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Service-Oriented Internet

Background

Internet as the communication highway.

Underlying technology is well-understood, but the economics has
been less studied.

Lack of common metrics for economic analysis.

Internet scope has been expanded.

Fresh look at future Internet architectures.
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Contribution

Our Contribution

Oligopolistic Cournot competition among service providers.

Differentiated services with different quality levels.

Multiple network providers.

Modeling the competition in a dynamic way.

The model is inspired by Zhang et al. (2010) derived a game
theoretic formulation with:

Two service providers who were Cournot competitors,

Two network providers who were Bertrand competitors,

Two users.
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The Network of Oligopoly Model
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Figure : The structure of the network economic problem

si =

n∑
j=1

o∑
k=1

Qijk, i = 1, . . . ,m; (1)

dij =
o∑
k=1

Qijk, i = 1, . . . ,m; j = 1, . . . , n, (2)

Qijk ≥ 0, i = 1, . . . ,m; j = 1, . . . , n; k = 1, . . . , o, (3)

qi ≥ 0, i = 1, . . . ,m. (4)
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Service Providers

Each service provider i a production cost f̂i:

f̂i = f̂i(s, qi), i = 1, . . . ,m. (5)

The demand price at a demand market j associated with the service provided by
service provider i:

ρij = ρij(d, q, p), i = 1, . . . ,m; j = 1, . . . , n. (6)

The total provision/transportation cost for provider i’s services for demand
market j:

ĉij =
o∑
k=1

ĉijk(Qijk), i = 1, . . . ,m; j = 1, . . . , n. (7)

The profit or utility Ui of service provider i:

Ui =
n∑
j=1

ρijdij − f̂i −
n∑
j=1

ĉij . (8)
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ĉijk(Qijk), i = 1, . . . ,m; j = 1, . . . , n. (7)

The profit or utility Ui of service provider i:

Ui =
n∑
j=1

ρijdij − f̂i −
n∑
j=1
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Nash Equilibrium

Definition 1

A Network Economic Cournot-Nash Equilibrium with Service
Differentiation, Network provision Choices, and Quality Levels

A service transport volume and quality level pattern (Q∗, q∗) ∈ K is said to
constitute a Cournot-Nash equilibrium if for each service provider i,

Ui(Q
∗
i , q
∗
i , Q̂

∗
i , q̂
∗
i ) ≥ Ui(Qi, qi, Q̂∗i , q̂

∗
i ), ∀(Qi, qi) ∈ Ki, (9)

where

Q̂∗i ≡ (Q∗1, . . . , Q
∗
i−1, Q

∗
i+1, . . . , Q

∗
m); and q̂∗i ≡ (q∗1 , . . . , q

∗
i−1, q

∗
i+1, . . . , q

∗
m). (10)
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Variational Inequality Formulations

Theorem 1

−
m∑
i=1

n∑
j=1

o∑
k=1

∂Ui(Q
∗, q∗)

∂Qijk
× (Qijk−Q∗ijk)−

m∑
i=1

∂Ui(Q
∗, q∗)

∂qi
× (qi− q∗i ) ≥ 0, (11)

or, equivalently,

m∑
i=1

∂f̂i(s
∗, q∗i )

∂si
× (si − s∗i )−

m∑
i=1

n∑
j=1

ρij(d
∗, q∗, p)× (dij − d∗ij)

+
m∑
i=1

n∑
j=1

o∑
k=1

[
∂ĉijk(Q∗ijk)

∂Qijk
−

n∑
l=1

∂ρil(d
∗, q∗, p)

∂dij
× d∗il

]
× (Qijk −Q∗ijk)

+
m∑
i=1

[
∂f̂i(s

∗, q∗i )

∂qi
−

n∑
l=1

∂ρil(d
∗, q∗, p)

∂qi
× d∗il

]
× (qi − q∗i ) ≥ 0, ∀(s, d,Q, q) ∈ K1,

(12)

where K1 ≡ {(s, d,Q, q)|Q ≥ 0, q ≥ 0, and (1) and (2) hold}.
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Standard Form of VI

Determine X∗ ∈ K ⊂ RN , such that

Standard VI

〈F (X∗), X −X∗〉 ≥ 0, ∀X ∈ K. (13)

We define the (mno+m)-dimensional vector X ≡ (Q, q) and the
(mn+m)-dimensional row vector F (X) = (F 1(X), F 2(X)) with the (i, j, k)-th
component, F 1

ijk, of F 1(X) given by

F 1
ijk(X) ≡ −

∂Ui(Q, q)

