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Supply Chain Network Design Under Profit Maximization and
Oligopolistic Competition,

Transportation Research E, 46, pp. 281-294,

where additional background as well as references can be found.
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Examples of Supply Chains

» food and food products

» high tech products

» automotive

» energy (oil, electric power, etc.)
» clothing and toys

» humanitarian relief

» healthcare supply chains.
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Food Supply Chains
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High Tech Products
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Automotive Supply Chains
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Energy Supply Chains
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Clothing and Toys
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Healthcare Supply Chains
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Humanitarian Relief
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Supply chains may be characterized by decentralized
decision-making associated with the different economic agents or
by centralized decision-making.

Supply chains are are, in fact, Complex Network Systems.

Hence, any formalism that seeks to model supply chains and to
provide quantifiable insights and measures must be a system-wide
one and network-based.

Indeed, such crucial issues as the stability and resiliency of supply
chains, as well as their adaptability and responsiveness to events in
a global environment of increasing risk and uncertainty can only be
rigorously examined from the view of supply chains as network
systems.
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Network Design Must Capture the Behavior of Users.
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The Supply Chain Network Design Model

Figure 1: The Initial Supply Chain Network Topology of the Oligopoly
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Some Notation

Firm i; i =1,...,/, is considering n}'v, manufacturing facilities /
plants; nj, distribution centers, and serves the same ng retail
outlets / demand markets.

L? denotes the set of directed links representing the economic
activities associated with firm /; i =1,...,/ and n;o denotes the

number of links in L with n;o denoting the total number of links
in the initial network L%, where L% = U;_ L9

G® = [N, L°] denotes the graph consisting of the set of nodes N°
and the set of links L° in Figure 1.
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The Links

The possible manufacturing links from the top-tiered nodes i;
i=1,...,1, are connected to the manufacturing nodes of the
respective firm i, denoted by: Mj, ..., M'I;M
The possible shipment links from the manufacturing nodes are
connected to the distribution center nodes of each firm i;

i=1,...,/, denoted by DLl,...,Di

an,l'
The possible links joining nodes D{ 1o Dr’;,- , With nodes
. . ? D7
1,255+ Dég,z for i =1,...,I correspond to the storage links.

Finally, there are possible shipment links joining the nodes
120> DI fori=1,... 1 with the demand market nodes:
b D7

Ri,...,R

ng-
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The model can handle any prospective supply chain network
topology provided that there is a top-tiered node to represent each
firm and bottom-tiered nodes to represent the demand markets
with a sequence of directed links, corresponding to at least one
path, joining each top-tiered node with each bottom-tiered node.
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The Demand and Path Flow Notation

dg, denotes the demand for the product at demand market Ry;

k =1,...,nr. x, denotes the nonnegative flow of the product on
path p joining (origin) node i; i = 1,...,/ with a (destination)
demand market node.

The following conservation of flow equations must hold:

> xo=dr, k=1,...,ng, (1)
pEng

where P,%k is the set of paths connecting the (origin) nodes
i;i=1,...,1 with (destination) demand market Ry. In particular,
we have that P = Ujz1,. /PO where P0 is the set of paths

k
from origin node i to demand market k as |n Figure 1.
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The Demand Price Functions

We assume that there is a demand price function associated with
the product at each demand market. We denote the demand price
at demand market Ry by pgr, and assume, as given, the demand
price functions:

PR, = pPR(d), k=1,...,nRg, (2)

where d is the ng-dimensional vector of demands at the demand
markets.

The demand price functions are assumed to be continuous,
continuously differentiable, and monotone decreasing. Note that
the consumers at each demand market are indifferent as to which
firm produced the homogeneous product.
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The Path and Link Flows as Variables

f, denotes the flow of the product on link a. The following
conservation of flow equations must also be satisfied:

fo= ) Xpbap, Vacll (3)
peP?

where d,, = 1 if link a is contained in path p and d,, = 0,
otherwise. Here PV is the set of all paths in Figure 1, that is,

PO = Uk:17...7,,RP,%k. There are npo paths in the network in Figure
1. P,Q denotes the set of all paths from firm i to all the demand
markets for i = 1,...,/. There are npo paths from the firm i node
to the demand markets. '

The path flows must be nonnegative, that is,

x, >0, Vpe PO (4)
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The Link Capacity Variables

Us, a € LO denotes the design capacity of link a, where we must

have that
fa < us, Vac LO’ (5)

or, in view of (3)

Z Xp0ap < U5, Vac LO @)
peP?

