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Network Design Must Capture the Behavior of Users.
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This is something that we, in transportation science, are very
aware of, going back to the seminal book by Beckmann, McGuire,
and Winsten, Studies in the Economics of Transportation (1956);
see also a retrospective on this book by Boyce, Mahmassani, and
Nagurney (2005) in Papers in Regional Science.
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There have been many researchers who have contributed
significantly to this important topic.
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Telecommunications

and the Tntarnat Electric Power and Energy

Transportation Network Design

is a Critical Component of Infrastructure Design.

Supply Chains and Logistics
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This presentation is based on the paper,

Supply Chain Network Design Under Profit Maximization and
Oligopolistic Competition, Nagurney (2010),
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Some Examples of Oligopolies

» airlines
» freight carriers

» automobile manufacturers
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The Supply Chain Network Design Model

Firm 1 Firm |/

Manufacturing
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Some Notation

Firm i; i =1,...,/, is considering "5\/1 manufacturing facilities /
plants; nj, distribution centers, and serves the same ng retail
outlets / demand markets.

L9 denotes the set of directed links representing the economic
activities associated with firm i; i =1,...,/ and n;o denotes the
. . 0 . - ! .
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The Links

The possible manufacturing links from the top-tiered nodes i;
i=1,...,/, are connected to the manufacturing nodes of the
respective firm i, denoted by: Mj, ..., Mr’7,- .

M

The possible shipment links from the manufacturing nodes are
connected to the distribution center nodes of each firm i;
i=1,...,1, denoted by Di,l,...,D’

npi,1°

i i
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The model can handle any prospective supply chain network
topology provided that there is a top-tiered node to represent each
firm and bottom-tiered nodes to represent the demand markets
with a sequence of directed links, corresponding to at least one
path, joining each top-tiered node with each bottom-tiered node.
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The Demand and Path Flow Notation

dg, denotes the demand for the product at demand market Ry;

k =1,...,ngr. X, denotes the nonnegative flow of the product on
path p joining (origin) node i; i = 1,...,/ with a (destination)
demand market node.

The following conservation of flow equations must hold:

ZXP:de’ k=1,...,nR, (1)
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The Demand Price Functions

We assume that there is a demand price function associated with
the product at each demand market. We denote the demand price
at demand market Ry by pg, and assume, as given, the demand
price functions:

PR, = ka(d)a k = 17 -y NR, (2)

where d is the ng-dimensional vector of demands at the demand
markets.
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The Path and Link Flows as Variables

f, denotes the flow of the product on link a. The following
conservation of flow equations must also be satisfied:

o= Xpbap, Vacll, ©))

pEPO

where 6., = 1 if link a is contained in path p and d,, = 0,
otherwise. Here PP is the set of all paths in Figure 1, that is,
PO = Uk=1,...,nRPf%k- There are npo paths in the network in Figure

1. P? denotes the set of all paths from firm i to all the demand
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The Link Capacity Variables

u,,a € L° denotes the design capacity of link a, where we must
have that
fr<u, Vac LO, (5)

or, in view of (3)

Xp0ap < Uy, Vae LO. 6
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The Total Cost Function Expressions

The total operational cost on a link, &,, be it a manufacturing /
production link, a shipment / distribution link, or a storage link a,
is assumed, in general, to be a function of the flows of the product
on all the links, that is,

& = &(f), Vael®, (7)

where f is the vector of all the link flows.
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The Vectors of Strategy Variables and the Profit Functions
of the Firms

X; denotes the vector of strategy variables associated with firm 7;
i=1,...,1, where X is the vector of path flows associated with
firm j, and the vector of link capacities,

n,o+n
Xi = {{{xp}p € P?}; {{us}|a € LO}} € RJFP’p . X is then the
vector of all the firms' strategies, X = {{X;}|i=1,...,/}.

The profit function U; of firm i; i =1,...,/, is the difference
between the firm's revenue and its total costs:

Uj —ZPRk(d) Do ()= ) Aa(ua). (9)

0 0 0
peP acl; acl;

k
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Supply Chain Design Network Equilibrium

We consider the oligopolistic market mechanism in which the firms
select their supply chain network link capacities and product path
flows in a noncooperative manner, each one trying to maximize its
own profit.

