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This lecture is based on the paper, “Supply Chain Performance
Assessment and Supplier and Component Importance
Identification in a General Competitive Multitiered Supply
Chain Network Model,” co-authored with Dong “Michelle” Li,
published in the Journal of Global Optimization (2017), 67(1),
pp 223-250, and also on our book Competing on Supply Chain
Quality, Springer 2016. References can be found therein.
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In this lecture, we capture decision-making associated with
different tiers of decision-makers in a supply chain with
suppliers and with firms, which you can think of as OEMs.
The former compete in prices in Bertrand fashion, whereas the
latter compete in product quantities a la Cournot.

The governing concept is still, as in the previous
lectures, that of Nash equilibrium.
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Outline

I Background and Motivation

I Representation of Supply Chains as Networks

I Methodology - The Variational Inequality Problem

I The Multitiered Supply Chain Network Model with
Suppliers

I The Nagurney-Qiang (N-Q) Network Efficiency /
Performance Measure

I Supply Chain Network Performance Measures

I The Algorithm and Numerical Examples

I Summary and Conclusions
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Background and Motivation
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Supply chains are the critical infrastructure and backbones
for the production, distribution, and consumption of goods as
well as services in our globalized Network Economy.

Supply chains, in their most fundamental realization, consist
of manufacturers and suppliers, distributors, retailers,
and consumers at the demand markets.

Today, supply chains may span thousands of miles across the
globe, involve numerous suppliers, retailers, and consumers,
and be underpinned by multimodal transportation and
telecommunication networks.
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A General Supply Chain
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Examples of Supply Chains

I food and food products

I high tech products

I automotive

I energy (oil, electric power, etc.)

I clothing and toys

I healthcare supply chains

I humanitarian relief

I supply chains in nature.
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Examples of Supply Chains
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We are living in an era of Fragile Networks and, yet, at
the same time, quality of products is essential.
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Background and Motivation

Suppliers are critical in providing essential components and
resources for finished goods in today’s globalized supply chain
networks. Even in the case of bread ingredients may travel
across the globe as inputs into production processes.

Suppliers are also decision-makers and compete with one

another to provide components to downstream

manufacturing firms.Professor Anna Nagurney SCH-MGMT 825 Management Science Seminar



Background and Motivation

When suppliers are faced with disruptions, whether due to
man-made activities or errors, natural disasters, unforeseen
events, or even terrorist attacks, the ramifications and effects
may propagate through a supply chain or multiple supply
chains.
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Examples of Supplier Failures Due to Quality Issues

Boeing, facing challenges with its 787 Dreamliner
supply chain design and numerous delays, ended up
having to buy two suppliers for $2.4 billion because the units
were underperforming in the chain (Tang, Zimmerman, and
Nelson (2009)).
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Examples of Supplier Failures Due to Quality Issues

• In 2007, the toy giant Mattel recalled 19 million toy cars
because of a supplier’s lead paint and small, poorly
designed magnets, which could harm children if
ingested (Story and Barboza (2007)).
• In 2010, four Japanese car-makers, including Toyota and
Nissan, recalled 3.6 million vehicles sold around the globe,
because the airbags supplied by Takata Corp., were at
risk of exploding and causing injury (Kubota and Klayman
(2013)). The recalls are still ongoing and have expanded to
other companies.
• In 2013, in the food industry, Taylor Farms, a large
vegetable supplier, was under investigation in connection with
an illness outbreak affecting hundreds of people in the
US (Strom (2013)).
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Examples of Supplier Failures Due to Quality Issues

• In 2016, Samsung made the unprecedented decision to
recall every single one of the Galaxy Note 7
smartphones sold because of explosions and fires, suspected
from the batteries (Hollister (2016)).
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Examples of Supplier Failures Due to Natural

