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Agriculture Industry and the Covid-19 Pandemic

The agriculture industry was worth 5 trillion dollars globally in 2015
and accounted for 4 percent of gross domestic product (GDP) in
2018.

The Covid-19 pandemic has resulted in many disruptions to the
agriculture industry with shortages of labor, bottlenecks in
distribution, and changes in demand.

Covid-19 outbreaks in certain U.S. meat processing facilities led to a
meat shortage in many supermarkets, and caused the meat prices to
rise 16 percent in May 2020.
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Agricultural Supply Chain Networks

The dynamics in the agriculture industry are very complex, including
tight profit margins and competition among stakeholders.

The system for creating and sustaining the connections from
the agricultural product sources all the way to the consumers is
called an agricultural supply chain network.

Agricultural supply chains are very intricate local, regional, and global
networks, creating pathways from farms to consumers.

The sets of activities in the supply chain include farming/production,
processing, storage, transportation, and distribution.
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Agricultural Supply Chain Networks

The agricultural supply chain (ASC) network worldwide is
predominantly multitiered with various stakeholders such as the
agricultural firms, processing firms, distribution firms,
food-service firms, and the hotels and restaurants, grocers, and
retail organizations.

Much of the value added in the agricultural supply chain occurs at the
processing stage where margins range between 10-20 percent usually.

The food processing sector can be categorized based on the product;
for example, whether meat, dairy, beverages, sugar, snacks, etc.
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Our Research

1 Develops a multitiered competitive agricultural supply chain network
model with agricultural firms (AFs) and processing firms (PFs).

2 Captures competition among agricultural firms and processing firms
via game theory where the governing Cournot-Nash equilibrium
conditions correspond to a variational inequality problem.

3 Applies an algorithmic scheme, which yields closed-form expressions
at each iteration for the strategic variables.

4 Our modeling framework is illustrated through a numerical study
consisting of several supply chain disruption scenarios.
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Our Contributions

We study the economic implications of the integrated multitiered
ASC networks.

We have demand price functions that include the product flows from
processing firms and the product flows from the agricultural firms.

The mathematical models, and the computational study also address:

1 Implications of having an integrated multitiered ASC network system;

2 Ramifications of supply chain disruptions in the Covid-19 pandemic;

3 Trade-offs for agricultural firms.
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Preliminary Notation

Notation Definition
xpAF The nonnegative flow of the agricultural product on a path pAF sent from an

agricultural firm i to a demand market k .

qij The nonnegative amount of agricultural firm i ’s product shipment from its pro-
duction site to processing firm j through the link set L̂j1.

ρ∗1ij The price that the processing firm j is willing to pay for the agricultural product
shipment of agricultural firm i .

xpPF The nonnegative flow of agricultural product on a path pPF sent from a processing
firm j to a demand market k.

dAF
ik

The demand for agricultural firm i ’s product at demand market k . We group all
dAF
ik elements into the vector dAF ∈ R InR

+ .

dPF
jk

The demand for processing firm j ’s product at demand market k . We group all
djk elements into the vector dPF ∈ RJnR

+ .

ρAFik (dAF , dPF ) The demand price function for agricultural firm i ’s product at demand market k .

ρPFjk (dPF , dAF ) The demand price function for processing firm j ’s product at demand market k.
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Link Sets

Two main link sets for agricultural firms and processing firms: L and
L̂.

For each agricultural firm i , we have Li = Li1 ∪ Li2
Li1: set of links associated with the production/growing links of
agricultural firm i .

Li2: contains all the remaining supply chain operations of agricultural
firm i excluding the shipment links of agricultural firm i ’s agricultural
products from its production/growing facilities to processing firms.

For each processing firm j , we have L̂j = L̂j1 ∪ L̂j2
L̂j1: set of links associated with the shipment of agricultural products
from the agricultural firms’ production sites to processing firm j .