The product flow on each link is bounded by the capacity (which is
a strategic decision variable) on the link.
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The Total Cost Function Expressions

The total operational cost on a link, &,, be it a manufacturing /
production link, a shipment / distribution link, or a storage link a,
is assumed, in general, to be a function of the flows of the product
on all the links, that is,

& = &(f), Vael®, (7)
where f is the vector of all the link flows.

In addition, the total design cost, 7,, associated with each link a,
is a function of the design capacity on the link, that is,

2= fa(us), Vae Ll )
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The Vectors of Strategy Variables and the Profit Functions
of the Firms

X; denotes the vector of strategy variables associated with firm /;
i=1,...,1, where X; is the vector of path flows associated with
firm /, and the vector of link capacities,

npo+n;o
X = {{{x}|p € P°}; {{u}]a€ LO}} e R, 7. X is then the
vector of all the firms' strategies, X = {{Xi}|i =1,...,1}.

The profit function U; of firm i; i =1,...,/, is the difference
between the firm’'s revenue and its total costs:

U —Zka )Y = )= Y ). ()

0 0 0
peP Ri acl; acl;

In view of (1) - (9):
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Supply Chain Design Network Equilibrium

We consider the oligopolistic market mechanism in which the firms
select their supply chain network link capacities and product path
flows in a noncooperative manner, each one trying to maximize its
own profit.

Definition 1: Supply Chain Network Design Cournot-Nash
Equilibrium

A path flow and design capacity pattern X* € K° = [[/_; K9 is
said to constitute a supply chain network design Cournot-Nash
equilibrium if for each firm i; i =1,...,1:

Ui(Xi*7)A<i*) > Ui(Xiv)A(i*)v VX, € ,C?v (11)
where X* = (X{,..., X 1, X 1,..., X}) and

0 "PI‘?JF"L‘,? . . L
K = {Xi|X; € R, , and (6) is satisfied}.
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The Variational Inequality Formulation

Theorem 1

Assume that for each firm i; i =1,...,1, the profit function U;(X)
is concave with respect to the variables in X;, and is continuously
differentiable. Then X* € K° is a supply chain network design
Cournot-Nash equilibrium according to Definition 1 if and only if it
satisfies the variational inequality:

l
=D (VX U(X)T, X = X{) =0, vX €K, (12)
i=1

where (-, -) denotes the inner product in the corresponding
Euclidean space and V x, U;j(X) denotes the gradient of U;(X) with
respect to X;.
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The solution of variational inequality (12) is equivalent to the
solution of variational inequality: determine (x*, u*, \*) € K!
satisfying:

G, ( RO *
) D DR e LIRS pP MRS i D IE
i=1 k= lpePO aclo =1l k pePgi
k

b=l + 3 [Zl) ] -

aclo ta

+3 = Y xp0ap | X [Ma = A >0, V(x,u,)) € KL, (13)
aelo pePO

where Kt = {(x, u,\)|x € RnPO' we R\ e RnLO} and

060x) — = bel0 2acl® o ac" 5ap for paths p € P%; i =1,...,1.

Oxp
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Standard Variational Inequality Form

Variational inequality (13) can be put into standard form as below:
determine X* € K such that

(FIX*)T, X -=X*)>0, ¥Xek, (14)

where IC is closed and convex and F(X) is a continuous function
from K to R". Indeed, we can define L = K! and let F(X) be the
vector with npo + 2n;0 components given by the specific terms
preceding the first multiplication sign in (13), the second in (13),
and the third in (13).
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Relationship to a Spatial Oligopoly Problem

Corollary 1

Assume that there are | firms in the supply chain network design
oligopoly model and that each firm is considering a single
manufacturing plant and a single distribution center. Assume also
that the distribution costs from each manufacturing plant to the
distribution center and the storage costs are all equal to zero.
Then the resulting model is a generalization of the spatial
oligopoly model of Dafermos and Nagurney (1987) with the
inclusion of design capacities as strategic variables and whose
underlying initial network structure is given in Figure 2.

