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Service-Oriented Internet

Background

@ Internet as the communication highway.

@ Underlying technology is well-understood, but the economics has
been less studied.

@ Lack of common metrics for economic analysis.

@ Internet scope has been expanded.

@ Fresh look at future Internet architectures.
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Contribution

Our Contribution

@ Oligopolistic Cournot competition among service providers.
@ Differentiated services with different quality levels.

@ Multiple network providers.

@ Modeling the competition in a dynamic way.

@ The model is inspired by Zhang et al. (2010) derived a game
theoretic formulation with:

@ Two service providers who were Cournot competitors,

@ Two network providers who were Bertrand competitors,

@ Two users.
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The Network of Oligopoly Model

Service Providers

Network Provider
Options

Demand Markets

Figure : The structure of the network economic problem
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Network Provider
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Service Providers

Each service provider ¢ a production cost f;:

fi=fis@), i=1,...,m. (S)J

The demand price at a demand market j associated with the service provided by
service provider i:

The total provision/transportation cost for provider 4’s services for demand
market j:

o
k=1

The profit or utility U; of service provider i:

n n
Ui:Zpijdij _fi—zéij‘ (8)
j=1 j=1
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Nash Equilibrium

Definition 1

A Network Economic Cournot-Nash Equilibrium with Service
Differentiation, Network provision Choices, and Quality Levels

A service transport volume and quality level pattern (Q*,q*) € K is said to
constitute a Cournot-Nash equilibrium if for each service provider i,

Ui(Q, 4}, Q5,d) > Ui(Qir 45, @%,d)),  Y(Qi,q:) € K°, 9)

where

Qf = (QT:'~~7Q;71’Q:+1)'“aQ:n); and q; = (QL-~~,‘1;‘71,q;‘+17~~-,q:n)~ (10)
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Variational Inequality Formulations

—ZZZQU 9 (Quan— Qi) = > ZELDD) g gty >0, (1)

i=1j=1k Qijk i=1 9gi

or, equivalently,

m aA’L_ S*, * m n . .
Z%X(Si—sﬁ)—ZZﬂzj(d 1q",p) X (dij — d5;)

=i i=1j=1

L 861J’V( z]k) 3Pil(d* q* p)
§ = xdy | X (Qujr — QY
|: an]k = adij il ( J z]k)

afi(s* qr = a(d*,q”,
Lal) - Souldg ”)xd;} X (gi — a) > 0, ¥(s,d, Q,q) € K1,

(12)

=1 i

where K1 = {(s,d,Q,9)|Q >0, ¢ > 0,and (1) and (2) hold}.
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Standard Form of VI

Determine X* € K C RY, such that

Standard VI

(F(X*),X — X*) >0, VX ecKk. (13)

We define the (mno + m)-dimensional vector X = (Q, q) and the
(mmn 4+ m)-dimensional row vector F/(X) = (F'(X), F2(X)) with the (4, j, k)-th
component, F.ljk, of F'1(X) given by

1,

_ 0U(Q,9)
Flp(X) = T oQur (14)J

the +-th component, Fi27 of F2(X) given by

Ff(X);,w’ (15)J
0g;

and with the feasible set K = K.
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The Projected Dynamical System Model

For a current service volume and quality level pattern at time ¢,

X(t) = (Q),q(1)),

~Fh ) = 290D - _pp = 2HAOO) g
ij i
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The Projected Dynamical System Model

For a current service volume and quality level pattern at time ¢,

X(t) = (Q(1),q(1)),

U (Q(¢), a(t)) oU;(Q(t),q(t)) _
—Fl(X(1) = T 0Qie FA(X(t) = — on (16 — 17)
AU;(Q,q) ) N
Oup =4 @) i Qi >0 (18)
J max{0, BUQ(QI’:J)} if Qijx =0,

where Q”k denotes the rate of change of Q-
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The Projected Dynamical System Model

For a current service volume and quality level pattern at time ¢,

X(t) = (Q(1),q(1)),

QU0 2y, — V@M. at)

, (16 — 17)
0Qijk 9q;

zyk( (t))

Rate of Q;; change

| \

an(Qﬂ) f . 0
Qe =9 2% oy 0w LG (18)
max{0, Q”;;q boif Qijk =0,

where Q”k denotes the rate of change of Q-

Rate of ¢; change

U (Q,9) - :
a={ o Lo (19)
max{0, 2220} if g, =0,

where ¢; denotes the rate of change of ¢;.
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The Ordinary Differential Equation (ODE)