∂Qijk
, (14)

the i-th component, F 2
i , of F 2(X) given by

F 2
i (X) ≡ −

∂Ui(Q, q)

∂qi
, (15)

and with the feasible set K ≡ K.
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The Projected Dynamical System Model

For a current service volume and quality level pattern at time t,
X(t) = (Q(t), q(t)),

−F 1
ijk(X(t)) =

∂Ui(Q(t), q(t))

∂Qijk
, −F 2

i (X(t)) =
∂Ui(Q(t), q(t))

∂qi
. (16− 17)

Rate of Qijk change

Q̇ijk =


∂Ui(Q,q)
∂Qijk

, if Qijk > 0

max{0, ∂Ui(Q,q)
∂Qijk

}, if Qijk = 0,
(18)

where Q̇ijk denotes the rate of change of Qijk.

Rate of qi change

q̇i =

{
∂Ui(Q,q)
∂qi

, if qi > 0

max{0, ∂Ui(Q,q)
∂qi

}, if qi = 0,
(19)

where q̇i denotes the rate of change of qi.
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The Ordinary Differential Equation (ODE)

Pertinent ODE for the adjustment processes of the service transport volumes and
quality levels

Ẋ = ΠK(X,−F (X)). (20)

Vector −F (X) at X defined as

ΠK(X,−F (X)) = lim
δ→0

PK(X − δF (X))−X
δ

, (21)

with PK denoting the projection map:

P(X) = argminz∈K‖X − z‖, (22)

and where ‖ · ‖ = 〈x, x〉.
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Stability Under Monotonicity

Theorem 2

X∗ solves the variational inequality problem if and only if it is a stationary point
of the ODE, that is,

Ẋ = 0 = ΠK(X∗,−F (X∗)). (23)

Assumption 1

Suppose that in our network economic model there exists a sufficiently large M ,
such that for any (i, j, k),

∂Ui(Q, q)

∂Qijk
< 0, (24)

for all service transport volume patterns Q with Qijk ≥M and that there exists
a sufficiently large M̄ , such that for any i,

∂Ui(Q, q)

∂qi
< 0, (25)

for all quality level patterns q with qi ≥ M̄ .
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Existence and Uniqueness

Proposition 1: Existence

Any network economic problem that satisfies Assumption 1 possesses at least one
equilibrium service transport volume and quality level pattern.

Proposition 2: Uniqueness

Suppose that F is strictly monotone at any equilibrium point of the variational
inequality problem defined in (12). Then it has at most one equilibrium point.

Theorem 3

(i). If −∇U(Q, q) is monotone, then every network economic Cournot-Nash
equilibrium, provided its existence, is a global monotone attractor for the utility
gradient process.
(ii). If −∇U(Q, q) is strictly monotone, then there exists at most one network
economic Cournot-Nash equilibrium. Furthermore, provided existence, the unique
spatial Cournot-Nash equilibrium is a strictly global monotone attractor for the
utility gradient process.
(iii). If −∇U(Q, q) is strongly monotone, then there exists a unique network
economic Cournot-Nash equilibrium, which is globally exponentially stable for the
utility gradient process.
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Example 1
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Figure : Example 1

The production cost functions are:

f̂1(s, q1) = s21 + s1 + s2 + 2q21 + 39, f̂2(s, q2) = 2s22 + 2s1 + s2 + q22 + 37,

the total transportation cost functions are:

ĉ111 = 0.5Q2
111 + 0.4Q111, ĉ112 = 0.7Q2

112 + 0.5Q112,

ĉ211 = 0.6Q2
211 + 0.4Q211, ĉ212 = 0.4Q2

212 + 0.2Q212,

and the demand price functions are:

ρ11(d, q) = 100− d11 − 0.4d21 + 0.3q1 + 0.05q2 − p,

ρ21(d, q) = 100− 0.6d11 − 1.5d21 + 0.1q1 + 0.5q2 − p,
where p = 30.
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Example 1: Solution

The Jacobian matrix of -∇U(Q, q), denoted by J(Q11, Q21, q1, q2), is

J =


5 4 0.4 0.4 −0.3 −0.05
4 5.4 0.4 0.4 −0.3 −0.05

0.6 0.6 8.2 7 −0.1 −0.5
0.6 0.6 7 7.8 −0.1 −0.5
−0.3 −0.3 0 0 4 0

0 0 −0.5 −0.5 0 2

 .