Proof: Follows from Dafermos and Nagurney (1987) and
Nagurney (1993).
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Figure 2: The Initial Topology of the Spatial Oligopoly Design Problem
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Relationship to the Classical Oligopoly

It is also interesting to relate the supply chain network oligopoly
model to the classical Cournot (1838) oligopoly model.

Corollary 2

Assume that there is a single manufacturing plant associated with
each firm in the above supply chain network design model and a
single distribution center. Assume also that there is a single
demand market. Assume that the manufacturing cost of each firm
depends only upon its own output. Then, if the storage and
distribution cost functions are all identically equal to zero the
above design model collapses to an extension of the classical
oligopoly model in quantity variables and with capacity design
variables. Furthermore, if | = 2, one then obtains a generalization
of the classical duopoly model.
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Firm 1 Firm |/

Figure 3: The Initial Topology of the “Classical” Oligopoly Design
Problem
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With the variational inequality formulation of the competitive
supply chain network design problem we can:

» consider problems in which there are nonlinearities as well as
asymmetries in the underlying functions, for which an
optimization formulation would no longer suffice and

» obtain further insights into competitive oligopolistic
equilibrium problems that characterize a variety of industries
with the generalization of the inclusion of explicit design
variables.
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(asin
the Braess paradox; see Braess (1968), Nagurney and Boyce
(2005), and Braess, Nagurney, and Wakolbinger (2005)).

An oligopolistic supply chain network design framework that allows
for the computation of solutions can enable firms to investigate
their optimal strategies in the presence of competition.
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In the

, then this
model collapses to a system-optimization supply chain network
design model developed earlier by Nagurney (2009).

Other related research of ours includes:

» multicriteria decision-making in supply chain networks design,
as in the case of sustainability and environmental concerns,

» supply chain network design in the case of critical needs
products (medicines, vaccines, etc.),
, as well as

» redesign issues, and

» multiproduct supply chain network design with applications to
healthcare.

Anna Nagurney Supply Chain Network Design Under Competition



Ri R R3 . Rng
Retail Outlets / Demand Points
Figure 4: Initial Topology in the Case of System-Optimization
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Some other issues related to network design are explored in our
Fragile Networks book.

E

FRAGILE NETWORKS

Identifying Vulnerabilities and Synergies

in an Uncertain World

Anna Nagurney / Qiang Qiang

GIWILEY
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The Algorithm — the Euler Method

At an iteration 7 of the Euler method (see Dupuis and Nagurney
(1993), Nagurney and Zhang (1996)) one computes:

XTH = Pe(X™ — a,F(XT)), (15)

where Px is the projection on the feasible set K and F is the
function that enters the variational inequality problem: determine
X* € K such that

(FIX*)T,X = X*) >0, VXeK, (16)

where (-, -) is the inner product in n-dimensional Euclidean space,
X € R", and F(X) is an n-dimensional function from K to R",
with F(X) being continuous (see also (14)).

The sequence {a,} must satisfy: > >° ja, = o0, ar >0, ar — 0,
as 7 — oo.
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Explicit Formulae for (15) to the Supply Chain Network
Design Variational Inequality (13)

nR 2
. . - Opi(x™ . 0 (xT
xp = max{0,x] + a,(pr,(x") — g /(x7) E X7 — 9G(x")

1%
— Odg, PEPg; Oxp
k
=) ADbap)}, Vi, Yk, Vp € PR (17)
aclo ‘
ul*™t = max{0, ul + a-(\] — 8”5(”5’))}, Vac L%  (18)
Ua

AP =max{0,\] + a-( ) xg0ap — 1)}, Vael’  (19)

pePO
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Numerical Examples

The Firms

Figure 5: Initial Topology for Examples 1 and 2
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Example 1

For simplicity, we let all the total operational cost functions on the
links be equal and given by:
&(f)=2f2+1f, Vacl?, i=1,23,4. (20)
The total design cost functions on the links were:
#a(us) =502 +u,, VYaeld; i=1,23, 4. (21)
The demand price function at the single demand market was:
pr,(d) = —dg, + 200. (22)

The paths were: p1, p2, p3, and ps corresponding to firm 1 through
firm 4, respectively, with each path originating in its top-most firm
node and ending in the demand market node as in Figure 5.
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The Euler method converged to the equilibrium solution:

ut =315 Vacl® fr=315 Vacl®
i =3246, Vac L°

The demand was 12.60 and the demand market price was
pr, = 187.40. Each firm earned a profit of 287.88.