L̂j2: contains all the remaining supply chain operations of processing
firm j .
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Behavior of the Agricultural Firms

Nonnegative Path Flows

For each path, pAF , corresponding to an agricultural firm, the following nonnegativity condition must hold:

xpAF ≥ 0, ∀pAF ∈ P i
k ; i = 1, . . . , I ; k = 1, . . . , nR . (1)

Demand
The demand at the demand market k for the agricultural product of agricultural firm i ; i = 1, . . . , I is given by:

dAF
ik =

∑
pAF∈P i

k

xpAF , k = 1, . . . , nR . (2)

Nonnegative Product Shipments

The amount of product shipment, qij , from an agricultural firm i to a processing firm j through shipment links in L̂j1 must be
nonnegative, that is:

qij ≥ 0, i = 1, . . . , I ; j = 1, . . . , J. (3)

Conservation of Flow Equations I

The following conservation of flow equations must hold for each agricultural firm i ; i = 1, . . . , I :

fa =

nR∑
k=1

∑
pAF∈P i

k

xpAF δapAF +
J∑

j=1

qij , ∀a ∈ Li1; i = 1, . . . , I . (4)

Here δapAF is equal to 1 if the link a is included in the path pAF , and 0, otherwise.
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Behavior of the Agricultural Firms

Total Production/Growing Cost Functions for Li1

The total operational cost on link a, in general, is a function of all the flows in vector f 1 ∈ R
nL1
+ , and

we have that:
ĥa = ĥa(f 1), ∀a ∈ Li1; i = 1, . . . , I . (5)

Conservation of Flow Equations II

Let fb denote the flow of agricultural product on link b, ∀b ∈ Li2, in which the following conservation
of flow equations must hold for each agricultural firm i ; i = 1, . . . , I :

fb =

nR∑
k=1

∑
pAF∈P i

k

xpAF δbpAF , ∀b ∈ Li2; i = 1, . . . , I . (6)

where δbpAF is equal to 1 if the link b is included in the path pAF , and 0, otherwise.

Total Operational Link Cost Functions for Li2
The operational cost functions associated with the remaining links in the supply chain of the
agricultural firm i are as follows:

ĉb = ĉb(f 2), ∀b ∈ Li2; i = 1, . . . , I . (7)
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The Profit Functions of the Agricultural Firms

The Profit Functions of the Agricultural Firms

The profit function of agricultural firm i ; i = 1, . . . , I , is the difference
between its revenue and its total costs, where the total costs are the total
operational costs over Li . The profit/utility function of agricultural firm i ,
denoted by UAF

i , is given by:

UAF
i =

nR∑
k=1

ρAFik (dAF , dPF )dAF
ik +

J∑
j=1

ρ∗1ijqij−
∑
a∈Li1

ĥa(f 1)−
∑
b∈Li2

ĉb(f 2). (8)
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Game Theory Framework: Cournot-Nash Equilibrium

Definition 1: A Cournot-Nash Equilibrium of the Agricultural Firms

Agricultural product path flows from agricultural firms to the demand markets, and
agricultural product shipments from agricultural firms to processing firms
(XAF∗, q∗) ∈ RnP+IJ

+ are said to constitute a Cournot-Nash equilibrium if for each
agricultural firm i; i = 1, . . . , I ,

UAF
i (XAF∗

i , X̂AF∗
i , q∗i , q̂

∗
i ,X

PF∗) ≥ UAF
i (XAF

i , X̂AF∗
i , qi , q̂

∗
i ,X

PF∗), ∀(XAF , q) ∈ RnP+IJ
+ ,

(9)
where

X̂AF∗
i ≡ (XAF∗

1 , . . . ,XAF∗
i−1 ,X

AF∗
i+1 , . . . ,X

AF∗
I ) and q̂∗i ≡ (q∗1 , . . . , q

∗
i−1, q

∗
i+1, . . . , q

∗
I ).

