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Introduction The Basic Model The Oligopoly

This presentation is based on the following paper:

Saberi, S., Nagurney, A., Wolf, T., 2014. A network economic game theory model of
a service-oriented Internet with price and quality competition in both content and
network provision. Service Science 6(4), 229-250.

The paper has been cited in:

Behzad, B., Jacobson, S.H., 2016. Asymmetric Bertrand-Edgeworth-Chamberlin

competition with linear demand: A pediatric vaccine pricing model. Service Science
8(1), 71-84.

among other references.
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@ Advances in the Internet and other telecommunication networks
bring about new applications and services.

@ Key challenge is how to price and bill.

@ Price is not the only factor and Quality of Service (QoS) comes into
play.

@ Networking research community is designing new architectures for the
next generation Internet.

@ Economic relationships are far more mysterious than the underlying
technology.

@ NGI is expected to be service-oriented with services at different quality
levels and different costs.

@ NGI includes multi-tier service providers

@ Content Service Providers = Content Provider (CP),
@ Network Service Providers = Network Provider (NP).
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@ Various economic models have been studied.

@ Addressing the Nash equilibrium
@ Zhang et al. (2010) proposed a two-stage Stackelberg game with Cournot and Bertrand
competition.
@ Nagurney et al. (2013) modeled a service-oriented network using Variational Inequality (VI)
theory which yields the service volumes and the quality level.
@ Nagurney and Wolf (2013) developed a game theory model of a service-oriented Internet in
an oligopoly market of NPs and CPs.

@ Studied two-sided payments effects in the NGI
Laffont et al. (2003),

@ Hermalin and Katz (2007),

@ Musacchio et al. (2011),

@ Economides and Tag (2012).
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000

The Basic Model Description

@ The demand function: dyj; = dy — aps, — Bpe, + V4s, + 9qc, -

@ Quality defined as the “expected delay," (based on the Kleinrock

function):
1
= =/b(d, qs,) — di11.
qs, Dela (d,qs,) — din

@ Network provider’s transfer cost function:
CS) = CSi(din, qs,) = R(dii1 + ¢3,)-
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Analysis of Two-sided Pricing in the Basic Model
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The Basic Model
oe

Analysis of Two-sided Pricing in the Basic Model

Maximize  Ucp, (Pey> GeysPsi» ds1) = (Pey — Pn)din — KqZ, -

Maximize  Unp, (pe,> Gey»Psy 1) = (Ps; + Py — R)din — Ra3,

Pi, can not be maximized simultaneously with py.

Theorem

The network provider will benefit from charging the content provider if

4aR — 4% >0, and o > B.
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sic Model

Definition: Nash Equilibrium in Price and Quality

* * * * * *
UCP] (Pcl ) qcl 7ps1 ) qsl ) = max UCP] (Pcl s qcy ,Psl ) qsl )7
(Pey +a¢; ) EScp

* * * * * *
UNP] (pclqu:psl’qsl) = max UNP] (pcl7qcl7pS17qS1)'
(psy 45, ) €Snp
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Definition: Nash Equilibrium in Price and Quality

* * * * * *
UCP] (Pcl ) qcl 7ps1 ) qsl ) = max UCP] (Pcl s qcy ,Psl ) qsl )7
(pey ¢y ) EScp

* * * * * *
UNP] (pcl7q817p517qsl) = max UNP] (pc17qclva17qS1)'
(psy 45, ) €Snp

Theorem: VI Formulation of Nash Equilibrium for CP and NP

(=dii + Bpe, —pu)) X (pey —p,) + (2Kaz, +6(py — pey)) ¥ (ge; — 4¢,)

+(=din + aps, +py —R) % (ps, —p5) + RS, +v(R —p5, —py)) % (g5, —45,) =0,

V(quch 1p517qS1) € Scp x Snp.
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Definition: Nash Equilibrium in Price and Quality

* * * * * *
UCP] (pcl ) qcl 7ps1 ) qsl ) = max UCP] (PL‘] s qcy 9ps1 ) qsl )7
(pey ¢y ) EScp
* * * * * *
UNP] (pcl ) qcl 7psl ) qsl ) = max UNP] (Pcl } qcl »Psy s 4s) )
(psy 45, ) €Snp

Theorem: VI Formulation of Nash Equilibrium for CP and NP
(=dii + Bps, =) X (pey — pi) + (2KgZ, +6(py — pcy)) * (ge; — 47,)
+(=din + aps, +py —R) % (ps, —p5) + RS, +v(R —p5, —py)) % (g5, —45,) =0,

V(quch ap517qS1) € Scp x Snp.

Theorem: Uniqueness of the Nash Equilibrium

The Nash equilibrium (pé‘1 N q;) € Scp x Snp satistying variational inequality is unique, if the
function F = —VU (pc1 v qey > Psy > ds, ) is strictly monotone over the feasible set Syp X Scp.
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The Network of Oligopoly Model

Content Providers

Network Providers

Users at Demand Markets
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The Network of Oligopoly Model

Content Providers

Network Providers

Users at Demand Markets

Demand function d;j for the content produced by content provider i and transmitted by network
provider j to demand market k:

dijk :dijk(pqusvpqu)a Vi, j, k.
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The Oligopoly Model of Providers

The Behavior of the Providers
Content Providers
Each CP; has a production cost CC;:
CC; = CC{(SCPi,qe;), i=1,...,M.