The supply chain network design, since all links had positive
capacities (as well as positive flows), had the topology in Figure 5.
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Example 2

Example 2 was constructed from Example 1 and had the same
data except that the demand price at the demand market was
greatly reduced to:

pr,(d) = —dgr, +5. (23)

The Euler method converged to the solution with all path flows,
link flows, and design capacities equal to 0.00 with the Lagrange
multipliers all equal to 1.05. Hence, not one of the firms enters
into this market and none of these firms produces the product.
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Figure 6: Initial Supply Chain Topology for Examples 3 and 4
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Example 3

Example 3 had the initial supply chain network topology as in
Figure 6, where we also define the links. Specifically, there were
two firms considering two manufacturing plants each, two
distribution centers each, and considering serving a single demand
market.

This example represents the following scenario.

Let the first firm be located in the US, for example, where there
are higher manufacturing costs and also higher costs associated
with both constructing the manufacturing plants and the
distribution centers; see: ¢, s, and 71, 7s.
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The second firm, on the other hand, is located outside the US
where there are lower manufacturing costs and storage costs as
well as associated design costs for the facilities; see ¢11, ¢15, and
711, 15. However, the demand market is in the US and, hence,
the second firm faces higher transportation costs to deliver the
product to the demand market, as can be seen from the function
data in Tables 1 and 2; see ¢4 and &g versus ¢ and Cg.

The total cost data, along with the computed link flows, capacities,
and Lagrange multipliers, are reported in Tables 1 and 2.

The demand price function was:

pr,(d) = —dg, + 300. (24)
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Table 1: Total Cost Functions and Solution for Example 3

Link a | &(f) #a(ua) fr | u: A
1 22 +2f | Buf+uw |7.28]7.28| 74.05
2 f2+2f | 5u5+u |3.98]398]| 4.98
3 |25f2+f| 5uf+2u3 | 754|754 76.23
4 241 Suz+us | 754|754 854
5 3f2+2fs | 6uz+us |5.73]5.73] 70.05
6 S5f2+f | SuZtus | 217|217 3.17
7 | 15ff+f | 10uf+u; |5.47|5.47]110.07
8 2+ fg 5ui +us | 547|547 | 6.48
) 5fe+fy | 5uj+u 330330 430
10 fio +fo | Suiy+uo | 3.56 | 3.56 | 4.56
11 | 5f2+f1 | 4uf +uw | 7.15]7.15 | 58.23
12 5+ fio | 5udy+up | 298298 3.98
13 | 5f3+fi3 | 2505, +u3 | 7.14 | 7.14 | 36.72
14 | 45+ fa | 503, +5u14 | 7.14 | 7.14 | 76.19
15 fa +fis | 3uls+us | 8.12 | 8.12 | 49.76
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Table 2: Total Cost Functions and Solution for Example 3 (continued)

Link a ea(f) 7a(u,) £l u A
16 f126 + fi6 .5u%6 +ue | 3.96 | 3.96 | 4.96
17 5%+ f7 | 2.5uf; +u17 | 8.13 | 8.13 | 41.66
18 | 3.5f% + fig | 4ulg +2ug | 8.13 | 8.13 | 66.89
19 fo + fio Buiy+ug | 417 | 417 | 5.17
20 Sfe+fo | Susy+uxn | 416|416 | 5.16

Anna Nagurney
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We also provide the computed equilibrium path flows. There were
four paths for each firm and we label the paths as follows (please
refer to Figure 6): for firm 1:

pP1 = (172’3a4)7 p2 = (1797778)a p3 = (5a6a7a8)7 P4 = (57 1073a4)7

for firm 2:
ps = (11,12,13,14), pe = (11,19,17,18), p; = (15, 16,17,18),

ps = (15,20,13,14).