A Cournot-Nash equilibrium is established if no agricultural firm can unilaterally
improve upon its profit by selecting an alternative vector of agricultural product
path flows to demand markets, and product shipments from agricultural firms to
processing firms.
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Variational Inequality Formulation

Theorem 1: Variational Inequality Formulation of Cournot-Nash Equilibrium
Conditions

Assume that for each agricultural firm i ; i = 1, . . . , I , the utility function UAF
i (XAF , q) is

concave with respect to its variables XAF
i and qi , and is continuously differentiable. Then

(XAF∗, q∗) ∈ RnP+IJ
+ is a Cournot-Nash equilibrium according to Definition 1 if and only if

it satisfies the variational inequality:

−
I∑

i=1

〈∇XAF
i
ÛAF
i (XAF∗, q∗),XAF

i − XAF∗
i 〉 −

I∑
i=1

〈∇qi Û
AF
i (XAF∗, q∗), qi − q∗i 〉 ≥ 0,

∀(XAF , q) ∈ RnP+IJ
+ . (10)

Here, 〈·, ·〉 denotes the inner product in the corresponding Euclidean space where
∇XAF

i
ÛAF
i (XAF , q) denotes the gradient of ÛAF

i (XAF , q) with respect to XAF
i , and

∇qi Û
AF
i (XAF , q) denotes the gradient of ÛAF

i (XAF , q) with respect to qi .
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Variational Inequality Formulation

Theorem 1: Variational Inequality Formulation of Cournot-Nash Equilibrium
Conditions

Variational inequality (10) in turn, is equivalent to the variational inequality that
determines the vector of equilibrium agricultural product path flows, and product
shipments from agricultural firms to processing firms, (XAF∗, q∗) ∈ RnP+IJ

+ , such that:∑I
i=1

∑nR
k=1

∑
pAF∈P i

k

[∑
a∈Li

1
∂

¯̂ha(xAF∗,q∗)

∂xpAF
+

∂ĈpAF
(xAF∗)

∂xpAF
− ρ̂AFik (xAF∗, xPF∗)−

∑nR
l=1

∂ρ̂AFil (xAF∗,xPF∗)

∂xpAF

∑
rAF∈P i

k
x∗rAF

]
× [xpAF − x∗pAF ]

+
I∑

i=1

J∑
j=1

∑a∈Li1
∂¯̂ha(xAF∗, q∗)

∂qij
− ρ∗1ij

× [qij − q∗ij ] ≥ 0, ∀(XAF , q) ∈ RnP+IJ
+ . (11)

Furthermore, for each pAF ; pF ∈ P i
k ; i = 1, . . . , I ; k = 1, . . . , nR ; l = 1, . . . , nR ,

∂ĈpAF (x)

∂xpAF
≡

∑
b∈Li

2

∑
d∈Li

2

∂ĉd(f 2)

∂fb
δbpAF , and

∂ρ̂AFil (xAF , xPF )

∂xpAF
≡ ∂ρAFil (dAF , dPF )

∂dAF
ik

. (12)
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Behavior of the Processing Firms

Nonnegative Path Flows

We have the nonnegativity condition for the path flows from processing firms to the demand
markets, where the path pPF consists of a sequence of links that originates from the node
corresponding to the processing firm j ; j = 1, . . . , J and terminates in a demand market node:

xpPF ≥ 0, ∀pPF ∈ P j
k ; j = 1, . . . , J; k = 1, . . . , nR . (13)

Demand
The demand at the demand market k for the agricultural product of processing firm j must satisfy:

dPF
jk =

∑
pPF∈P j

k

xpPF , j = 1, . . . , J; k = 1, . . . , nR . (14)

Relationship between Product Shipments and Path Flows

The following condition must be satisfied for each j ; j = 1, . . . , J :

I∑
i=1

qij ≥
nR∑
k=1

∑
pPF∈P j

k

xpPF . (15)
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Behavior of the Processing Firms

Total Shipment Link Cost Functions for L̂j1
The operational cost function related to shipment of agricultural products from the agricultural
firms to processing firm j in the supply chain network are:

ẑb = ẑb(q), ∀b ∈ L̂j1; j = 1, . . . , J. (16)

Conservation of Flow Equations III

The following conservation of flow equations must hold for each processing firm j ; j = 1, . . . , , J:

fe =

nR∑
k=1

∑
pPF∈P j

k

xpPF δepPF , ∀e ∈ L̂j2; j = 1, . . . , J, (17)

where δepPF is equal to 1 if the link e is included in the path pPF , and 0, otherwise.

