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Background and Motivation

Suppliers are critical in providing essential components and resources for
finished goods in today’s globalized supply chain networks. Even in the case of
simpler products, such as bread, ingredients may travel across the globe as
inputs into production processes.

Suppliers are also decision-makers and they compete with one another to

provide components to downstream manufacturing firms.
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Background and Motivation

When suppliers are faced with disruptions, whether due to man-made activities
or errors, natural disasters, unforeseen events, or even terrorist attacks, the
ramifications and effects may propagate through a supply chain or multiple
supply chains.
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Boeing, facing challenges with its 787 Dreamliner supply chain design and
numerous delays, ended up having to buy two suppliers for $2.4 billion because
the units were underperforming in the chain (Tang, Zimmerman, and Nelson

(2009)).

KAA (Korea)

Fixed & movable
leading edge
Spirit (U.S.)
Wing
Mitsubishi
Uapan)

787 Dreamliner
Structure Suppliers

Selected component and
system suppliers.

Center fuselage
Alenia (italy)

Spirit (U.S)
Kawasaki (Japan)

Center wing box
Fuji Uapan)

L~ Landing gear structure
Messier-Dowty (France)

Lithium-ion batteries

GS Yuasa Japan)

Sources: Boeing, Reuters
Note: Diagrams are not o scale.

University of Massachusetts Amherst

Movable Horizontal ~ Tailfin
tailingedge  stabilizer Boeing

(U.S., Canada, Alenia (US.) —
Australia) /

(Italy)
Rear fuselage

Boeing (US)
Wing-to-body
fairing

Boeing (US)

Passenger
entry doors
Latecoere (France)

L Lithium-ion batteries
GS Yuasa (Japan)
Main landing gear
wheel well
Kawasaki (Japan)

Fixed trailing edge
Kawaski (Japan)

Engine
nacelles
Goodrich (US) OTHERS

Wing/body fairing

Engine ———
Rolls-Royce (UK) Boeing (Canada)
General Cargo access doors
Electric (US) Saab (Sweden)

g "Michelle” Li and An



Background and Motivation

Hence,
@ capturing supplier behavior and the competition among multiple
suppliers,

@ integrating suppliers and their behavior into general multitiered supply
chain network equilibrium frameworks, and

@ identifying the importance of a supplier and the components that he
provides to the firms

are essential in modeling the full scope of supply chain network competition.
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In this paper, we develop a multitiered competitive supply chain network game
theory model, which includes the supplier tier.

@ The firms are differentiated by brands and can produce their own
components, as reflected by their capacities, and/or obtain components
from one or more suppliers, who also are capacitated.

@ The firms compete in a Cournot-Nash fashion, whereas

@ the suppliers compete a la Bertrand.

@ All decision-makers seek to maximize their profits.

@ Consumers reflect their preferences through the demand price functions
associated with the demand markets for the firms' products.
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@ We develop a general multitiered competitive supply chain network
equilibrium model with suppliers and firms that includes capacities and
constraints to capture the production activities.

@ We propose supply chain network performance measures, on the full
supply chain and on the individual firm levels, that assess the efficiency of
the supply chain or firm, respectively, and also allow for the identification
and ranking of the importance of suppliers as well as the components of
suppliers with respect to the full supply chain or individual firm.

@ Our framework adds to the growing literature on supply chain disruptions
by providing metrics that allow individual firms, industry overseers or
regulators, and/or government policy-makers to identify the importance
of suppliers and the components that they produce for various product
supply chains.
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The Multitiered Supply Chain Network Game Theory Model with Suppliers -

Network Topology

Suppliers (1)

Demand Markets
Figure: The Multitiered Supply Chain Network Topology
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ij-,: the nonnegative amount of firm i's component / produced by supplier J;
j=1,...,ns;i=1....0; I=1,...,n,.
QF: the nonnegative amount of firm i’s component / produced by firm i itself.

Qix: the nonnegative shipment of firm i's product from firm i to demand
market k; k=1,..., ng.

mji: the price charged by supplier j for producing one unit of firm i's
component /.

dix: the demand for firm i's product at demand market k.

0j;: the amount of component / needed by firm i to produce one unit product i.
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The Behavior of the Firms

fi(Q): firm i's cost for assembling its product using the components needed.
f,-,F(QF): firm i’'s production cost for producing its component /.

tc,-/;(Q): firm i's transportation cost for shipping its product to demand market
k.

i1(@°): the transaction cost paid by firm i for transacting with supplier j for
its component /.

pi(d): the demand price for firm i's product at demand market k.

{ .
All the {Qﬁ-,} elements are grouped into the vector @° € Ris iy

f .
All the {Q)} elements are grouped into the vector QF € R%’:l KB

All the {Qix} elements are grouped into the vector Q € Rf’?.