The utility of CP;:

N o
Ucr, = _(po; = Py) ) _ diik — CCi(SCPi, 4c;)-
=1 k=1
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The Behavior of the Providers

Content Providers
Each CP; has a production cost CC;:

CC; = CCi(SCPj,qc;), i=1,...,M.
The utility of CP;:

N o
Ucr, = _(po; = Py) ) _ diik — CCi(SCPi, 4c;)-
=1 k=1

Network Providers
Each NP; incurs a transmission cost CS;:

CS; = CSj(TNPj,q5), j=1,...,N.
The utility of NP;:

M O
Unp; = (st +Ptj)(2 Zdijk) — CS;(TNP;, ‘IS,-)-
i=1 k=1

Saberi, S., Nagurney, A., Wolf, T. Internet Price and Quality Competition
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Nash Equilibrium

Definition: Nash Equilibrium in Price and Quality

UCP,»(PZ,PAE‘,.:II:,»&]AZ‘,-,P::‘I:) > UCP,-(PC,-:PAZ‘”‘IcnqAZ‘,wP::q;): v(anqC,‘) € ’Czlv

¥ — * * * * % — * * * *
pci = (Pq?' . 7pc,-_17pci+17' .. apcm) and qc,- = (qclv' . 7qc,-_17qc,-+17" . 7qcm)'

UNPj(PZ‘,q;:P:j,P;*},q;kqu}j) > UNPj(Ps/vP:vqikvp;;-7QS/7qA;})y v(Ps,wQs,-) € lezv

% — * * * * ¥ — * * * *
p;} = (ps17"'7psj_|7psj+17"'7psn) and q;; = (qxla'"7qu_]7qu+|7"'7qs,,)'

Saberi, S., Nagurney, A., Wolf, T. Internet Price and Quality Competitio 11/22
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The Equilibrium Conditions of the Service-Oriented
Internet

Theorem: Variational Inequality Formulation of Nash Equilibrium

SN L N & oy ., (SCPi, g ;
Z[—szvk—zz dijk X —py)+ fei q,)‘ascp] X (e — 1)

Ipe; OSCP; Ope;

M N O
Adyy y Ofe;(SCPi, q7;,) "
_;,_E [_ E d X(pL‘,’_ptj)—’_TC.‘} X (qe: = 4c;)
i=1 j !

of;(TNP;, 43.)  OTNP;

N M 0 o ddi
£ [~ Y= Y3 G )+

| %@y -r3)

j=1 i=1 k=1 i=1 k=1 ap“i
N N o *
Bd,»jk ale(TNPj:qv)
> [‘2; e e A
= =1 k=

V(Pe, qe,Ps; gs) € K3

Saberi, S., Nagurney, A., Wolf, T. Internet Price and Quality Competition 12/22
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Euler Method

We recall the Euler method for the solution of the Variational Inequality Problem. Specifically, iteration 7
of the Euler method is given by:

X = pe (X" — a, F(XT)).
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Euler Method

We recall the Euler method for the solution of the Variational Inequality Problem. Specifically, iteration 7
of the Euler method is given by:
X = pe (X" — a, F(XT)).

Theorem: Convergence

In the service-oriented Internet model, let F(X) = —VU(pe, qc, Ps, ¢s) be strictly monotone at any
equilibrium pattern. Also, assume that F is uniformly Lipschitz continuous. Then, there exists a unique
equilibrium price and quality pattern (p}, g}, py, ;) € K and any sequence generated by the Euler

method, where {a } satisfies 22 (ar = 00, ar > 0,ar — 0,as 7 — oo converges to (p¥, 47, py, 4;).

Saberi, S., Nagurney, A., Wolf, T. Internet Price and Quality Competition 13/22
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Introduction

Example 1

The demand functions:

dyp = 100 — 2.8p5, — 2.1p, + 1.3pe, + 1.62q5, + 1.63gc, — .42c, ,

CPs @ @

dyp = 112 — 2.8pg, + 1.3pe, — 2.7pe, + 162, — 42qe, + 1.58qc, .

The cost functions:

YNNG
CCy = 17¢0,  CCy=24q,,  CS| =22(dni + i +q3,)-

The utility functions, with p;, = 33:

o (O
Ucp, = (pe; — pop)dinn — CC1,  Ucp, = (pey — pry)dart — CCs.

