version of
the model of Dafermos and Nagurney (1984).

Consider a network ¢ with the set of links L consisting of
K elements, the set of paths P consisting of ) elements,
and W denoting the set of O/D pairs with Z elements.
Let F, denote the set of paths joining O/D pair w.
Links are denoted by a.b, etc;, paths by p.q, etc., and
O /D pairs by w, w, etc.

The flow on a path p is denoted by xz, and the flow on a
link a by f,. The user travel cost on a path p is denoted
by €}, and the user travel cost on a link a by c. The
travel demand associated with traveling between O/D
pair w is denocted by d,, and the travel disutility by Aw.



We assume that the flows on links are related to the
flows on the paths by the conservation of flow equations:

fL’L — Z Ipéap, Ya = L. (15]‘
psP
where dqap = 1 if link a is contained in path p, and dqp = O,
otherwise.

The user costs on paths are related to user costs on
links as follows:

Cp=) Cabap, VPEP (16)
as L
that is, the user cost on a path is equal to the sum of
user costs on links that comprise the path.

Here we consider the general situation where the cost on
a link may depend upon the entire vector of link flows,
denoted by f, so that

Cq = fﬂ{f)- Ya € L. (1?}

Also, we assume, as given, travel demand functions,
such that

dy = dyw(N), Yw e W, (18)
where A is The vector of travel disutilities with the travel
disutility associated with O/D pair being denoted by
P



As given in Dafermos and Nagurney (1984); see also
Aashtiani and Magnanti (1981), Fisk and Boyce (1982),
Nagurney and Zhang (1996), and Nagurney (1999), a
travel path flow and disutility pattern (z*,A*) Rf‘g E
said to be an equilibrium, If, once established, no user
has any incentive to alter his travel choices. The state is
characterized by the following equilibrium conditions
which must hold for every O/D pair w € W and every
path p £ Py:

-

. — 0, If = =0
{'P(I') o )‘it' { > 0. if EJ 0 (1(-:})

and

LY

o =dw(At), i AL >0
erﬂ{ > dyp(N*), if AL =0. (20)

peP,
Condition (19) states that all utilized paths connecting

an O/D pair have equal and minimal travel costs and
these costs are equal to the travel disutility associated
with traveling between that O/D pair. Condition (20)
states that the market clears for each O/D pair under

a positive price or travel disutility.



The traffic network equilibrium conditions (18) and (19)
can be formulated as the variational inequality: deter-
mine (z*, A*) € Rf‘z such that

D 2 G = Au] x [zp — ]

weW pe b,

+ Z_Z [z — dw(A\*)] x \w — 5] 20, ¥(x.)\) € RYZ.
weW pe F, (21)

Note that variational inequality (21) is in path flows.

Theorem 2 (Link Flow Variational Inequality For-
mulation — Dafermos and Nagurney (1984))

A travel link flow pattern and associated travel demand
and disutility pattern is a traffic network equilibritum If
and only If it satisfies the variational inequality problem:
determine (f*,d*, \*) € K? satisfying

D calF) x (fa = fa) = DNy x (dw — dy)

acl
+ 3 [diy = dw(A)] X P — A1 20, Y(f,d,A) €K,
wel
(22)
where K3

= {(f,d,\) € Ry |3 (x) satisfying (15); dyw = ) _ ap, Yu}.
p=P,



Supernetwork Equivalence of the Supply Chain Net-
work Equilibrium Model

We now cast the supply chain network equilibrium prob-
lam into supernetwork form, which then reveals the con-
figuration of the associated isomorphic traffic network
equilibrium problem.

By constructing the associated supernetwork, which is
an abstract network (see also Nagurney and Dong (2002)),
the linkages to traffic network equilibrium become ap-
parent through the identification of the origin/destination
pairs, the paths connecting the origin/destination pairs,
the costs on the links of the supernetwork, and the ori-
gin/destination pair demand functions and travel disu-
tilities.