We group all {di} elements into the vector d € R!"%.
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The Behavior of the Firms

nR i nrR
Maximizeq, or qs U = pi(@)dk — (@) = 3 (@") = Y teh(@
k=1 I=1 k=1
ns i ns i
=2 T Q= 20> (@) (1a)
Jj=11=1 j=1I=1
subject to:
Qk=dyx, i=1,....5k=1,...,ng, (2)
Zo,ke,,<z A+ Qf, i=L..hi=1.., ®)
Qk=>0, i=1,....,1ik=1,...,ng, (4)
CAP: > Qp > Ji=1,...,ns;i=1,...,1;1=1,... n;, (5)
CAP,sz,.fzo, i=1,...,051=1,...n. (6)

. . . . nsn .
For firm i, we group its {Q-?,} elements into the vector Q7 € R+S " its {Qf}

elements into the vector QIF €ER ", and its {Qj} elements into the vector Q; € RQR.
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The Behavior of the Firms

In light of (2), we can define the demand price function pi in product
shipments of the firms, so that pu(Q) = pi(d); i =1,...,1,k=1,..., ng.
Therefore, (1a) is equivalent to:

ng i ng
MaximizthQip,Qis U,-F = Zﬁik(Q)Qik - i(Q) — Z fi/F(QF) - Z tCiI;(Q)
k=1 =1 k=1
ng My s ng Ny s
=D Q=D ai(@). (16)
j=1 I=1 j=1 I=1

v
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The Behavior of the Firms

We define K| = {(Qi, QF, Q)|(3) - (6) are satisfied}. Al K} ; i=1,...,1,
are closed and convex. We also define the feasible set K = I'If::l?f.

Definition 1: A Cournot-Nash Equilibrium

A product shipment, in-house component production, and contracted
0 o * * =l . g 5
component production pattern (Q*, Q", Q") € K s said to constitute a

Cournot-Nash equilibrium if for each firmi; i=1,...,1,
Uf(Qr, Q7. QF,QF, @7, Q7 7") > Uf(Qi, @7, QF, @F, @7, &, ),
—F
v(Q, Q@) eKi, (7)
where

Qi* = (Q]).k7 00 %) Qi*fh Qi:»lw o o%) QI*)7
AF* F* F* F* F*
Qf :(Ql 7"'7Qi*17QH~17"'7 1 )7
A CH 5* S5* * *
Q =(QF ;.- Q7 1, Q1y--, Q).
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The Behavior of the Firms

Theorem 1
Assume that, for each firm i; i =1,...,1, the utility function
U,-F(Q, QF, QS,W*) is concave with respect to its variables in Q;, QF, and Q

and is continuous and continuously differentiable. Then (Q*, Q" Q") € K
is a Counot-Nash equilibrium according to Definition 1 if and only if it satisfies
the variational inequality:

I * *
B Ui (@, Q7, Q%" 77) o
;; ank X (Qlk Q/k)

! I'I

8UF(Q* QF* QS* *) . N
- X (Qy — Qi )
>y e - af

i=1

g 0 Frn*x AF* s* o
Sy S @) (g5 gf) 20, W@, 6°) <K
(8)
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The Behavior of the Firms

with notice that: fori =1,...,1; k=1,..., ng:
ouf _ | of(Q) 0tch(Q) <= 9pin(Q) _
9Qw | 9Qu ; Qi h; Qi i~ PQ)]
fori=1,....1; 1=1,... n;:
aQ,i ’
forj=1,...,ns;i=1....1;1=1,... n;:
aur - Icigm(Q
oQ5 RO I ]
Jil g=1 m=1 J”
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The Behavior of the Firms

Theorem 1

Equivalently, (Q*, QF, Q%" \*) € KF is a vector of the equilibrium product
shipment, in-house component production, contracted component production pattern,
and Lagrange multipliers if and only if it satisfies the variational inequality

I nR Bf Q) nR Btcf(Q*) nR 6'\,‘ (Q*)
ZZ OQik +Z BhQ;k 72 - i — Pi(Q +Z)‘l’0'/

i=1 k=1 h=1 Qi

o off (QF” . .
(@ -0+ 23 |3 ZaT) g v of - af)
il

i=1 I=1 | m=1

S a,m
+Zzlz} jl’+zz Cg )7 ;‘; ( jl/)

j=1i=1 I= g=1m=1
I M | ns nR
Y3130 @ + QT =D Q0| x (i — A5 =0, ¥(Q,QF, Q%N ek,
i=1 I=1 | j=1 k=1

(9)
where KF = N!_ K and KF = {(Q:, QF, @, X\;)|\; > 0 with (4) - (6) satisfied}.
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The Behavior of the Suppliers

ﬁ‘ls(Qs): supplier j's production cost for producing component /; [ =1,...,n,.
tcﬁ-,(QS): supplier j's transportation cost for shipping firm i's component /.

ocj(m): supplier j's opportunity cost.