Unpy = (psy + piy)(dinn + da1n) — €Sy

Internet Price and Quality C: 14/22
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Introduction
©000000

Example 1

The demand functions:

iy = 100 — 2.8p; — 2.1pe; + 1.3pe, + 16245, + 1.63qe; — 424c,,
@
dyyy = 112 — 2.8pg, + 1.3pe; — 2.7pey + 16245, — 42qc, + 1.584c, -

The cost functions:

YNNG
CCy = 17¢0,  CCy=24q,,  CS| =22(dni + i +q3,)-

oM ()

The utility functions, with p;, = 33:
Ucp; = (pe; — pry)dinn — CCy, Ucpy = (pey — pry)dart — CC;.
Unpy = (psy + piy)(dinn + da1n) — €Sy
The computed equilibrium solution:

p:l = 75.68, p:z = 63.62, p;‘l =0, q:l = 20.46, qu = 10.08, q_jl = 22.68,

14/22
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Example 1: Sensitivity Analysis

5000 : ; . ; : ; a0
4500} 1 80 4
4000} J o
60
3500 1
50
3000
40
2500 5 ]
2000 qdaaqadd
0 Gadadadaadaadaead
1500 10 -
- 5 ) ; : ’ ; i i
0 5 10 15 20 25 30 35 40
p‘
;
—efuNP‘ —efucp‘ *ﬁfucpi R, A, e, e %

Internet Price

15/22



Introduction

1 Examples Summ

Example 2

CP @

DM 0

[e]e] Je]e]e]e)

The demand functions:
dipy =100 — 1.8p + .5ps, — 1.83p, + 1595, — 645, + 1.24¢,,,

dip; = 100 + Spsy — 1.5pg, — 1.83pc; — .6qu + 1.84g5, + 1.24q, .

The cost functions:
2 2
CS) = 1.7(di1 +¢5,), €Sy = 1.8(dia1 + 4, )-
2
CCy = 1.84[dy11 + dia +q¢-1]-
The utility functions, with p;, = p;, = 0:
UCPI = (pcl — Py i + (pC] —Pr2)d121 — CCy.

Unpy = (psy +pi)dinn — CSt, Unpy = (psy + Prp)di21 — CSy.

Saberi, S., Nagurney, A., Wolf, T.

Internet Price and Quality Competitio 16/22
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[e]e] Je]e]e]e)

Example 2

The demand functions:

dyjp = 100 — 1.8ps, + .5ps, — 1.83pc, + 1.59q5, — .64y, + 1.244c, ,
o @

dipp = 100 + ~517:l - 1~517x2 - 1~3317c1 - ~6q:l + 1'84%2 + 1~24qc1~

The cost functions:

2 2
NPs @ @ CS) = 1.7(di1 +¢5,), €Sy = 1.8(dia1 + 4, )-

€y = 184[din + dioi + g, |-
The utility functions, with p;, = p;, = 0:
SO
Ucp; = (pe; — pip)dint + (pe; — pry)dinr — CCy.

Unpy = (psy +pi)dinn — CSt, Unpy = (psy + Prp)di21 — CSy.

The equilibrium solution:

=
o
Il

29.19, p;“l 27.66, pj_‘z:37.38,

gy, =18.43, ¢ =12.14, 7 = 18.18.

Saberi, S., Nagurn 16/22
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Example 2: Sensitivity Analysis
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el of Providers Numerical Examples Summ
[e]e]e]e] Jele)

Example 3

The utility functions of the content providers:

Ucp, = (pe; — pry)(dinn + diiz + di13) + (pe) — pry) (di21 + dinz + dioz) — CCy,

C Ucpy = (Pey — pry)(do11 + darz + do13) + (pey — Pry) (doo1 + dooa + dop3) — CCs.

@) (@
} { The utility functions, with p;, = 23 and p;, = 21:

Unpy = (ps; +pr)(dinn + dia + dus + dany + dagp + dagz) — €Sy,

w @ O
)\(‘ Unpy = (Psy + Prp)(d1a1 + diza + dios + da1 + dapp + da3) — CSy.
N ONONO

Saberi, S., Nagurney, A., Wolf, T. Internet Price and Quality Competition 18/22
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Example 3

The utility functions of the content providers:

Ucp, = (pe; — pry)(dinn + diiz + di13) + (pe) — pry) (di21 + dinz + dioz) — CCy,

C Ucpy = (Pey — pry)(do11 + darz + do13) + (pey — Pry) (doo1 + dooa + dop3) — CCs.

@) (@
} { The utility functions, with p;, = 23 and p;, = 21:

Unpy = (ps; +pr)(dinn + dia + dus + dany + dagp + dagz) — €Sy,

w @ O
)\(‘ Unp, = (psy + piy)(diar + diza + dioz + doy + doxy + d3) — CS,.

The equilibrium solution:

DMs 0 @ @ p;fl = 40.57,

q:l = 13.96, qu = 12.76 qs*l = 36.67, qu = 12.15,

s

pjz = 41.49, p:l = 8.76, p*z = 5.35,

Saberi, S., Nagurney, A., Wolf, T. Internet Price and Quality C

18/22
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Total Utility of Praviders

35 40
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0O00000e

Example 3: Sensitivity Analysis

Taotal Utility of Providers

1511 Pt1=Pt2=n/2
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