Definition 1: Supply Chain Network Design Cournot-Nash
Equilibrium

A path flow and design capacity pattern X* € K° = H,{Zl K9 is
said to constitute a supply chain network design Cournot-Nash

equilibrium if for each firm i; i=1,...,1:

U,'(X,-*,)?,-*) Z U,'(Xi,)/\(,'*), VXi € K?: (11)

x — * * * *
where X;* = (X7, ..., X1, X g, X[") and

npo+n0 . .
K= {Xi|X; e R," ', and (6) is satisfied}.
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The Variational Inequality Formulation

Theorem 1

Assume that for each firm i; i =1,... I, the profit function U;(X)
is concave with respect to the variables in X;, and is continuously
differentiable. Then X* € K° is a supply chain network design
Cournot-Nash equilibrium according to Definition 1 if and only if it
satisfies the variational inequality:

I
=D (VX U(X)T, X = X{) =0, vX €K,
i=1

(12)

where (-, -) denotes the inner product in the corresponding
Euclidean space and V x,U;(X) denotes the gradient of U;(X) with

respect to X;.
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The solution of variational inequality (12) is equivalent to the
solution of variational inequality: determine (x*, u*, \*) € Kt
satisfying:

aC 0
TN P2 4 5 retn ) - 5 a0 5
i=1 k= 1p€P°k aclo I=1 K pePgi

X — x5+ ) [%5—P—A§] X [uy — u?]
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Standard Variational Inequality Form

Variational inequality (13) can be put into standard form as below:
determine X* € K such that

(F(X9)T,X = X" >0, VXek, (14)

where I is closed and convex and F(X) is a continuous function
from K to R". Indeed, we can define K = K* and let F(X) be the
vector with npo + 2n;0 components given by the specific terms
preceding the first multiplication sign in (13), the second in (13),
and the third in (13).
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Relationship to a Spatial Oligopoly Problem

Corollary 1
Assume that there are | firms in the supply chain network design
oligopoly model and that each firm is considering a single
manufacturing plant and a single distribution center. Assume also
that the distribution costs from each manufacturing plant to the
distribution center and the storage costs are all equal to zero.
Then the resulting model is a generalization of the spatial
oligopoly model of Dafermos and Nagurney (1987) with the
inclusion of design capacities as strategic variables and whose
underlying initial network structure is given in Figure 2.
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Relationship to the Classical Oligopoly

It is also interesting to relate the supply chain network oligopoly
model to the classical Cournot (1838) oligopoly model.

Corollary 2
Assume that there is a single manufacturing plant associated with
each firm in the above supply chain network design model and a
single distribution center. Assume also that there is a single
demand market. Assume that the manufacturing cost of each firm
depends only upon its own output. Then, if the storage and
distribution cost functions are all identically equal to zero the
above design model collapses to an extension of the classical
oligopoly model in quantity variables and with capacity design
variables. Furthermore, if | = 2, one then obtains a generalization
of the classical duopoly model.
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Firm 1 Firm |/
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With the variational inequality formulation of the competitive
supply chain network design problem we can:

» consider problems in which there are nonlinearities as well as
asymmetries in the underlying functions, for which an
optimization formulation would no longer suffice and

» obtain further insights into competitive oligopolistic
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As is well-known, intuition in the case of equilibrium problems, as
opposed to optimization problems, may be easily confounded (as in
the Braess paradox; see Braess (1968), Nagurney and Boyce
(2005), and Braess, Nagurney, and Wakolbinger (2005)).

An oligopolistic supply chain network design framework that allows
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In the special case where there is only a single firm and the
demands at the demand markets are fixed and known, then this
model collapses to a system-optimization supply chain network
design model developed earlier by Nagurney (2009).

Other related research of ours includes multicriteria
decision-making in supply chain networks design, as in the case of
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Some other issues related to network design are explored in our
Fragile Networks book.