Pertinent ODE for the adjustment processes of the service transport volumes and
quality levels

X = Ik (X, —F(X)). (20)J

Vector —F'(X) at X defined as

Pic(X — 6F(X)) — X
(X, —F(X)) = lim e (X)) =X (21)J
6—0 1
with Px denoting the projection map:
P(X) = argmin, e[| X — 2|, (22)J

and where || - | = (z, z).
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Stability Under Monotonicity

X* solves the variational inequality problem if and only if it is a stationary point
of the ODE, that is,

X =0 = [ (X*, —F(X*)). (23)
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Stability Under Monotonicity

X* solves the variational inequality problem if and only if it is a stationary point
of the ODE, that is,

X =0 = [ (X*, —F(X*)). (23)

Assumption 1

Suppose that in our network economic model there exists a sufficiently large M,
such that for any (4, j, k),
oUi(Q,q)
0Qijk
for all service transport volume patterns @ with Q;;x > M and that there exists
a sufficiently large M, such that for any i,

<0, (24)

<0, 25
o4, (25)

for all quality level patterns ¢ with g; > M.
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Existence and Uniqueness

Proposition 1: Existence

Any network economic problem that satisfies Assumption 1 possesses at least one
equilibrium service transport volume and quality level pattern.
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Existence and Uniqueness

Proposition 1: Existence

Any network economic problem that satisfies Assumption 1 possesses at least one
equilibrium service transport volume and quality level pattern.

| \

Proposition 2: Uniqueness

Suppose that F' is strictly monotone at any equilibrium point of the variational
inequality problem defined in (12). Then it has at most one equilibrium point.
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Existence and Uniqueness

Proposition 1: Existence

Any network economic problem that satisfies Assumption 1 possesses at least one
equilibrium service transport volume and quality level pattern.

| \

Proposition 2: Uniqueness

Suppose that F' is strictly monotone at any equilibrium point of the variational
inequality problem defined in (12). Then it has at most one equilibrium point.

Theorem 3

(i). If —VU(Q, ¢q) is monotone, then every network economic Cournot-Nash
equilibrium, provided its existence, is a global monotone attractor for the utility
gradient process.

(ii). If —VU(Q, q) is strictly monotone, then there exists at most one network
economic Cournot-Nash equilibrium. Furthermore, provided existence, the unique
spatial Cournot-Nash equilibrium is a strictly global monotone attractor for the
utility gradient process.

(iii). If —VU(Q, q) is strongly monotone, then there exists a unique network
economic Cournot-Nash equilibrium, which is globally exponentially stable for the
utility gradient process.
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Example 1

Service Provider 1 Service Provider 2

Demand Market 1
Figure : Example 1

The production cost functions are:
fils,q1) =T +s1+s2+2¢7 +39,  fa(s,q2) = 285 + 251 + 52 + g5 + 37,
the total transportation cost functions are:
é111 = 0.5Q%;; +0.4Q111, ¢é112 = 0.7Q% 5 + 0.5Q112,
é211 = 0.6Q%,, +0.4Q211, 212 = 0.4Q3,5 + 0.2Q212,

and the demand price functions are:
p11(d, q) = 100 — d11 — 0.4d21 + 0.3¢1 + 0.05g2 — p,

p21(d,q) = 100 — 0.6d11 — 1.5d21 + 0.1g1 + 0.5¢2 — p,
where p = 30.
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Example 1: Solution

The Jacobian matrix of -VU(Q, q), denoted by J(Q11,Q21,91,q2), is

5 4 0.4 04 —-03 -0.05
4 5.4 0.4 04 —-03 —-0.05
J= 0.6 0.6 8.2 7 -0.1  -0.5
0.6 0.6 7 78 =01 -0.5
-0.3 -0.3 0 0 4 0
0 0 -0.5 -0.5 0 2

This Jacobian matrix is positive-definite. The equilibrium solution is:

Q111 = 8.40, Q112 =5.93, Q311 = 3.18, Q312 = 5.01,
¢ =1.08, g} =205,

and it is globally exponentially stable.
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Example 2