Total Operational Link Cost Functions for L̂j2
The remaining total operational cost functions for the supply supply chain operations of the

processing firms, in general, are a function of all the flows in the vector f 3 ∈ R
nL̂2
+ . Hence, we have

that:
ĉe = ĉe(f 3), ∀e ∈ L̂j2; j = 1, . . . , J. (18)
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The Profit Functions of the Processing Firms

The Profit Functions of the Processing Firms

The utility/profit, UPF
j , of processing firm j ; j = 1, . . . , J, is the difference

between its revenue and its costs, including the payouts to the AFs, where each
processing firm j pays a price of ρ∗1ij to agricultural firm i for its agricultural
product shipment qij , that is:

UPF
j =

nR∑
k=1

ρPFjk (dPF , dAF )djk −
I∑

i=1

ρ∗1ijqij −
∑
b∈L̂j

1

ẑb(q)−
∑
e∈L̂j

2

ĉe(f 3). (19)
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Game Theory Framework: Cournot-Nash Equilibrium

Definition 2: A Cournot-Nash Equilibrium of Processing Firms

Agricultural product path flows from processing firms to demand markets, and product

shipments from agricultural firms to processing firms, (XPF∗, q∗) ∈ R
nP̂+IJ
+ , are said to

constitute a Cournot-Nash equilibrium if for each processing firm j; j = 1, . . . , J,

UPF
j (XPF∗

j , X̂PF∗
j , q∗j , q̂

∗
j ,X

AF∗) ≥ UPF
j (XPF

j , X̂PF∗
j , qj , q̂

∗
j ,X

AF∗), ∀(XPF , q) ∈ R
nP̂+IJ
+ ,

(20)
where

X̂PF∗
j ≡ (XPF∗

1 , . . . ,XPF∗
j−1 ,X

PF∗
j+1 , . . . ,X

PF∗
J ) and q̂∗j ≡ (q∗1 , . . . , q

∗
j−1, q

∗
j+1, . . . , q

∗
J ).

A Cournot-Nash equilibrium is established if no processing firm can unilaterally
improve upon its profit by selecting an alternative vector of agricultural product
path flows to demand markets, and agricultural product shipments from
agricultural firms to processing firms.
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Variational Inequality Formulation of Processing Firms

Theorem 2: Variational Inequality Formulation of Cournot-Nash Equilibrium
Conditions

Assume that for each processing firm j ; j = 1, . . . , J, the utility function UPF
j (XPF , q) is

concave with respect to its variables QPF
j and qj , and is continuously differentiable. Then

(xPF∗, q∗) ∈ R
nP̂+IJ
+ is a Cournot-Nash equilibrium according to Definition 2 if and only if

it satisfies the variational inequality:

−
J∑

j=1

〈∇XPF
j
ÛPF
j (XPF∗, q∗),XPF − XPF∗

i 〉 −
J∑

j=1

〈∇qj Û
PF
j (XPF∗, q∗), qj − q∗j 〉 ≥ 0,

∀(XPF , q) ∈ R
nP̂+IJ
+ , (21)

where ∇XPF
j
ÛPF
j (XPF , q) denotes the gradient of ÛPF

j (XPF , q) with respect to XPF
j , and

∇qj Û
PF
j (XPF∗, q) denotes the gradient of ÛPF

j (XPF , q) with respect to qj .
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Variational Inequality Formulation of Processing Firms