Identifying Vulnerabilities and Synergies
in an Uncertain World

Anna Nagurney / Qiang Qiang

WWILEY
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The Algorithm — the Euler Method

At an iteration 7 of the Euler method (see Dupuis and Nagurney
(1993), Nagurney and Zhang (1996)) one computes:

XTH = Pe(X™ — a,F(XT)), (15)

where Py is the projection on the feasible set IC and F is the
function that enters the variational inequality problem: determine
X* € K such that

(F(X*)T,X = X*) >0,

VX € K, (16)
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Explicit Formulae for (15) to the Supply Chain Network
Design Variational Inequality (13)

nR 2
9pi(x7) 9Cp(x7)
xp = max{0,x] + a,(pr,(x") — Z Z Xy — apT
I=1 “ peP? P
k

- Z AZ0ap)}, Vi, Vk,Vp € POL; (17)

aclo

ora(u})
ou,

ul ™ = max{0, u] + a,(\] — )}, VaelY (18)

AP =max{0,\] + a-( ) xg0ap — 1)}, Vael’  (19)
pePO
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Numerical Examples
The Firms
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Example 1

For simplicity, we let all the total operational cost functions on the
links be equal and given by:

&(f) =2f2+f, Vael} i=1234 (20)
The total design cost functions on the links were:

Fa(uy) =502 +u,, Vaceld; i=1,2,3,4. (21)
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The Euler method converged to the equilibrium solution:

uf =315 Vael® =315 VaelO,

The supply chain network design, since all links had positive
capacities (as well as positive flows), had the topology in Figure 5.
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Example 2

Example 2 was constructed from Example 1 and had the same
data except that the demand price at the demand market was

greatly reduced to:
PR, (d) = —dg, +5. (23)

The Euler method converged to the solution with all path flows,
link flows, and design capacities equal to 0.00 with the Lagrange

Therefore, the final supply chain network design is, in this case, the
null set!
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Example 3

Example 3 had the initial supply chain network topology as in
Figure 6, where we also define the links. Specifically, there were
two firms considering two manufacturing plants each, two
distribution centers each, and considering serving a single demand
market.

This example represents the following scenario.

Let the first firm be located in the US, for example, where there
are higher manufacturing costs and also higher costs associated
with both constructing the manufacturing plants and the

distribution centers; see: ¢, s, and 71, 7s.
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The second firm, on the other hand, is located outside the US
where there are lower manufacturing costs and storage costs as

well as associated design costs for the facilities; see ¢11, ¢15, and
711, 715. However, the demand market is in the US and, hence,
the second firm faces higher transportation costs to deliver the
product to the demand market, as can be seen from the function
data in Tables 1 and 2; see ¢14 and &g versus ¢&; and Cg.
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Table 1: Total Cost Functions and Solution for Example 3

Link a | &(f) #a(ua) fr | u: A
1 22 +2f | Buf+uw |[7.28]7.28| 74.05
2 f2+26 | Sus+u |398]398| 498
3 |25f2+f| 5uf+2u3 | 754|754 76.23
4 241 Suz+us | 754|754 854
5 3f2+2fs | 6uz+us |5.73]5.73] 70.05
6 S5f2+f | SuZtus | 217|217 317
7 | 15fZ+f | 10uf+u; |5.47|5.47 ] 110.07
8 2+ f3 5ui +us | 547|547 | 6.48
9 B5fs+fo | 5uj+ug |3.30 | 3.30 | 4.30
10 fio+fio | .Sufy+uo | 3.56 | 3.56 | 4.56
11 | 5f2+fi1 | 4uf +uwy | 7.15]7.15 | 58.23
12 fo+fo | Sudy+up | 298298 | 3.98
13 | 55+ fis | 25uf3 +ui3 | 7.14 | 7.14 | 36.72
14 | Aff +fa | Suiy+5ua | 7.14 [ 7.14 | 76.19
15 fs+fis | 3uis+us | 8.12 | 8.12 | 49.76
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Table 2: Total Cost Functions and Solution for Example 3 (continued)

Link a & (f) #a(us) fx u; S
16 fe +fe | -5uig+uie | 3.96 | 3.96 | 4.96
17 | 5f3+ fiz | 2.5uf; + w7 | 8.13 | 8.13 | 41.66
18 | 3.5f% + fig | 4uig +2ug | 8.13 | 8.13 | 66.89
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We also provide the computed equilibrium path flows. There were
four paths for each firm and we label the paths as follows (please
refer to Figure 6): for firm 1:

P1 = (1727374)7 P2 = (1797 7a 8)7 pP3 = (57677a8)7 P4 = (53 107374)7

for firm 2:
ps = (11,12,13,14), ps = (11,19,17,18), p; = (15,16, 17,18),
ps = (15,20,13,14).