Demand Market 1

Figure : Example 2

The production cost functions are:
fi(s,qu) = 53 +s1+s2+2¢F +39,  fa(s,q2) = 283 + 251 + 52 + g3 + 37.
The total transportation cost functions are:
é111 = 0.5Q%; +0.4Q111, é112 = 0.7Q715 + 0.5Q112,
é211 = 0.6Q%;; +0.4Q211, ¢é212 = 0.4Q315 + 0.2Q212,
¢121 = 0.3Q%5; +0.1Q121, 122 = 0.5Q%55 + 0.3Q122,
221 = 0.4Q35; +0.3Q221, &é222 = 0.4Q355 + 0.2Q222.
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Example 2

The demand price functions are:
p11(d,q) = 100 — dy1 — 0.4d21 + 0.3¢1 + 0.05g2 — p,

p12(d, q) = 100 — 2d12 — d22 + 0.4¢q1 + 0.2¢2 — p,
p21(d,q) = 100 — 0.6d11 — 1.5d21 + 0.1g1 + 0.5¢2 — p,
p22(d,q) = 100 — 0.7d12 — 1.7d22 + 0.01¢1 + 0.6g2 — p,

where p = 30.
The utility function of firm 1 is:

U1(Q, q) = p11di1 + piadiz — fi — (é111 + é121 + é112 + é122),
with the utility function of firm 2 being;:

Ua(Q, q) = pa1da1 + paadas — fo — (é211 + é221 + 212 + é222).
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Example 2: Solution

The Jacobian of —VU(Q, q) is

J(Q111,Q112, Q121, Q122, Q211, Q212, @221, @222, 91, ¢2)

5 4 2 2 0.4 0.4 0 0 —-0.3 —0.05
4 5.4 2 2 0.4 0.4 0 0 —-0.3 —0.05
2 2 6.6 6 0 0 1 1 —0.4 —0.2
2 2 6 7 0 0 1 1 —0.4 —0.2
_ 0.6 0.6 0 0 8.2 7 4 4 —0.1 —0.5
- 0.6 0.6 0 0 7 7.8 4 4 —0.1 —0.5
0 0 0.7 0.7 4 4 8.2 7.4 —0.01 —0.6
0 0 0.7 0.7 4 4 7.4 8.2 —0.01 —0.6
-0.3 —-0.3 0.4 —0.4 0 0 0 0 4 0
0 0 0 0 -0.5 0.5 —-0.6 —0.6 0 2

Clearly, this Jacobian matrix is also positive-definite. the equilibrium solution
(stationary point) is:

Q111 =6.97, Qi;2 =491, Qiz =240, Qi =3.85,

Q311 =358, Q310 =1.95, Q391 =2.77, Q395 = 2.89,
@ =152, g =3.08,

and it is globally exponentially stable.
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The Algorithm

Iteration 7 of the Euler method is given by:

Euler Algorithm

X™ = ppe(XT — a, F(XT)). (26)

For convergence of the general iterative scheme, which induces the
Euler method, the sequence {a,} must satisfy: >~ ja, = o0, a, > 0,
ar — 0, as 7 — oo.
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Explicit Formulae for the Euler Method

For all the service volume ¢ =1,...,m;5=1,...,n;k=1,...,0:

Closed form for Q%

r Opu(d”,q",p ofi(s,qf
Qij-zl_max{o ka'i'aT(PZ]( 24", P) +Z plad ), = (as z)
l 1 ’Lj 1
-y, (@7)
Qi

and for all the quality levels i =1,...,m:

Closed form for g;

Opu(d™,q7,p) .. Ofi(s™,q])

6(11 'Ll aCh' )} (28)

q;’ = max{0, q] +aT(Z
=1

chusetts Amherst Service-Oriented Internet with Choice and Quality



Numerical Examples

We implemented the Euler method using Matlab.

The convergence criterion was ¢ = 10~%; that is, the Euler method was considered
to have converged if, at a given iteration, the absolute value of the difference of
each service volume and each quality level differed from its respective value at the
preceding iteration by no more than e.