Note that isomorphic traffic networks have been iden-
tified in the case of spatial price equilibrium problems,
single and multimodal ones, respectively, by Dafermos
and Nagurney (1985) and Dafermos (1986); other appli-
cations can be found in the book by Nagurney (1999).



The Gg Supernetwork
Representation of Supply
Chain Network Equilibrium




In the supernetwork g of the isomorphic traffic network
equilibrium model there is a single origin node O, and o

destination nodes at the bottom tier of nodes, denocted,
respectively, by: z1..... 2.

There are o O/D pairs in Gg denoted, respectively, by
w1 = (0.21), ..., wp = (0,z),..., w, = (0, z,).

There are 1 4+ m 4+ 2n 4+ o nodes in the supernetwork;
K = m+mn+n-+ no links; 7 = o O/D pairs, and
() = mo paths.



We now turn our attention to the definition of the links
in the supernetwork in Figure 2 and the associated flows.

Let a; denote the link from node 0 to node x; with

associated link flow f,, fori=1..... m. Let ay denote
the link from node z; to node y; with associated link
flow fa, fOr i =1,..., m and j=1,..., n.

Also, let ajy denote the link connecting node y; with

node yy with associated link flow fq, for j; j'=1.....n.
Finally, let a;g denote the link joining node y; with node
zp TOor ' =1"..... nand k=1,..., o and with associated
ink flow fq,,.

We group the link flows into the vectors, respectively,
as follows: we group the {f,} into the vector f; the
{fa,} Into the vector f2; the {f,,} into the vector f3,

and the {fa.,} into the vector f*.



A typical path, hence, joining origin node 0 with desti-
nation node zg, consists of four links. We, thus, note a
typical path by p;;+ which means that this path consists
of links: ai.aqj.ajp, and ajq with the associated flow on
the path equal to z, ,. Also, we let d,, denote the de-
mand associated with O/D pair w and Ay, the travel
disutility for wy..

Note that the satisfaction of the conservation of flow
equations (15) means that:

fa. = Z Tpon, ©=1,..., m, (23)
Ji'k

fay =) Tpgs 1= 1.0, myg=1..... n, (24)
J'k

fr.’t_,_,.- —_— Z *1'1'3'._5_.#.-. | v} =1..... J"-!-; ‘,'I:.|l == 1 ..... mn, (25}
ik

fﬂ-_p'.'.— — Z ‘FI-".-_l_p','_.' ,_)?.l — 1 """ 'ilz’.: JE{ = 1‘ -, 0. (26}
1]

Alsc, we have that
ﬂrw,._ = Z-IUJ"R' E=1,.... o, (2?}
ijj’
A path flow pattern induces a feasible link flow pattern

if all path flows are nonnegative and (23)—(27) are sat-
isfied.



Suppose now that we are given a feasible product ship-
ment pattern for the supply chain model, (g, Q. s, Q%.d)
K2, that is, Q' and @< consist of nonnegative product
shipments and (1) and (10)—(12) are satisfied. We may
construct a feasible link flow pattern on the network Gy
as follows: the link flows and travel demands are defined
as:

G = fa. 1=1..... m. (28)
Qij = fa,» 1=1,..., m,j=1,...,n, (29)
$§ = fayn J=1,....mji=1,..., n', (30)
gix = fag: J =1,..., nk=1,..., 0. (31)
n
dj, = Z UGr: k=1,..., 0. (32)
j=1

Note that if (q.Q. s.Q?, d) is feasible then the link flow
pattern constructed according to (28)—(32) is also fea-
sible and the corresponding path flow pattern that in-
duces such a link flow (and demand) pattern is, hence,
also feasible.



Remark

It is important to note that there is no explicit path flow
concept in the supply chain network model. However,
given the above relationships and identifications in the
link flow and demand patterns, we will be able to obtain
path flows and an associated new interpretation of the
supply chain network equilibrium conditions.