The computed equilibrium path flow pattern was:
Xy = 3.98, x,, =3.30, x,, = 2.17, x;, = 3.56,

X;5 = 2.98, X;es = 4.17, X; = 3.96, X;:s — 4.16.
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Example 4

Example 4 also had the initial supply chain network topology as in
Figure 6. Example 4 had the same data as Example 3 except we
reduced the capacity design costs associated with the shipment
links from the second firm to the demand market as in Tables 3
and 4; see 14 and 71g.

The total cost data, along with the computed link flows, capacities,
and Lagrange multipliers, are reported in Tables 3 and 4.
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Table 3: Total Cost Functions and Solution for Example 4

Link a | &(f) Fa(ua) fr ul A%
1 2f2+2f | Buf+w | 7.17 | 7.17 | 72.87
p) 7 + 2f Sus+u | 392 | 3.92 | 492
3 |25f2+f| 5uf+2u3 | 742 | 7.42 | 75.01
4 241y bus+ug | 742 | 742 | 8.42
5 3f2+2fs | 6uZ+us | 5.64 | 5.64 | 68.93
6 5f2+f | SuZt+u | 213 | 213 | 3.14
7 | 15f2+f | 10u%+u; | 539 | 539 | 108.30
8 fe + f3 Suz +ug | 539 | 539 | 6.39
) bfg+fo | Bbuj+u | 3.25 | 3.25 | 4.25
10 fo+fo | Suiy+uo | 351 | 351 | 4.50
11 | 5f3+hA1| 4uf;+un | 923 | 9.23 | 74.74
12 fo+fo | Sui,+un | 404 | 404 | 5.04
13 | 5f3+f3 | 2505 +uis | 9.64 | 9.64 | 49.24
14 | Aff +fa | Buf,+ua | 964 | 9.64 | 10.64
15 fa +fs | 3uls+us | 10.49 | 10.49 | 63.90

Anna Nagurney Supply Chain Network Design Under Competition



Table 4: Total Cost Functions and Solution for Example 4 (continued)

Link a &.(f) Fa(ua) fr ul PN
16 fe+fic | Sufs+ue | 489 | 489 | 5.89
17 5f2 + fiz | 2.5uf; + w17 | 10.08 | 10.08 | 51.44
18 | 3.5f% + fig | .5ug+ u1g | 10.08 | 10.08 | 11.08
19 fo+fo | Bufg+ue | 519 | 5.19 | 6.19
20 | B5fy+fho | Susg+ux | 5.60 | 5.60 | 6.60
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The demand price was: 267.47 and the total profit earned by both
firms was: 4,493.29.

The computed equilibrium path flows were:

X, =3.92, x;, =325 x;, =213, x; =3.51,

Xp, = 4.04, X, 5.60.

5 =

519, x, =4.89, x,

7 8

One can see that the second firm manufactured a greater volume
of the product than the first firm and provided more of the product
to the consumers at the demand market. In this example the firm
that had lower overseas costs was more competitive once the
shipment costs were further reduced.
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Example 5

Example 5 had the same data as Example 4 but now we added a
second demand market with the initial supply chain network
topology being as depicted in Figure 7. The links are labeled on
that figure. We assumed that the second demand market was
located in the US with the shipment costs set to reflect this
scenario.

The demand price function for the first demand market remained
as in Examples 3 and 4. The demand price function for the new
demand market was:

pr,(d) = —2dg, + 500. )

The remainder of the input data and the computed solution are
given in Tables 5 and 6.
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Figure 7: Initial Supply Chain Topology for Example 5
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Table 5: Total Cost Functions and Solution for Example 5