Theorem 2: Variational Inequality Formulation of Cournot-Nash Equilibrium
Conditions

We can reformulate variational inequality (21) in terms of agricultural product path flows,
product shipments from agricultural firms to processing firms, and the Lagrange multipliers
as:∑J

j=1

∑nR
k=1

∑
pPF∈P

j
k

[
∂ĈpPF

(xPF∗)

∂xpPF
− ¯̂ρPFjk (xPF∗, xAF∗)−

∑nR
h=1

∂ ¯̂ρPFjh (xPF∗,xAF∗)

∂xpPF

∑
sPF∈P

j
k
x∗sPF + η∗j

]
× [xpPF − x∗pPF ]

+
J∑

j=1

I∑
i=1

[∑
b∈L̂j1

∂ẑb(q∗)

∂qij
+ ρ∗1ij − η∗j

]
× [qij − q∗ij ]

+
J∑

j=1

 I∑
i=1

q∗ij −
nR∑
k=1

∑
pPF∈P

j
k

x∗pPF

× [ηj − η∗j ] ≥ 0, ∀(xPF , q, η) ∈ R
n
P̂

+IJ+J

+ . (22)

Further, for each pPF ; pPF ∈ P j
k ; j = 1, . . . , J; k = 1, . . . , nR ; h = 1, . . . , nR :

∂ĈpPF (xPF )

∂xpPF
≡

∑
e∈L̂j

2

∑
g∈L̂j

2

∂ĉg (f 3)

∂fe
δepPF , and

∂ ¯̂ρPFjh (xPF , xAF )

∂xpPF
≡
∂ρPFjh (dPF , dAF )

∂dPF
jk

. (23)
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The Equilibrium Conditions for the Integrated Multitiered
Supply Chain Network with AFs and PFs

Definition 3: Integrated Multitiered Supply Chain Network with AFs
and PFs

The equilibrium state of the integrated multitiered agricultural supply
chain network with agricultural firms and processing firms is one where
both variational inequalities (13) and (22) hold simultaneously.
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Variational Inequality Formulation of the Equilibrium
Conditions

Theorem 3: Variational Inequality Formulation of the Equilibrium Conditions

The equilibrium conditions governing the integrated multitiered agricultural supply chain
network model with agricultural firms and processing firms are equivalent to the solution of the

variational inequality problem: determine (xAF∗, q∗, xPF∗, η∗) ∈ R
nP+IJ+nP̂+J
+ , such that:∑I

i=1

∑nR
k=1

∑
pAF∈P i

k

[∑
a∈Li

1
∂

¯̂ha(xAF∗,q∗)

∂xpAF
+
∂ĈpAF

(xAF∗)

∂xpAF
− ρ̂AFik (xAF∗, xPF∗)−

∑nR
l=1

∂ρ̂AFil (xAF∗,xPF∗)

∂xpAF

∑
rAF∈P i

k
x∗rAF

]
× [xpAF − x∗pAF ]

+
I∑

i=1

J∑
j=1

∑
a∈Li1

∂¯̂ha(xAF∗, q∗)

∂qij
+

∑
b∈L̂j2

∂¯̂zb(q∗)

∂qij
− η∗j

× [qij − q∗ij ]

+
J∑

j=1

nR∑
k=1

∑
pPF∈P

j
k

∂ĈpPF (xPF∗)

∂xpPF
− ¯̂ρPFjk (xPF∗, xAF∗)−

nR∑
h=1

∂ ¯̂ρPFjh (xPF∗, xAF∗)

∂xpPF

∑
sPF∈P

j
k

x∗sPF + η∗j

× [xpPF − x∗pPF ]

+
J∑

j=1

 I∑
i=1

q∗ij −
nR∑
k=1

∑
pPF∈P

j
k

x∗pPF

× [ηj − η∗j ] ≥ 0, ∀(xAF , q, xPF , η) ∈ R
nP+IJ+n

P̂
+J

+ . (24)
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The Algorithm: The Euler Method

The Euler method is a discrete-time algorithm that captures the dynamics of the
integrated multitiered model by employing an iterative scheme of Dupuis and
Nagurney(1993).