! .
We group all the {7j;} elements into the vector 7 € R|" i
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The Behavior of the Suppliers

n

I i ny
Maximize, UJ-S = Z Zﬂ'j:’/Qf:s'l - Z GIS(QS )= Z tCﬁ/(QS ) — oci(m)
I=1

i=1 =1 i=1 =1
(11)
subject to:

7@-,-,20, j:1,...,n5;i:1,...,I;l:1,...,n,,-. (12)

I
For supplier j, we group its {mj;} elements into the vector 7; € R%’:l "
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The Behavior of the Suppliers

I n:
We define the feasible sets K7 = {m;|m; € RE":l LK = I'IJ'.’ilKJ-S, and
K=K xK°.

Definition 2: A Bertrand-Nash Equilibrium

A price pattern n* € K° is said to constitute a Bertrand-Nash equilibrium if for
each supplier j; j=1,...,ns,

SrNS* ~ SrAS* A 5]
UN(Q 7, 7)) > Up(Q7 ,m, 77), Vmj € K, (13)
where
Ak * * * *
Uy :(71'1,...,7Tj_1,7rj+1,.,.,7'(',.,5).
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The Behavior of the Suppliers

Theorem 2

Assume that, for each supplier j; j =1, ..., ns, the profit function UJ-S(QS* , )
is concave with respect to the variables in 7, and is continuous and
continuously differentiable. Then w* € K° is a Bertrand-Nash equilibrium
according to Definition 2 if and only if it satisfies the variational inequality:

!

9 S S* e
_ZZZ B )><(7Tﬁ/—7ffn)207

j=1 i=1 |=1 871-/”
vr e K2, (14)
with notice that: forj=1,...,ns;i=1,...,1;1=1,... n;:

_LUJ'S _ og(m) Q.

il omji

University of Massachusetts Amherst Dong " Michelle” Li and Anna Nagurney



The Equilibrium Conditions for the Multitiered Supply Chain Network with Suppliers

Definition 3: Multitiered Supply Chain Network Equilibrium with Suppliers

The equilibrium state of the multitiered supply chain network with suppliers is one
where both variational inequalities (8) (or (9)) and (14) hold simultaneously.

Theorem 3

The equilibrium conditions governing the multitiered supply chain network model with
suppliers are equivalent to the solution of the variational inequality problem:
determine (Q*, @, Q3 ,m*) € K, such that:

I nr auF(Q* QF* QS* *)
-2

i=1 k=1

i auF Q*,QF*,QS*,TF*)
0. x (Qi — Qi —ZZ o0

i=1 I=1

S*

L L UF(Q,QF, Q5"
X(QIII: )7222 ( 8Q 7T)X( JI/ AI)
=1 Jil

Jj=1i=1
ng | 8U5(QS* *) o
- Z — o x(mi—m) >0, ¥(QQ",Q°meK. (15
j=1 i=1 I=1 il
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The Equilibrium Conditions for the Multitiered Supply Chain Network with Suppliers

Equivalently: determine (Q~, QF, QS*,A*,W*) € K, such that:

I af. 81’, nR 8, Q ni
;;[ an Z Cathk _; pgc() ) Qih — Pi(Q") +;>\,/9,,

(L F(nF*
Qlk_ lk +ZZ|:ZMB(C§:)_ II:| X(QI/_ r/ )
i=1 =1 Lm=1 il
+ZZZ

71-JII + Z Z 8Clgm(Q ) - )\I*I:| X (lel JII )

j=1 i=1 |=1 g=1 m=1 Jl/
/ i nR
+ZZ {Z Qi +Qf -> ini/] Ait = Aip)
i=1 =1 Lj=1 k=1
+ S > S {M—Qﬁ*} X (miy— 1) >0, Y(Q,QF, Q% \n)ek
j=1 i=1 I=1 Omji g ! e B 7

(16)

where K = KF x K°.
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The Equilibrium Conditions for the Multitiered Supply Chain Network with Suppliers

Standard Form

Determine X* € K where X is a vector in RV, F(X) is a continuous function
such that F(X): X — K c R, and

(F(X*),X —X*) >0, ¥XeK, (17)

where (-, -) is the inner product in the N-dimensional Euclidean space,

N = Ing + 2ns Z::l ni +2 Z,{:l nji, and K is closed and convex. We define
the vector X = (Q, Q" Q°, A, ) and the vector