We now assign travel costs on the links of the network
(+g as follows: with each link a; we assign a travel cost
cq, defined by

o f,
Ca, = fz, i=1,..., m, (33)
I’_',]q
with each link a;; we assign a travel cost cq, defined by:
Ociy
Ca,; = - 9 i=1,..., m,j=1,..., n. (34)
dgz’j
with each link ;7" we assign a travel cost defined by
e
Ca,=—2, j=1,....n;7=1.....n. (35)
o ds;

Finally, for each link a;; we assign a travel cost defined
by

Cay = Cjk: j=1,..., n'k=1,...,0. (36)



The Gg Supernetwork
Representation of Supply Chain
Network Equilibrium with Link

Flows and Travel Costs




Then a traveler traveling on path pyjm, fori=1...., 1,

ji=1..... n, 37 =1,.... n' k=1,..., o, On network Gg
in Figure 2 incurs a travel cost ¢y, given by
9, f e j dec j

l|'f'-''fi'.'-',_._.-'.-_. = Ca, —|_ Ca; —|_ Cajy —I_ Caj. = —|_ ‘ —I_ ‘

i i s i

Also, we assign the travel demands associated with the
O /D pairs as follows:

dw, =dp, k=1,.... 0 (38)
and the travel disutilities:

|
=

%y_rl = I.G'_g;,;, |'L. —_— . g O (39}
Consequently, the equilibrium conditions (19) and (20)
for the traffic network equilibrium model on the network
(g state that for every O/D pair w; and every path
connecting the O/D pair wg:

i ) dfi , dcij | dej =0, if = =20
{f_ 'r L.y _)\ iy . — )'L i .El.'_l_l' ]
= dqi + 9qi; T dq; L { =0, |if Ty = O
(40)
and
= dy,(\*), i AL >0
Z ‘rp"-'-'f'l" { i lj.r iy, (}\ i ) . |-T_ /X ;ill.-',',. — D . (4 1 ::I



We now state the variational inequality formulation of
the equilibrium conditions (40) and (41) in link form as
in (22), which will make apparent the equivalence with
variational inequalities (13a) and (13b) for the supply
chain network equilibrium. According to Theorem 2, we
have that a link flow, travel demand, and travel disutility
pattern (f*.d*, A*) € K2 is an equilibrium (according to
(40) and (41)), if and only if it satisfies:

imn im n

Z Ca, (flj b I::fﬂ_.l — fﬂ:}' -+ Z Z Ca;; (fﬂj X (fﬂ - fﬂ)

+ " ay(F3) X (fay = Fa )+ DD can (™) X (fap— fa)
1

j= j'=1k=1

o 0
S AL X (du—dp )+ [dh, — du(A)] X [Aw, — AL ] > 0,
k=1 k=1

v(f.d,\) € K>, (42)



which, through expressions (28) — (32), (33) — (36),
and (38) — (39) yields:

m Ty (" ik deii(q! j ;
Z [—fr_{_g j] 9 — q; ] —I—ZZ [ quj ] X |ai — 4]

i1 r_}{ﬁ i—1 j—l
ik {'J'r_‘*j ( 5" :J' 1
I
j=1 j=1k=1

= Pk < lde — ] + Y [dy — di(p)] X [pas — p3] = O,
= k=1

v(gq. QY s, Q% d, p3) € K2 (43)

But variational inequality (43) is precisely variational in-
equality (13b) governing the supply chain network equi-

librium.



Hence, we have the following result:

T heorem 3

A solution (q*,QY",s*, Q%" d*, pi) € K2 of the variational
inequality (13b) governing a supply chain network equi-
librium coincides with the (via (28) — (32) and (38) —
(39)) reasible link flow, travel demand, and travel disu-
tility pattern for the supernetwork o, constructed above
and satisfies variational inequality (22). Hence, it is a

trarfic network equilibrium according to Theorem 2.