The computed equilibrium path flow pattern was:

Xy = 3.98, x5, = 3.30, x,, = 2.17, x;, = 3.56,

X;;s = 2.98, X;G =417, X; = 3.96, X;g = 4.16.
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Example 4

Example 4 also had the initial supply chain network topology as in
Figure 6. Example 4 had the same data as Example 3 except we
reduced the capacity design costs associated with the shipment
links from the second firm to the demand market as in Tables 3
and 4; see 14 and 71g.
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Table 3: Total Cost Functions and Solution for Example 4

Link a [ &(f) a(u,) fr u N
1 2(2+2f | Buf+w | 7.17 | 7.17 | 72.87
p) 7 + 26 Sus+u | 3.92 | 3.92 | 492
3 |25f2+f| 5uf+2u3 | 7.42 | 7.42 | 75.01
4 241y bus+ug | 742 | 742 | 8.42
5 | 3f2+2fs | 6uZ+us | 564 | 5.64 | 68.93
6 5f2+f | SuZt+u | 213 | 213 | 3.14
7 | 15f2+f | 10u%+u; | 539 | 539 | 108.30
8 fe+fs 5u3 +ug | 539 | 539 | 6.39
9 5fg+fo | Bbuj+u | 3.25 | 3.25 | 4.25
10 fio+fo | Suiy+uo | 351 | 351 | 4.50
11 | 53 +f1 | 4u3; +u | 923 | 9.23 | 74.74
12 fo+fo | Sui,+un | 404 | 404 | 5.04
13 | 55+ fis | 25uf3 +u13 | 9.64 | 9.64 | 49.24
14 | 4f5+hfa | Suy+ua | 964 | 9.64 | 10.64
15 fx+ fis | 3ufs+uis | 10.49 | 10.49 | 63.90
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Table 4: Total Cost Functions and Solution for Example 4 (continued)

Link a &(f) #a(ua) fx u; S
16 fie +he | Buig+ue | 4.89 | 489 | 5.89
17 | 5%+ fiz | 2.5uf; + w7 | 10.08 | 10.08 | 51.44
18 | 3.5f% + fig | 5ujg+ wg | 10.08 | 10.08 | 11.08
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The demand price was: 267.47 and the total profit earned by both
firms was: 4,493.29.

The computed equilibrium path flows were:

Xy =3.92, x5 =325 x5 =213, x; =351,

Xp, = 4.04, x, =519, x;, =489, x, =5.60.

The final supply chain network topology under the optimal design
for both Examples 3 and 4 remained as in Figure 6.
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Example 5

Example 5 had the same data as Example 4 but now we added a
second demand market with the initial supply chain network
topology being as depicted in Figure 7. The links are labeled on
that figure. We assumed that the second demand market was
located in the US with the shipment costs set to reflect this
scenario.

The demand price function for the first demand market remained
as in Examples 3 and 4. The demand price function for the new
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Table 5: Total Cost Functions and Solution for Example 5

Link a | &(f) Fa(ua) fr ul A%
1 2f2+2f | 5uf+u; | 10.29 | 10.29 | 104.12
2 f2+2H | Sus+u | 575 | 575 | 6.75
3 |25f2+f | 5uf+2u; | 10.83 | 10.83 | 109.09
4 241y 5uz +us | 0.00 | 0.00 | 0.04
5 | 3f2+2fs | 6uZ+us | 812 | 8.12 | 98.65
6 5f2+f5 | 5uZ+us | 3.04 | 3.04 | 4.04
7 | 15f2+f | 10u2+u; | 758 | 7.58 | 151.81
8 fe+fs 5u3 +ug | 0.00 [ 0.00 | 0.56
9 5fg+fo | buj+ug | 454 | 454 | 554
10 o+ fio | Suiy+uo | 5.08 | 5.08 | 6.08
11 | 53 +fi1 | 4uf +up | 15.84 | 15.84 | 127.61
12 fo+fo | Sud,+up | 698 | 6.98 | 7.98
13 | 5f%+ fis | 2.5u3; + w3 | 16.66 | 16.66 | 84.34
14 | Aff+fis | Sui,+ua | 233 | 233 | 3.33
15 fx + fis | 3uis+ us | 18.02 | 18.02 | 109.00
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Table 6: Total Cost Functions and Solution for Example 5 (continued)