F(X) = (F(X), F2(X), F*(X), F*(X), F*(X)).
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The Equilibrium Conditions for the Multitiered Supply Chain Network with Suppliers

Standard Form

such that:

1
FX) = ao,k

8tc,h Q) R 8ﬁ,h(Q) A 2/ .
Z OQik hz:; Qi Qin p'k(Q)+lz:1:)\:/9,/,

i=1,...,5;k=1,...,ng], (18a)

F
F3(X) = [Zaﬁm(o ) _ ,/,i:1,...,/;/:1,...,n,,-], (18b)

o\~ DCigm
P = [+ 303 2 BTy

g=1 m=1 J’/
j=1....ns;i=1,....01;1=1,...,n4], (18¢)

ng ng
ZQﬁ-mLQ,f—ZQ,—ko,-,;i:1,...7/;/21,4..7,1,,} . (18d)
j=1 k=1

dogj()

om;in

F5(X):{ — Qi=1,- ns;i:1,...,I;l:1,...,n,,}. (18e)
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The Equilibrium Conditions for the Multitiered Supply Chain Network with Suppliers -

Qaulitative Properties

It is reasonable to expect that the price charged by each supplier j for producing
one unit of firm i's component /, 7ji, is bounded by a sufficiently large value,
since, in practice, each supplier cannot charge unbounded prices to the firms.

Assumption 1

Suppose that in our supply chain network model with suppliers there exists a
sufficiently large I, such that,

iy <M, j=1,...,ns;i=1,...,1;1=1,...,n. (19)

Theorem 4: Existence

| A

With Assumption 1 satisfied, there exists at least one solution to variational
inequalities (17); equivalently, (16) and (15).

A
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The Equilibrium Conditions for the Multitiered Supply Chain Network with Suppliers -

Qaulitative Properties

Theorem 5: Uniqueness

If Assumption 1 is satisfied, the equilibrium product shipment, in-house
component production, contracted component production, and suppliers’ price
pattern (Q*, QF", Q%" ,7*) in variational inequality (17), is unique under the
following conditions:

(i) one of the two families of convex functions fi(Q); i =1,...,1, and tc,i(Q);
k=1....ng, is strictly convex in Qj;

(ii) the £{ (QF); i=1,...,1,1 =1,....n;, are strictly convex in Qf;

(iii) the c(Q°); j=1,...,ns, i=1,...,1,1 =1,....n, are strictly convex in
Qi

(iv) the ocj(w); j =1,...,ns, are strictly convex in mji;

(v) the pi(d); i=1,...,1,k =1,....ng, are strictly monotone decreasing of
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Supply Chain Network Performance Measures

We now present the supply chain network performance measure for the whole
competitive supply chain network G and that for the supply chain network of
each individual firm i; i =1,...,/, under competition.

@ Such measures capture the efficiency of the supply chains in that the
higher the demand to price ratios normalized over associated firm and
demand market pairs, the higher the efficiency.

@ Hence, a supply chain network is deemed to perform better if it can
satisfy higher demands, on the average, relative to the product prices.
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Supply Chain Network Performance Measures

Definition 4.1: The Supply Chain Network Performance Measure for the Whole

Competitive Supply Chain Network G

The supply chain network performance/efficiency measure, £(G), for a given
competitive supply chain network topology G and the equilibrium demand
vector d*, is defined as follows:

Z, DN il d*

I><nR

£E=£(G) = (20)

Definition 4.2: The Supply Chain Network Performance Measure for an

Individual Firm under Competition

The supply chain network performance/efficiency measure, E;(G;), for the
supply chain network topology of a given firm i, G;, under competition and the
equilibrium demand vector d*, is defined as:

& =&(G) = 2 lm’;k Gl . i=1,...,1. (21)
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The Importance of Supply Chain Network Suppliers and Their Components

Definition 5.1: Importance of a Supplier for the Whole Competitive Supply

Chain Network G

The importance of a supplier j, corresponding to a supplier node j € G, I(j), for
the whole competitive supply chain network, is measured by the relative supply
chain network efficiency drop after j is removed from the whole supply chain:

N _AE _E(G)-E(G-))

1(j) 5 T, Jj=1,...,ns, (22)

where G — j is the resulting supply chain after supplier j is removed from the
competitive supply chain network G.
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The Importance of Supply Chain Network Suppliers and Their Components

We also can construct using an adaptation of (22) a robustness-type measure
for the whole competitive supply chain by evaluating how the supply chain is
impacted if all the suppliers are eliminated due to a major disruption.
Specifically, we let:

(23)

s BE_E(G)-E(G-X )
1000 =% = R

measure how the whole supply chain can respond if all of its suppliers are
unavailable.
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The Importance of Supply Chain Network Suppliers and Their Components