T he equilibrium conditions (40) and (41) provide us with
an entirely new interpretation of the supply chain net-
work equilibrium conditions according to Definition 1.

Indeed, (40) coincides with the well-known Wardrop
(1952) conditions associated with traffic network
equilibria and user-optimization (see also Dafermos
and Sparrow (1969)). Hence, we now have an entirely
new interpretation of supply chain network equilibrium
which states that all utilized paths in a supply chain
supernetwork associated with a demand market will have
equal and minimal costs.

This further suggests a type of efficiency principle re-
garding supply chain designs. Moreover, the flow on a
path of the supernetwork representation of the supply
chain network corresponds to the flow of product along
a path which consists of such links as production links;
transportation/transaction links between manufacturers
and retailers; handling links associated with the retailers;
and, finally, transportation/transaction links between re-

tailers and the consumers at the demand markets.



Using an analogous supernetwork construction to the
one detailed here we can now construct traffic network
equilibrium representations (and formulations) of addi-
tional supply chain network problems as cited in the
Introduction of this paper.

We note that Zhang, Dong, and Nagurney (2003) pre-
sented a supply chain network equilibrium model which
recognized the importance of Wardrop’s principles from
traffic networks but considered a chain formulation, rather
than a path formulation. Moreover, they reported no

numerical results.



The Algorithm and Numerical Examples

We first recall an algorithm, the Euler method, which
was proposed by Nagurney and Zhang (1996) for the
solution of variational inequality problem (21) in path
flows (or, equivalently, variational inequality (22) in link
flows).

In particular, due to the simplicity of the feasible set
(cf. (21)), which is simply the nonnegative orthant, the
Euler method (see also Dupuis and Nagurney (1993))
here takes the form: at iteration 7 compute the path
flows p € P according to:

—

m;}‘i'l = max{0, z, + ar(A, — Cp(z")) }. (44)

and the travel disutilities for all O/D pairs w € W ac-
cording to:

AT = max{0, AT, + o (dyu (A7) — Z‘ 1)} (45)
peF,

where {ar} is a sequence of positive real numbers that
satisfies: limr—car = 0 and > _,ar = oc. Such a
sequence is required for convergence (cf. Nagurney and
Zhang (1996)).



We now apply the Euler method described above to
compute the equilibrium path, link flow, and travel disu-
tility pattern in three numerical examples that were solved
via the modified projection method (cf. Korpelevich
(1977)) in Nagurney, Dong, and Zhang (2002).

The Euler method was implemented in FORTRAN and
the computer system used was a Sun system located at
the University of Massachusetts at Amherst.

T he convergence criterion utilized was that the absolute
value of the path flows and travel disutilities between
two successive iterations differed by no more than 104,
The sequence {a;} in the Euler method was set to:



Example 1

T he first numerical example, depicted in Figure 3, con-
sisted of two manufacturers, two retailers, and two de-
mand markets. In Figure 3, we also provide the super-
network representation and identify its nodes and links.

Manufacturers

Retailers

Demand Markets

Supply Chain Network and Corresponding Supernetwork
for Examples 1 and 2



The production cost functions for the manufacturers
were given by:

(@) =256 + o +2q1.  f2(q) = 2.5¢5 + 192 + 2qo.

T he transaction cost functions faced by the manufac-
turers and asscciated with transacting with the retailers
were given by:

c11(q11) = .5¢%; + 3.5¢11, c12(q12) = .5¢% + 3.5q12,

c21(g21) = -5@51 + 3.5q01. c22(gq22) = -59’52 + 3.5¢25.

T he handling costs of the retailers, in turn, were given
by :

2 2
c1(QY) = -5(2 @), Q) = -5(2 qi2)°.