This Jacobian matrix is positive-definite. The equilibrium solution is:

Q∗111 = 8.40, Q∗112 = 5.93, Q∗211 = 3.18, Q∗212 = 5.01,

q∗1 = 1.08, q∗2 = 2.05,

and it is globally exponentially stable.
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Example 2
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Figure : Example 2

The production cost functions are:

f̂1(s, q1) = s21 + s1 + s2 + 2q21 + 39, f̂2(s, q2) = 2s22 + 2s1 + s2 + q22 + 37.

The total transportation cost functions are:

ĉ111 = 0.5Q2
111 + 0.4Q111, ĉ112 = 0.7Q2

112 + 0.5Q112,

ĉ211 = 0.6Q2
211 + 0.4Q211, ĉ212 = 0.4Q2

212 + 0.2Q212,

ĉ121 = 0.3Q2
121 + 0.1Q121, ĉ122 = 0.5Q2

122 + 0.3Q122,

ĉ221 = 0.4Q2
221 + 0.3Q221, ĉ222 = 0.4Q2

222 + 0.2Q222.
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Example 2

The demand price functions are:

ρ11(d, q) = 100− d11 − 0.4d21 + 0.3q1 + 0.05q2 − p,

ρ12(d, q) = 100− 2d12 − d22 + 0.4q1 + 0.2q2 − p,

ρ21(d, q) = 100− 0.6d11 − 1.5d21 + 0.1q1 + 0.5q2 − p,

ρ22(d, q) = 100− 0.7d12 − 1.7d22 + 0.01q1 + 0.6q2 − p,

where p = 30.
The utility function of firm 1 is:

U1(Q, q) = ρ11d11 + ρ12d12 − f̂1 − (ĉ111 + ĉ121 + ĉ112 + ĉ122),

with the utility function of firm 2 being:

U2(Q, q) = ρ21d21 + ρ22d22 − f̂2 − (ĉ211 + ĉ221 + ĉ212 + ĉ222).
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Example 2: Solution

The Jacobian of −∇U(Q, q) is

J(Q111, Q112, Q121, Q122, Q211, Q212, Q221, Q222, q1, q2)

=



5 4 2 2 0.4 0.4 0 0 −0.3 −0.05
4 5.4 2 2 0.4 0.4 0 0 −0.3 −0.05
2 2 6.6 6 0 0 1 1 −0.4 −0.2
2 2 6 7 0 0 1 1 −0.4 −0.2
0.6 0.6 0 0 8.2 7 4 4 −0.1 −0.5
0.6 0.6 0 0 7 7.8 4 4 −0.1 −0.5
0 0 0.7 0.7 4 4 8.2 7.4 −0.01 −0.6
0 0 0.7 0.7 4 4 7.4 8.2 −0.01 −0.6
−0.3 −0.3 −0.4 −0.4 0 0 0 0 4 0
0 0 0 0 −0.5 −0.5 −0.6 −0.6 0 2


.

Clearly, this Jacobian matrix is also positive-definite. the equilibrium solution
(stationary point) is:

Q∗111 = 6.97, Q∗112 = 4.91, Q∗121 = 2.40, Q∗122 = 3.85,

Q∗211 = 3.58, Q∗212 = 1.95, Q∗221 = 2.77, Q∗222 = 2.89,

q∗1 = 1.52, q∗2 = 3.08,

and it is globally exponentially stable.
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The Algorithm

Iteration τ of the Euler method is given by:

Euler Algorithm

Xτ+1 = pK(Xτ − aτF (Xτ )). (26)

For convergence of the general iterative scheme, which induces the
Euler method, the sequence {aτ} must satisfy:

∑∞
τ=0 aτ =∞, aτ > 0,

aτ → 0, as τ →∞.
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Explicit Formulae for the Euler Method

For all the service volume i = 1, . . . ,m; j = 1, . . . , n; k = 1, . . . , o:

Closed form for Qijk

Qτ+1
ijk = max{0, Qτijk + aτ (ρij(d

τ , qτ , p) +
n∑
l=1

∂ρil(d
τ , qτ , p)

∂dij
dτil −

∂f̂i(s
τ , qτi )

∂si

−
∂ĉijk(Qτijk)

∂Qijk
)}, (27)

and for all the quality levels i = 1, . . . ,m:

Closed form for qi

qτ+1
i = max{0, qτi + aτ (

n∑
l=1

∂ρil(d
τ , qτ , p)

∂qi
dτil −

∂f̂i(s
τ , qτi )

∂qi
)}. (28)
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Numerical Examples

We implemented the Euler method using Matlab.