Definition 5.2: Importance of a Supplier for the Supply Chain Network of an

Individual Firm under Competition

The importance of a supplier j, corresponding to a supplier node j € Gj, I;(j),
for the supply chain network of a given firm i under competition, is measured
by the relative supply chain network efficiency drop after j is removed from G;:

A& _ &i(G) — E(Gi —j)

Il-.: ) :’...7;': gee ey .
0= 5 L. 0j=1,..,ns.  (28)

The corresponding robustness measure for the supply chain of firm i if all the
suppliers are eliminated is:

B o &G = &G =Y, )
/,-(Zj)zA;’z &) 6,-((G,-) ZJ—J), i=1,...,1. (25)

j=1

v
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The Importance of Supply Chain Network Suppliers and Their Components

Definition 5.3: Importance of a Supplier's Component for the Whole

Competitive Supply Chain Network G

The importance of a supplier j's component [;; I; = 1;,..., n;, corresponding
to j's component node I; € G, I(l;), for the whole competitive supply chain
network, is measured by the relative supply chain network efficiency drop after
lj is removed from G:
AE  E(G)—E(G—1) .

I(/J):?:TJ’ J:l,...,ns;/j:]_j,...,n/j. (26)
where G — |; is the resulting supply chain after supplier j's component [; is
removed from the whole competitive supply chain network.

The corresponding robustness measure for the whole competitive supply chain

network if all suppliers’ component /;; [; = 1;,..., nj;, are eliminated is:
ns s
NE g(G)*g(G*ijl )
I(E IJ):?: g(G) ) /j:1j7'~'7n/j' (27)

Jj=1
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The Importance of Supply Chain Network Suppliers and Their Components

Definition 5.4: Importance of a Supplier's Component for the Supply Chain

Network of an Individual Firm under Competition

The importance of supplier j's component I;; [; = 1;,..., n;, corresponding to
a component node I; € Gj, li(l;), for the supply chain network of a given firm i
under competition, is measured by the relative supply chain network efficiency
drop after I; is removed from G;:

A& E(G) - &(G =)

(1) c = £(G) , =1, Lj=1,..,ns; i =1j,...,n;.

(28)

The corresponding robustness measure for the supply chain network of firm i if
all suppliers’ component /j, [; = 1;,..., n;, are eliminated is:

o A& E(G) - &(G =35 h)
ll(z IJ) = 8’_ = gl(GI) z )
j=1

i:l,...,/;b‘:lj,...7n/j.

(29)

University of Massachusetts Amherst Dong " Michelle” Li and Anna Nagurney



The Algorithm - The Euler Method

Iteration 7 of the Euler method

X" = Pe(XT — a-F(X7)), (30)

where Px is the projection on the feasible set K and F is the function that
enters the variational inequality problem (17).

For convergence of the general iterative scheme, which induces the Euler
method, the sequence {a-} must satisfy: > 72 ja, = o0, ar >0, ar = 0, as

T — OQ.
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The Algorithm - The Euler Method - Explicit Formulae for the Computation of the Product and

Component Quantities

9(Q) <= 9tch(Q) 9pin(Q) .
QTH*ma 0, Qj + ar(—— = . + Qin + pi(Q
A e Tom ; Qi Z oG, T+ Ar(Q)
=S Nib)hi=1,...,Lk=1,...,n¢. (31a)
FT+l . F FT x (QF)
Qi/ = mm{CAPi ,max{O, Qi/ +aT(_le BQ +)\Il)}}
i=1,...,5;1=1,... n. (31b)
= 0] igm
Qﬁ, " = min{CAP ,umax{o ﬁ, +aT(—7rJ,/—ZZ Cigm( @ )—i-)\,-,)}};
g=1m=1 QJ'/
J=1,...nsi=1,....;1=1,...n;. (31c)
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The Algorithm - The Euler Method - Explicit Formulae for the Computation of the Prices and

Lagrange Multipliers

g R
AT =max{0,\] +ar(= > Qp — QF + > Qubn)tii=1,....Li1=1,...,n.
j=1 k=1

(31d)

docj(m)
aﬂ'j,'/

7T7'+1

o +@Ni=1,...nsi=1,...,L1=1,...,n,

(31e)

= max{0, 71'17,7, +ar(—
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Numerical Examples

We implemented the Euler method using Matlab on a Lenovo Z580. The
convergence tolerance is 107°, so that the algorithm is deemed to have
converged when the absolute value of the difference between each successive
quantities, prices, and Lagrange multipliers is less than or equal to 107, The
sequence {a, } is set to: {1, %, %, %, %, %, ...}. We initialize the algorithm by
setting the product and component quantities equal to 50 and the prices and

the Lagrange multipliers equal to 0.
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Numerical Examples - Example 1

Supplier

Demand Markets

Figure: Example 1
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Numerical Examples - Example 1

The capacities of the suppliers are:
CAPP; =80, CAPy, =90, CAP{,; =80, CAPY, =50,
The firms are not capable of producing components 1! or 12, so their capacities are:

CAPf, =0, cAPL, =20, cAPf =0, CAPL =30.