The demand functions at the demand markets were;
L’!rl(l.ﬂjg) — —2]{}31—1.5;}324—1'{:}00, L’fg{p;g) — —Eﬁ}_gg—l.B;}_31+IDDD,

and the transaction costs between the retailers and the
consumers at the demand markets were given by:

c11(Q?) = q11 +5, c12(Q%) = q12 + 5.

c21(Q%) = o1 + 5.  22(Q%) = goo + 5.

We utilized the supernetwork representation of this ex-
ample depicted in Figure 3 with the links enumerated
as in Figure 3 in order to soclve the problem via the
Euler method. There are 9 nodes and 12 links in the
supernetwork in Figure 3.

We defined O/D pair w1 = (0,z1) and O/D pair w2 =
(0, z2) and associated the demand price functions with
the travel disutility functions as in (39) and the user link
travel cost functions as given in (33)—(36) (analogous

constructions were done for the subsequent examples).



T here were four paths in Fy, denoted by: pi.p2,ps, and
pa, respectively, and also four paths in F,, denoted by:
ps, pe. p7., and pg, respectively, and comprised of the
links as follows:

for O/D pair wy:
P = ({1'1. r11.0171". Cilfl}, P2 = ({1'1.{'1-12. Gggf.ﬂ-gfl).

p3 = ({1'2. L21,17". Cil.-l}, Pa = ({1'-3. oo, Ao, {'f.grl).
and for O/D pair was:
Py — ({11. 11,0011, f{lfg), Pe — (ﬂl.ulg. oo, {Igrg).
P = ({12, 121,011, alfg}, pPa = (ﬂg. a22, a2, ﬂ.grg).
T he Euler method converged in 194 iterations and vielded
the following equilibrium pattern:
Ty, = Tp, = Ty, = Ty, = 8.304,

Ty, = Ty, = Ty = Ty, = 8.304,

and with the equilibrium travel disutilities given by:

Ao, = A, = 276.224.

T he corresponding equilibrium link flows were:
fao, = fa,=33.216, f, = fa.,= fa, = fa, = 16.608,
ff:n-' — ft:::f — 33216 fﬁ:m — ffgr’: - f‘;:fi — f';'ﬂ"l’ — 16608



We now provide the translations of the above equilibrium
flows into the supply chain product shipment and price
notation using (28)-(32).

The product shipments between the two manufacturers
and the two retailers were:

Q' = qi1 = ¢ = 95 = @3> = 16.608,

the product shipments (consumption volumes) between
the two retailers and the two demand markets were:

-k

Q" = q11 = q12 = g1 = g2> = 16.608,

and the demand prices at the demand markets were:

p31 = p3p = 276.224.

It is easy to verify that the optimality/equilibrium con-
ditions were satisfied with good accuracy.

Moreover, these values are precisely the same values
cbtained for the equilibrium product shipments and de-
mand market prices for Example 1 via the modified pro-
jection method in Nagurney, Dong, and Zhang (2002).



Example 2

We then modified Example 1 as follows: T he production
cost function for manufacturer 1 was now given by:

f1(q) = 2.5¢7 + qiq2 + 1241.

whereas the transaction costs for manufacturer 1 were
now given by:

c11(q11) = ¢34 + 3.5q11.  c12(q12) = 97> + 3.5q15.

T he remainder of the data was as in Example 1. Hence,
both the production costs and the transaction costs in-
creased for manufacturer 1.

We next (as in the case of Example 1) constructed
the supernetwork reformulation and applied the Euler
method. Hence, since the number of manufacturers,
retailers, and demand markets did not change the su-
pernetwork representation for this example is as depicted
in Figure 3.



T he Euler method converged in 197 iterations and vyielded
the following equilibrium path flow and travel disutility
pattern:

Ty =), =T7.234, z, =z, = 8.635,

zy =z =T7.274, x, =z, = 8.595,

AL =\l = 276.397.