The convergence criterion was ε = 10−6; that is, the Euler method was considered
to have converged if, at a given iteration, the absolute value of the difference of
each service volume and each quality level differed from its respective value at the
preceding iteration by no more than ε.

The sequence {aτ} was: .1(1, 1
2
, 1
2
, 1
3
, 1
3
, 1
3
. . .). We initialized the algorithm by

setting each service volume Qijk = 2.5, ∀i, j, k, and by setting the quality level of
each firm qi = 0.00, ∀i.
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Example 1 Revisited

The Euler method required 72 iterations for convergence.

Figure : Service volumes and quality levels for Example 1
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Example 2 Revisited

The Euler method required 84 iterations for convergence.

Figure : Service volumes and quality levels for Example 2
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Example 3
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Figure : Example 3

The total transportation cost functions are:

ĉ111 = 0.5Q2
111 + 0.4Q111, ĉ112 = 0.7Q2

112 + 0.5Q112

ĉ211 = 0.6Q2
211 + 0.4Q211, ĉ212 = 0.4Q2

212 + 0.2Q212,

ĉ121 = 0.3Q2
121 + 0.1Q121, ĉ122 = 0.5Q2

122 + 0.3Q122,

ĉ221 = 0.4Q2
221 + 0.3Q221, ĉ222 = 0.4Q2

222 + 0.2Q222,

ĉ131 = Q2
131 + 0.5Q131, ĉ132 = Q2

132 + 0.6Q132,

ĉ231 = 0.8Q2
231 + 0.5Q231, ĉ232 = Q2

232 + 0.7Q232.
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Example 3

The production cost functions are:

f̂1(s, q1) = s21 + s1 + s2 + 2q21 + 39, f̂2(s, q2) = 2s22 + 2s1 + s2 + q22 + 37.

The demand price functions are:

ρ11(d, q) = 100− d11 − 0.4d21 + 0.3q1 + 0.05q2 − p,

ρ12(d, q) = 100− 2d12 − d22 + 0.4q1 + 0.2q2 − p,

ρ13(d, q) = 100− 1.7d13 − 0.7d23 + 0.5q1 + 0.1q2 − p,

ρ21(d, q) = 100− 0.6d11 − 1.5d21 + 0.1q1 + 0.5q2 − p,

ρ22(d, q) = 100− 0.7d12 − 1.7d22 + 0.01q1 + 0.6q2 − p,

ρ23(d, q) = 100− 0.9d13 − 2d23 + 0.2q1 + 0.7q2 − p.

The utility function expressions of firm 1 is:

U1(Q, q) = ρ11d11 + ρ12d12 + ρ13d13− f̂1− (ĉ111 + ĉ121 + ĉ112 + ĉ122 + ĉ131 + ĉ132),

with the utility function of firm 2 being:

U2(Q, q) = ρ21d21 + ρ22d22 + ρ23d23− f̂2− (ĉ211 + ĉ221 + ĉ212 + ĉ222 + ĉ231 + ĉ232).
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Example 3: Solution

Figure : Service volumes and quality levels for Example 3
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Sensitivity Analysis for Example 3

How the changes in the network transmission price p influence the equilibrium
solutions and the profit?

Figure : Sensitivity Analysis for Example 3
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Sensitivity Analysis for Example 3

How the changes in the network transmission price p influence the equilibrium
solutions and the profit?

Figure : Sensitivity Analysis for Example 3
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Sensitivity Analysis Summary

Service volumes, quality levels and the profits are negatively related to the
network transmission price.

As the network transmission price becomes higher, consumers would
purchase less from the network providers as well as the service providers,
which leads to the decreasing in service volumes.

As the service volumes decrease, there would be less incentive for the firms
to improve their quality levels, so the quality levels would also decrease.
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Summary and Conclusions

Conclusions

Developed a new dynamic network economic game theory model of a
service-oriented Internet.

Proposed a continuous-time adjustment process.

Projected dynamical systems model guarantees that the service volumes and
quality levels remain nonnegative.

Described an algorithm, which yields closed form expressions for the service
volumes and quality levels at each iteration.

Our network economic model does not limit the number of service providers
and network providers.

It captures quality levels both on the supply side as well as on the demand
side, with linkages through the provision costs.
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Thank you!

For more information, see:
http://supernet.isenberg.umass.edu
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