The supplier’'s production costs are:

QM Qi) = 2(Q + Qin),  F3(Qfi2) = 3Q%,  £3(Qi) = Qi

The supplier’s transportation costs are:
S S S S S S S S S S
teq1 (Q11s Qfiz) = 0.75Q71; +0.1Q7s,  tei1n( @112, Q1) = 0.1Q7, + 0.05Q7,

tci1 (QD, Qi) = Qi +0.2Q,  teiso(Qr, Qia1) = 0.6Q, + 0.25Q7,.

The opportunity cost of the supplier is:

ocy (7111, T112, T121, T122) = 0.5(7111—10)2+(7112—5)?+0.5(7r121 — 10)24+0.75(m120— 7).
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Numerical Examples - Example 1

The firms' assembly costs are:

f1(Qu1, @2, Qo1, @) = 2(Q11 + Q12)? + 2(Qu1 + Qu12) + (Qu1 + @12)(Qa1 + Q22),

7(Q11, @2, Qo1, @22) = 1.5(Qa1 + @22)2 + 2(Qa1 + @22) + (Qu1 + Q12)(Qa1 + Q22).

The firms' production costs for producing their components are:
2 2
f1(Qf1, Q%) = 3Qf + Qf; +0.5Q, Q% #3(Qh) =2Qf +1.5Q),
2 2
£ (QM1, Q1) = 3Qf +2Q5 +0.75Q(1Q51,  £5(Qh) = 1.5Q% + Qb
The firms’ transportation costs for shipping their products to the demand markets are:

tef (@1, Q1) = Q% + Qu1 +0.5Qu1Qo1,  tchH(Qr2, @2) = 2Q% + Qi2 +0.5Q12Q2,

tch (Qo1, Q1) = 1.5Q%+Qu1+0.25@Q11 @1,  tch(Qu2, Q22) = @%+0.5Q2240.25Q12 Qaa.
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Numerical Examples - Example 1

The transaction costs of the firms are:
2 2
C111(Q1S11) = 0-5Qig11 + 0-25015117 C112(Q1512) = 0-25Qf12 + 0-3015127

2 2
C211(le21) = 0-3Q1521 + 0~2Qiszl, C212(le22) = 0-201522 + 0-1Q1522-

The demand price functions are:
p11(dh1, da1) = —=1.5d11 — do1 + 500,  p12(diz, dro) = —2d12 — doe + 450,

p21(di1, dh1) = —2db1 — 0.5d11 + 500,  p22(di2, doz2) = —2d2 — di2 + 400.
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Numerical Examples - Example 1

The Euler method converges in 380 iterations.

diy = 13.39, dip = 451, i =18.62, dj, = 5.87.
pin = 461.30, pio = 435.11, poy = 456.07, pa» = 383.75.
QF =000, QS =1150, Qf =0.00, Q@ =14.35.
Qi =35.78, Q,=4218, Q% =48.99, Qi = 34.64.
A =81.82, A =47.48, M —88.58 A} = 44.05.
75 = 4578, wh =26.09, 7 —58.99, 7} = 30.00.

The profits of the firms are, respectively, 2,518.77 and 3,485.51. The profit of
the supplier is 3,529.19.
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Numerical Examples - Example 1 - Performance Measures

Table: Supply Chain Network Performance Measure values for Example 1

[ EG) | &G -1 [ &G -1 | &G —2) | &G —3) |
[ Whole Supply Chain || _0.0239 | 0 I 0 ool | o013 |

Ei(G) | (G —1) | &(G—11) | &G —21) | Ei(Gi—31)
Firm 1's Supply Chain 0.0197 0 0 0.0071 0.0203
Firm 2's Supply Chain 0.0281 0 0 0.0292 0.0163
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Numerical Examples - Example 1 - Importance Measures

Table: Importance and Rankings of Supplier 1's Components 1, 2, and 3 for

Example 1
Importance for the Importance for
Whole Supply Chain Ranking Firm 1's Supply Chain Ranking
Supplier 1 1 1
Component 1 1 1 1 1
Component 2 0.2412 2 0.6401 2
Component 3 0.2331 3 —0.0329 3
Importance for the
Firm 2's Supply Chain Ranking
Supplier 1 1
Component 1 1 1
Component 2 —0.0387 3
Component 3 0.4197 2