T he equilibrium link flows were:
fa =129.014, fi =34.460, fi = 14.507 = f; .
fa, = fa, = 17.230.
fay = oy = 31.737,

f'f;-:i-'i — ff;f:if: — fﬁ;:fi — ff-':zu': — 158?0

For easy reference, and comparison with the results
for this example, but solved via the modified projec-
tion method in Nagurney, Dong, and Zhang (2002),
provide the translations of the above results into the
supply chain notaticon for eguilibrium product shipments
and demand market prices.

T he product shipments between the two manufacturers
and the two retailers were now:

QY =gi, = qi, = 14507, ¢}, = q¢5, = 17.230,

the product shipments (consumption amounts) between
the two retailers and the two demand markets were now:
Q%" = ¢ty = ¢}, = g% = o5, = 15.870,

and the demand prices at the demand markets were:

ph = pho = 276.646.



Hence, manufacturer 1 now produced less than it did in
Example 1, whereas manufacturer 2 increased its pro-
duction output. The demand price at the demand mar-
kets increased, with a decrease in the incurred demand.

T he equilibrium product shipments and demand mar-
ket prices computed via the Euler method were pre-
cisely equal to the correpsonding values obtained via the
modified projection method for Example 2 by Nagurney,
Dong, and Zhang (2002).



Example 3

T he third supply chain network problem consisted of two
manufacturers, three retailers, and two demand mar-
kets, as depicted in Figure 4. Its supernetwork repre-

sentation is also given in Figure 4.

Manufacturers

an
Demand Markets

Supply Chain Network and Corresponding Supernetwork
for Example 3



The data were constructed from Example 2, but we
added data for the manufacturers’ transaction costs as-
sociated with the third retailer; handling cost data for
the third retailer, as well as the transaction cost data be-
tween the new retailer and the demand markets. Hence,
the complete data for this example were given by:

The production cost functions for the manufacturers
were given by:

fi1(q) = 2.5¢i + qra2 4+ 201, f2(q) = 2.5¢3 + q1q2 + 12¢5.

T he transaction cost functions faced by the two manu-
facturers and associated with transacting with the three
retailers were given by:

c11(q11) = ¢i1 + 3.5q11, c12(q12) = 4i> + 3.5q12.
c13(q13) = -5{}%3 + 5413,
co1(go1) = .5g§1 + 3.5¢21., co2(go2) = .5{}%2 + 3.5¢00.

co3(qaz3) = -5@%;3 + 5qos.



The handling costs of the retailers, in turn, were given
by

2 2
c1(QY) = 50 qn)?, Q") =50 a2)”.
i=1 i=1

-
r_":g(f_.;—_]'l) = 5(2 {}ﬁjz.
i=1

T he demand functions at the demand markets, again,
were:

d1(p3) = —2p31 — 1.5p3> + 1000,

ﬂrg(p;g} — —2;‘_}33 — 1.5p;31 —I— 1000,

and the transaction costs between the retailers and the
consumers at the demand markets were given by:

r_'*111:i1;é'2} = q11 + 5. r."12(@'2:l' = q12 + 5,
21(Q%) = 21 +5, 22(Q%) = q22 + 5.
c31(Q%) = q31 + 5, 32(Q°%) = q30 + 5.



Note that in the supernetwork representation of this sup-
ply chain network problem, given in Figure 4, there are
11 nodes in the supernetwork and 17 links. There are
two O/D pairs given by wi = (0,z1) and w2 = (1.22)
with the nodes z1 and zo corresponding to the bottom

a“

tiered nodes in the supernetwork in Figure 4.,

There are now six paths connecting each O/D pair and
aiven as follows:

for O/D pair wy:
p1 = ({11. 111, 111". fil-'l}- p2 = ({11.{112. f{ggr.ugrlj.
p3 = (a1,a13,a33.a31),
Pa — ({Ig. (L2110 f!l-'l}. Py — ({12.{122. L’{gg:.{lgrlj.
pe = (a2, a23,a3zx,as1),
and for O/D pair waz:

Pr — ({11, 111,11, L’!l:g), Ps — ({11.{112, L’{gg:.{lgrg).

pe = (a1,a13, a3z, az2),
P10 = ({Ig, 127,011, L’!l:g), P11 — ({Ig. oo, Ao, {'igrgj.