Specifically, at an iteration t + 1 of the Euler method (see also Nagurney and Zhang
(1996)) one computes:

X t+1 = PK(X t − αtF (X t)), (25)

where PK is the projection on the feasible set K and F is the function that enters the
variational inequality problem (24).

As shown in Dupuis and Nagurney (1993) and Nagurney and Zhang (1996), for
convergence of the general iterative scheme, which induces the Euler method, the
sequence {αt} must satisfy:

∑∞
t=0 α

t =∞, αt > 0, αt → 0, as t →∞.

Specific conditions for convergence of this scheme as well as various applications to
the solutions of network oligopolies can be found in Nagurney, Dupuis, and Zhang
(1994), Nagurney and Zhang (1996), Nagurney (2010), Nagurney and Yu (2012), and
Masoumi, Yu, and Nagurney (2012).
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Numerical Study

We focus on frozen blueberry supply chains in the United States.

Blueberries are available at various demand markets in the U.S.
because of their popularity and high demand.

The U.S. is the largest producer of blueberries, with a total of 309
thousand tons of production volume in 2019.
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Numerical Study

We look at the interplay between blueberry farms, and processing firms
selling their frozen blueberries at demand markets.

1 Scenario 1: Baseline Case Without any Supply Chain Disruptions

2 Scenario 2: Supply Chain Disruption I

3 Scenario 3: Supply Chain Disruption II

4 Scenario 4: Supply Chain Disruption III
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Scenario 1: Baseline Case Without any Supply Chain Disruptions
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Scenario 2: Supply Chain Disruption I

Atlantic Blueberry Company is selling only to the processing firms, due to a
supply chain disruption such as labor shortages as a consequence of the Covid-19
pandemic.
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Scenario 3: Supply Chain Disruption II

Our goal is to explore the possible consequences of the Covid-19 pandemic, such
as the shift in demand markets due to supply chain disruptions, for all the
agricultural firms.
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Scenario 4: Supply Chain Disruption III

This scenario is generated to demonstrate the impacts of transportation
disruptions on agricultural firms and processing firms as a consequence of the
Covid-19 pandemic.
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Discussion of the Numerical Results

Scenario 1: Without any Supply Chain Disruptions
Lower demand prices for the frozen blueberries of the processing firms;

Highest profit earned by Dole Food.

Scenario 2: Supply Chain Disruption I - Atlantic Blueberry
Company

Significant decrease in profits enjoyed by Atlantic Blueberry Company;

Demand prices increase

Profit increase for True Blue Farms’, Naturipe’s, and Dole Food.
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Discussion of Numerical Results

Scenario 3: Supply Chain Disruption II - Atlantic Blueberry
Company & True Blue Farms

Increase in demand prices of Naturipe and Dole Food;

Slight increase in profits for Naturipe and Dole Food;

Decrease in profits for True Blue Farms.

Scenario 4: Supply Chain Disruption III - Transportation
Disruption

True Blue Farms takes advantage of the situation and achieves higher
earnings;

The profits of the processing firms decrease.
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Conclusions

With the Covid-19 pandemic the fragility of the agricultural supply chain
became evident.

We develop the first integrated multitiered agricultural supply chain
network model in which agricultural firms and processing firms
compete noncooperatively.

We present the variational inequality formulation of the equilibrium
conditions and use an algorithmic scheme to obtain equilibrium solutions.

We test our modeling framework through a numerical study based on frozen
blueberry supply chains and analyze several disruption scenarios, including
ones related to the Covid-19 pandemic.

Our findings show that, when agricultural firms sell their produce only
to the processing firms and do not compete at the demand markets,
their profits decrease significantly.
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