Importance for the Importance for Importance for
Whole Supply Chain Firm 1's Supply Chain Firm 2's Supply Chain
Supplier 1 1
Ranking 1
Component 1 1
Ranking 1
Component 2 0.2412 0.6401 —0.0387
Ranking 2 1 3
Component 3 0.2331 —0.0329 0.4197
Ranking 2 3 1
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Numerical Examples - Example 2

Example 2 is the same as Example 1 except that supplier 1 is no longer the

only entity that can produce components 1! and 12.
The capacities of the firms are now:
CAPj, =20, CAP3, = 30.

CAPf, =20, CAPf, =20,

Table: Equilibrium Solution and Incurred Demand Prices for Example 2

Q" | @1 =1443 Q5 =513 @7 =1960 @, =7.02
QF | Qf =1023 QL =1250 Qf =1128 Qf, =15.47
Q% | Q5L =12889 QS,—4610 Q5 —41.97 Qo — 37.78
N | A =6804 A,=5149 )3 =7735 A, =47.40
T | 7y = 38.80 mp = 28.10 7oy = 51.97 mp = 32.19
d* | dj=1443 d;j, =5.13 di =19.60 dy =7.02

p p11 = 458.75  pi1o = 43272  pyy = 453.58  pro = 380.83

The profits of the firms are now 2,968.88 and 4,110.89, and the profit of the

supplier is now 3,078.45.

University of Massachusetts Amherst

Dong "Michelle” Li and Anna Nagurney




Numerical Examples - Example 2 - Performance Measures

Table: Supply Chain Network Performance Measure Values for Example 2

[ 0 [ -1 [ e6—1p [ 262D [ €6 —3) |
[ Whole Supply Chain || 0.0262 | 00086 | 00105 | 00197 | 00195 |
Ei(G) | Ei(Gi—1) | &(G —11) | &G —21) | Ei(Gi—31)
Firm 1's Supply Chain 0.0217 0.0067 0.0106 0.0071 0.0226
Firm 2's Supply Chain 0.0308 0.0105 0.0105 0.0324 0.0163

Dong " Michelle” Li and Anna Nagurney
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Numerical Examples - Example 2 - Importance Measures

Table: Importance and Rankings of Supplier 1 and its Components 1, 2, and 3
for Example 2

Importance for the Importance for
Whole Supply Chain Ranking Firm 1's Supply Chain Ranking
Supplier 1 0.6721 0.6897
Component 1 0.5984 1 0.5121 2
Component 2 0.2476 3 0.6721 1
Component 3 0.2586 2 —0.0438 3
Importance for
Firm 2's Supply Chain Ranking
Supplier 1 0.6598
Component 1 0.6590 1
Component 2 —0.0505 3
Component 3 0.4710 2
Importance for the Importance for Importance for
Whole Supply Chain Firm 1's Supply Chain Firm 2's Supply Chain
Supplier 1 0.6721 0.6897 0.6598
Ranking 2 1 3
Component 1 0.5984 0.5121 0.6590
Ranking 2 3 1
Component 2 0.2476 0.6721 —0.0505
Ranking 2 1 3
Component 3 0.2586 —0.0438 0.4710
Ranking 2 3 1
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Numerical Examples - Example 3

Example 3 is the same as Example 2, except that two more suppliers are now
available to the firms in addition to supplier 1.

Suppliers

Demand Markets O
Figure: Example 3
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Numerical Examples - Example 3

The data associated with suppliers 2 and 3 are following.

The capacities of suppliers 2 and 3 are:
CAP3,, =60, CAP3, =710, CAP5, =50, CAPS,, =60,

CAP3;; =50, CAP3, =80, CAPj; =80, CAPs, = 60.

The production costs of the suppliers are:
£ @11, Q1) = Qi + Qs £2(@512) = 3@, £3(Q5) = 2Q5n,

fasl(QsSn, Q§§21) = 10(03?11 + Q??Ql)» %2(0512) = 03?12: @53(03?22) = 2~5Q§§22~

The transportation costs are:
S S S S S S S S S S
tc511( Q@115 Q312) = 0.5Q31; +0.2Q51,,  tc712(Q312, Q311) = 0.3Q31, +0.1Q33,
S S S S S S S S S S
tc31 (@1, Q322) = 0.8Q%; + 0.2Q%),  tc3(Q52, Q321) = 0.75Q%; + 0.1Q31,

te11 (@311, @312) = 0.4Q31; +0.05Q51,,  tc315(Q31, Q311) = 0.4Q3;, + 0.2Q3);,
tc301 (@51, @) = 0.7Q30 +0.1Q%,  tc32(Q30, Q321) = 0.6Q55, + 0.1Q3y, .
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Numerical Examples - Example 3

The opportunity costs are:
0¢ (7211, T212, T221, T222) = (211 —6)%+0.75(7212 —5)?+0.3(7221 — 8)%4+0.5(m222 —4)?,

oc3 (7311, T312, T321, T322) = 0.5(m311—5)?+1.5(m310—5)240.5(m321 —3)?+0.5(m320—4)2.