P12 = (ug. a3, a33s, {1:3@}.



T he Euler method converged in 331 iterations and vielded
the following equilibrium path flow and travel disutility
pattern:

r, =z, =4.922, mx, =7.832, wx; =z, =6.448,
r; = 4.396,
rh =x) =4.937, =z, =7.813, z; =z, =6.433,
r, =4.415,
and

Ay, = Ak, = 275.723.

The corresponding equilibrium link flows were:
fi =35364 f. =34.573, fi =fi =9.860,
fo.=15.645, f, = f. = 12.881,
f;{:_& = 8.811, f;“; = f,_,fm = 22.741. f,_,f_ﬂ = 24.450.

ft':r'i — ft:if: — .;:fi — ,_,:2_.: = 11.370,
fr = fi =12.228.



The above results translate into the following equilib-
rium product shipments and demand market prices on
the supply chain network: The product shipments be-
tween the two manufacturers and the three retailers
were:

QY =g}, =q}, =9.860, ¢j; = 15.645,

g5, = g3, = 12.881, gh3 = 8.811,

the product shipments between the three retailers and
the two demand markets were:

Q%" =iy = di> = g = ¢ = 11.370, g5, = g3 = 12.228,
and the demand prices at the demand markets were:

p31 = P3p = 275.723.

Note that the demand prices at the demand markets
were now lower than in Example 2, since there is now
an additional retailer and, hence, increased competition.
The incurred demand also increased at bhoth demand
markets, as did the production outputs of both man-
ufacturers. Since the retailers now handled a greater
volume of product shipments, the prices charged for the
product at the retailers, nevertheless, increased due to
increased handling cost. The above computed values
are very close to the analogous ones obtained for Ex-
ample 3 in Nagurney, Dong, and Zhang (2002).



Summary, Conclusions, and Suggestions for Future
Research

This paper demonstrated that a supply chain network
equilibrium model from the literature could be reformu-
lated as a transportation network equilibrium model with
elastic demands in the case of known demand functions.

T his identification was made through a supernetwork
construction of the former to reveal the transportation
network configuration for the supply chain and by show-
ing the variational inequality equivalences of the respec-
tive governing equilibrium conditions.

In addition, a new interpretation of the supply chain
network equilibrium conditions was provided which coin-
cided with the well-known user-optimizing conditions in
transportation network equilibrium modeling and analy-
Sis.

T his connection allows us to transfer the plethora of
algorithmic tools developed for transportation networks
to the formulation, analysis, and solution of supply chain
networks. Moreover, it allows us to transform a spec-
trum of supply chain network equilibrium models re-
ported in the literature to their corresponding trans-
portation network equilibrium counterparts.



In order to demonstrate the practical usefulness of the
theoretical results in this paper, we also applied an al-
gorithm proposed for the solution of transportation net-
work equilibrium problems with elastic demands to com-
pute the equilibrium product shipments and demand
market prices for several supply chain network exam-
ples taken from the literature, using the supernetwork
transformation.

Possible Future Research may also Include:

e The computation of large-scale supply chain network
equilibrium problems with different cost and demand
functional forms, with and without the supernetwork
equivalence, in order to determine the “most” efficient
computational algorithms for such problems;

e additional supply chain modeling efforts that may in-
clude the incorporation of raw material suppliers, dis-
tinct production processes, etc., that we expect will be
made more transparent using a supernetwork equiva-
lence, as well as

e The construction of system-optimization analogues for
supply chain networks (analogous to those for trans-
portation networks) and the identification of the costs

/ benefits of competition versus cooperation.



This paper is in press in Transportation
Research E (2005).
A copy may be downloaded from
Downloadable Articles at:
http://supernet.som.umass.edu
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