Link a | &(f) Fa(ua) fr ul A%
1 2f2+2f | 5uf+up | 10.29 | 10.29 | 104.12
2 f7+2H | Sus+u | 575 | 575 | 6.75
3 |25f2+f | 5uf+2u; | 10.83 | 10.83 | 109.09
4 241y 5uZ + g 0.04
5 3f2+2fs | 6uZ+us | 8.12 | 812 | 98.65
6 5f2+f5 | 5uZ+us | 3.04 | 3.04 | 4.04
7 |15f2+f | 10u2+u; | 758 | 7.58 | 151.81
8 fe + f3 5uz +ug | 0.00 | 0.00 [ 0.56
) bfg+fo | buj+ug | 454 | 454 | 554
10 fo+fio | Suiy+uo | 5.08 | 5.08 | 6.08
11 | 5f3 +f1 | 4ufy +ur | 15.84 | 15.84 | 127.61
12 fo+fo | Sud,+up | 698 | 6.98 | 7.98
13 | 5f3+ f3 | 2.5u%; + u13 | 16.66 | 16.66 | 84.34
14 | Aff +fa | Bufy+uwag | 233 | 233 | 333
15 fa + fis | 3uds +us | 18.02 | 18.02 | 109.00
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Table 6: Total Cost Functions and Solution for Example 5 (continued)

Link a &.(f) #a(u,) fi u A5
16 fs+fie | .5ufg+ue | 834 | 834 | 9.34
17 | 5f3 +fiz | 2.5uf; + w7 | 17.20 | 17.20 | 87.04
18 | 3.5f5+ fig | .5ufg+ug | 1.51 | 151 | 2.51
19 fo+fo | 5ufg+ue | 8.86 | 8.86 | 9.86
20 | 5fp+ho | Sujy+up | 9.68 | 9.68 | 10.68
21 5f3 +h1 | 2503, +f1 | 10.83 | 10.83 | 23.66
22 fh+fhy | Bus,+fo | 758 | 7.58 | 17.16
23 | 2f5+fs | 5us+hs | 1433 | 1433 | 15.33
24 | 1.5f% + fo | 5u3, +hg | 15.70 [ 15.70 | 16.69
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For completeness, we also provide the computed path flows. We
retained the numbering and the definitions of the first eight paths
for the first demand market as in Examples 3 and 4 (but associated
now with Figure 7). The new paths for the first firm to the second
demand market are:

P9 = (17253721)7 P10 = (17977722)> P11 = (57677722)7

P12 = (57 10, 35 21))

and for the second firm to the second demand market:
p13 = (117 12, 13,23), P14 = (117 19, 17,24), P15 = (157 16, 17,24),

p1s = (15,20, 13,23).
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The computed equilibrium path flow solution:
X5, = 0.00, x;, = 0.00, x; = 0.00, x5, = 0.00,
o = 0.49, x;. = 0.72, x;, = 0.79, x; = 1.84.

= 5.75, %, = 4.54, x* = 3.04, x’ = 5.08,
x5, =649, x5 =815, x% =755, x5 =7.84.

It is very interesting to note that the first firm no longer provides
any of the product to the first demand market and, in fact, all its
associated path flows to the first demand market are now equal to
zero as are the link flows on links 4 and 8. In addition, the
associated design capacities on links 4 and 8 are also equal to zero.
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For Example 5, the optimal supply chain network design is as in
Figure 8.
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Figure 8: The Optimal Supply Chain Network Topology for Example 5
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Summary and Conclusions

» We developed a
in an oligopolistic setting.

» The firms select not only their optimal product flows but also
the capacities associated with the various supply chain
activities of production / manufacturing, storage, and
distribution / shipment.

» We formulated the supply chain network design problem as
and then proposed an
algorithm, which fully exploits the underlying structure of
these network problems, and yields closed form expressions at
each iterative step.

» The network formalism proposed here, which captures
competition on the production, distribution, as well as
demand market dimensions, enables the investigation of

economic issues surrounding supply chain network design.
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Summary and Conclusions

» It allows for the identification (and generalization) of special
cases of oligopolistic market equilibrium problems, spatial, as
well as aspatial, through the underlying network structure,
that have appeared in the literature.

» The network structure allows one to visualize graphically the
proposed supply chain network topology and the final optimal
/ equilibrium design.

» This paper illustrates the power of computational
methodologies to explore issues regarding competing firms
and network design.

» We demonstrate that such problems can be formulated and
solved without using discrete variables but, rather only
continuous variables.
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Future Research

The research can be extended in several directions:

» One can construct multiproduct versions of the oligopolistic
supply chain network design model developed here, and one
can also consider more explicitly

» It would also be worthwhile to formulate
oligopolistic models.
» Further computational experimentation as well as theoretical

developments and would also be of
value.
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