The sequence {a.} was: .1(1, %, %, 13 %, % ...). We initialized the algorithm by
setting each service volume Q;;1, = 2.5, Vi, j, k, and by setting the quality level of
each firm ¢; = 0.00, Vi.
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Example 1 Revisited

The Euler method required 72 iterations for convergence.
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Example 2 Revisited

The Euler method required 84 iterations for convergence.
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Figure : Service volumes and quality levels for Example 2
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Example 3

Firm 1 Firm 2

Demand Market 1 Demand Market 2 Demand Market 3
Figure : Example 3

The total transportation cost functions are:
é111 = 0.5Q%11 +0.4Q111, é112 = 0.7Q%15 + 0.5Q112

éo11 = 0.6Q%1; +0.4Q211, é212 = 0.4Q3%5 + 0.2Q212,
é121 = 0.3Q%51 +0.1Q121, &122 = 0.5Q%,55 + 0.3Q122,
221 = 0.4Q%51 +0.3Qa221, é222 = 0.4Q3%,5 + 0.2Q222,
¢131 = Q¥g +0.5Q131, ¢132 = Qig5 + 0.6Q132,
231 = 0.8Q331 +0.5Q231, ¢é232 = Q335 + 0.7Q232.
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Example 3

The production cost functions are:
fils,q1) = s7 451+ 52 +2¢7 +39,  fals,q2) = 253 + 251 + s2 + g3 + 37.
The demand price functions are:
p11(d, q) = 100 — d11 — 0.4d21 + 0.3¢1 + 0.05g2 — p,

p12(d,q) = 100 — 2d12 — da2 + 0.4g1 + 0.2¢2 — p,
p13(d,q) = 100 — 1.7d13 — 0.7d23 + 0.5g1 + 0.1g2 — p,
p21(d,q) = 100 — 0.6d11 — 1.5d21 + 0.1q1 + 0.5¢2 — p,
p22(d,q) = 100 — 0.7d12 — 1.7d22 + 0.01q1 + 0.692 — p,

p23(d,q) = 100 — 0.9d13 — 2d23 4+ 0.2¢1 + 0.7g2 — p.

The utility function expressions of firm 1 is:
U1(Q,q) = p11di1 + piadiz + p1adiz — f1 — (€111 + é121 + 112 + é122 + é131 + é132),
with the utility function of firm 2 being:

U2(Q, q) = pa1da1 + paadas + p2adaz — f2 — (G211 + a21 + 212 + G2 + é231 + E232).
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Example 3: Solution
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Sensitivity Analysis for Example 3

How the changes in the network transmission price p influence the equilibrium
solutions and the profit? J
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Sensitivity Analysis for Example 3

How the changes in the network transmission price p influence the equilibrium
solutions and the profit?

a) Optimal service levels of firm 1 as the b) Optimal service levels of firm 2 as the
network transmission price increases r;etwork transmission price increases
8

7

Ex

Service Volume

Service Volume
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" o
e F] il a0 E & 7 o
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Figure : Sensitivity Analysis for Example 3
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Sensitivity Analysis for Example 3

How the changes in the network transmission price p influence the equilibrium
solutions and the profit?
¢) Optimal quaiity levels as the d) Optimal profits as the
network transmission price increases network transmission price increases
% 1200
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Figu re : Sensitivity Analysis for Example 3
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ensitivity Analysis Summary

@ Service volumes, quality levels and the profits are negatively related to the
network transmission price.
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@ Service volumes, quality levels and the profits are negatively related to the
network transmission price.

@ As the network transmission price becomes higher, consumers would
purchase less from the network providers as well as the service providers,
which leads to the decreasing in service volumes.
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Sensitivity Analysis Summary

@ Service volumes, quality levels and the profits are negatively related to the
network transmission price.

@ As the network transmission price becomes higher, consumers would
purchase less from the network providers as well as the service providers,
which leads to the decreasing in service volumes.

@ As the service volumes decrease, there would be less incentive for the firms
to improve their quality levels, so the quality levels would also decrease.
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Summary and Conclusions

Conclusions

@ Developed a new dynamic network economic game theory model of a
service-oriented Internet.
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Summary and Conclusions

Conclusions
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@ Developed a new dynamic network economic game theory model of a
service-oriented Internet.

@ Proposed a continuous-time adjustment process.

@ Projected dynamical systems model guarantees that the service volumes and
quality levels remain nonnegative.

@ Described an algorithm, which yields closed form expressions for the service
volumes and quality levels at each iteration.

@ Our network economic model does not limit the number of service providers
and network providers.

@ It captures quality levels both on the supply side as well as on the demand
side, with linkages through the provision costs.
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