The transaction costs of the firms now become:
2 2
c21(Q51y) = 0.5Q5; + @5y, c122(Q51,) = 0.25Q5), + 0.3Q3),,
2 2
21(Q%1) = Q31 +0.1Q5;,  222(Q5) = @ + 0.5Q5,
2 2
as(@31) = 0.2Q3;, +0.3Q3;,  axn(Q5n) = 0.5Q5), +0.2Q35,,

2 2
231(Q31) = 0.1Q5; + 0.1Q5y,  232(Q52) = 0.5Q35, + 0.1Q5,.
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Numerical Examples - Example 3

The Euler method converges in 563 iterations.

Table: Equilibrium Solution and Incurred Demand Prices for Example 3

Q" [ Qi1 =218 Q=961 Q =2423 Q5 =1241
QT | Qi =557 QL =911 Qf =648 Qf, =12.94
Q% | QoL =1371 Q5, —32.64 Qo —21.77 Q5 — 30.68
Qs = 2045 Q5,=27.98 Q5 =1007 Q5 =1178
Qi =2313 Q5,=2456 Q5 =3494 Q) =17.86

N | A, =37.68 A,=237.94 )3 =4503 )\, = 39.83
T w1 = 2371 @i =21.32 @iy = 3177 wiy = 27.45
7 =16.23  wh, =23.65 iy =24.79  mhy = 15.78

i =28.13  wi, =13.19 7l =37.94 1w, = 21.86

d* | dj =218 dj, =961 d5, = 2423  di = 12.41
P P11 = 443.04 P12 = 418.38 P21 = 440.64 P22 = 365.58

The profits of the firms are now 4,968.67 and 5,758.13, and the profits of the

suppliers are 1,375.22, 725.17, and 837.44, respectively.

University of Massachusetts Amherst
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Numerical Examples - Example 2 - Performance Measures

Table: Supply Chain Network Performance Measure Values for Example 3

£(G) [ £(G—1) [ £(G—2) [ £(G - 3) [ £(szglj) ]

| Whole Supply Chain || 0.0403 | 0.0334 | 00361 | 00332 | 0.0086 |
&(G) [ &la -1 [ &6 -2 [ &G =3 | &G —-x%))
Firm 1's Supply Chain 0.0361 0.0309 0.0303 0.0309 0.0067
Firm 2's Supply Chain 0.0445 0.0358 0.0419 0.0355 0.0105
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Numerical Examples - Example 2 - Importance Measures

Table: Importance and Rankings of Suppliers for Example 3

Importance for the Importance for
Whole Supply Chain Ranking Firm 1's Supply Chain Ranking
Supplier 1 0.1717 2 0.1443 2
Supplier 2 0.1035 3 0.1612 1
Supplier 3 0.1760 1 0.1438 3
All Suppliers 0.7864 0.8139
Importance for
Firm 2's Supply Chain Ranking
Supplier 1 0.1939 2
Supplier 2 0.0566 3
Supplier 3 0.2021 1
All Suppliers 0.7641
Importance for the Importance for Importance for
Whole Supply Chain Firm 1's Supply Chain Firm 2's Supply Chain
Supplier 1 0.1717 0.1443 0.1939
Ranking 2 3 1
Supplier 2 0.1035 0.1612 0.0566
Ranking 2 1 3
Supplier 3 0.1760 0.1438 0.2021
Ranking 2 3 1
All Suppliers 0.7864 0.8139 0.7641
Ranking 2 1 3
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Summary and Conclusions

@ The behaviors of both suppliers and firms are captured in order to be able
to assess both supply chain network performance as well as vulnerabilities.

@ The firms have the option of producing the components needed in-house.

@ A unified variational inequality is constructed, whose solution yields the
equilibrium quantities of the components, produced in-house and/or
contracted for, the quantities of the final products, the prices charged by
the suppliers, as well as the Lagrange multipliers.

@ The model is used for the introduction of supply chain network
performance measures for the entire supply chain network economy
consisting of all the firms as well as for that of an individual firm.

@ Importance indicators are constructed that allow for the ranking of
suppliers for the whole supply chain or that of an individual firm, as well
as for the supplier components.
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