Anna Nagurney

Link a & (f) #a(ua) fx u A
16 fie +he | Buig+ue | 8.34 | 834 | 9.34
17 | 5%+ fiz | 2.5uf, + w7 | 17.20 | 17.20 | 87.04
18 | 3.5f% +fig | Sufg+uwg | 1.51 | 1.561 | 251
19 fo +fo | Budg+uig | 8.86 | 8.86 | 9.86
20 5f2 + fo | .5u3y+uxn | 9.68 | 9.68 | 10.68
21 5f% + fn | 2.5u3, + f1 | 10.83 | 10.83 | 23.66
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For completeness, we also provide the computed path flows. We
retained the numbering and the definitions of the first eight paths
for the first demand market as in Examples 3 and 4 (but associated
now with Figure 7). The new paths for the first firm to the second
demand market are:

P9 = (17273721)7 P10 = (17977722)7 P11 = (576a 7) 22)7

P12 = (5, 10,3,21),
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The computed equilibrium path flow solution:
Xy = 0.00, x5, = 0.00, x,, = 0.00, x,, = 0.00,

5, = 0.49, x5 = 0.72, x5 = 0.79, x; = 1.84.

= 5.75, %, = 4.54, x* = 3.04, x’ = 5.08,

X5, = 6.49, x3 = 8.15, x5 =755, x5 =7.84.
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For Example 5, the optimal supply chain network design is as in
Figure 8.
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Summary and Conclusions

>

We developed a multimarket supply chain network design
model in an oligopolistic setting.

The firms select not only their optimal product flows but also
the capacities associated with the various supply chain
activities of production / manufacturing, storage, and
distribution / shipment.

We formulated the supply chain network design problem as a
variational inequality problem and then proposed an
algorithm, which fully exploits the underlying structure of
these network problems, and yields closed form expressions at
each iterative step.

The network formalism proposed here, which captures
competition on the production, distribution, as well as
demand market dimensions, enables the investigation of

economic issues surrounding supply chain network design.
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Summary and Conclusions

» It allows for the identification (and generalization) of special
cases of oligopolistic market equilibrium problems, spatial, as
well as aspatial, through the underlying network structure,
that have appeared in the literature.

» The network structure allows one to visualize graphically the
proposed supply chain network topology and the final optimal
/ equilibrium design.

» This paper illustrates the power of computational
methodologies to explore issues regarding competing firms
and network design.

» We demonstrate that such problems can be formulated and
solved without using discrete variables but, rather only
continuous variables.
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Future Research

The research can be extended in several directions:

» One can construct multiproduct versions of the oligopolistic
supply chain network design model developed here, and one
can also consider more explicitly international /global issues
with the incorporation of exchange rates and risk.

Anna Nagurney Supply Chain Network Design Under Competition



Thank You!

s org,
&

The Vlrtual Center for Supernetworks

o
o

%

The Virtual Center for Supernetworks at the Isenberg school of Management,

under the directorship of Anna Nagurney, the John F. Smith Memorial Professor, is an

terdisciplinary conter, and includes the Supornetworks Laboratory for Computation and
n.

ustry, and government
IN FO RMS n, supply chains, telecommunication, and electric power
Professor Bria . i i ! networks.
Decemberia The Applications of Supernetworks Include: muttimodal transport
networks, critical infrastructure, energy and the environment, the Internet and electrol
commerce, global supply chain managems
advertising, complex networks
network games, and network me

The mission of the Virtual Center for Supernetworks is to foster the study and
plication of supernetworks and to serve as a resource to acat

Announcements
\ RENeW
Center Directs

Research, Education,
etworks, and the World:
A Female Professor Speaks

New Book

The Braess Paradox
Fragile Translation
Networks Spring 2010 .
Operations Research / . Information
Available Management Science &Mﬂ Centei
June 2009 Seminar Series

Photos

The Supernetwork Sentinel

For more information, see http://supernet.som.umass.edu

Anna Nagurney Supply Chain Network Design Under Competition