Disasters

• The Royal Philips Electronics cell phone chip
manufacturing plant fire, due to a lightning strike on March
17, 2000, and subsequent water and smoke damage, which
adversely affected Ericsson, which, unlike Nokia, did not have
a backup, and suffered a second quarter operating loss in 2000
of $200 million in its mobile phone division.
• The Fukushima triple disaster on March 11, 2011 in
Japan resulted in shortages of memory chips, automotive
sensors, silicon wafers, and even certain colors of automotive
paints, because of the affected suppliers.
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Representation of Supply Chains as Networks
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Characteristics of Supply Chains Today

I large-scale nature and complexity of network topology;

I congestion, which leads to nonlinearities;

I alternative behavior of users of the networks, which
may lead to paradoxical phenomena;

I possibly conflicting criteria associated with
optimization;

I interactions among the underlying networks
themselves, such as the Internet with electric power
networks, financial networks, and transportation and
logistical networks;

I recognition of their fragility and vulnerability;

I policies surrounding networks today may have major
impacts.
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Supply Chains Are Network Systems

Supply chains are, in fact, Complex Network Systems.

Hence, any formalism that seeks to model supply chains
and to provide quantifiable insights and measures must
be a system-wide one and network-based.

Such crucial issues as the stability and resiliency of supply
chains, as well as their adaptability and responsiveness to
events in a global environment of increasing risk and
uncertainty can only be rigorously examined from the view of
supply chains as network systems.
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Representation of Supply Chains as Networks

By depicting supply chains as networks, consisting of nodes,
links, flows (and also associated functions and behavior) we
can:

• see commonalities and differences among supply chain
problems and even other network problems;

• avail ourselves, once the underlying functions (cost, profit,
demand, etc.), flows (product, informational, financial,
relationship levels, etc.), and constraints (nonnegativity,
demand, budget, etc.), and the behavior of the
decision-makers is identified, of powerful methodological
network tools for modeling, analysis, and computations;

• build meaningful extensions using the graphical/network
conceptualization.
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In Competing on Supply Chain Quality, we present supply
chain network models and tools to investigate: information
asymmetry, impacts of outsourcing on quality, minimum
quality standards, applications to industries such as pharma
and high tech, freight services and quality, and the
identification of which suppliers matter the most to both
individual firms’ supply chains and to that of the supply chain
network economy.
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Methodology - The Variational Inequality Problem
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Methodology - The Variational Inequality Problem

We utilize the theory of variational inequalities for the
formulation, analysis, and solution of both centralized and
decentralized supply chain network problems, which is one of
the foci of this seminar.

Definition: The Variational Inequality Problem
The finite-dimensional variational inequality problem,
VI(F ,K), is to determine a vector X ∗ ∈ K, such that:

〈F (X ∗), X − X ∗〉 ≥ 0, ∀X ∈ K,

where F is a given continuous function from K to RN , K is a
given closed convex set, and 〈·, ·〉 denotes the inner product in
RN .
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Methodology - The Variational Inequality Problem

The vector X consists of the decision variables – typically, the
flows (products, prices, etc.).

K is the feasible set representing how the decision variables are
constrained – for example, the flows may have to be
nonnegative; budget constraints may have to be satisfied;
similarly, quality and/or time constraints may have to be
satisfied.

The function F that enters the variational inequality represents
functions that capture the behavior in the form of the
functions such as costs, profits, risk, etc.
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The variational inequality problem contains, as special cases,
such mathematical programming problems as:

• systems of equations,

• optimization problems,

• complementarity problems,

• game theory problems, operating under Nash equilibrium,

• and is related to the fixed point problem.
Hence, it is a natural methodology for a spectrum of
supply chain network problems from centralized to
decentralized ones as well as to design problems.
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Geometric Interpretation of VI(F ,K) and a

Projected Dynamical System

In particular, F (X ∗) is “orthogonal” to the feasible set K at
the point X ∗.
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Associated with a VI is a Projected Dynamical System, which
provides natural underlying dynamics associated with travel
(and other) behavior to the equilibrium.
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To model the dynamic behavior of complex networks,
including supply chains, we utilize projected dynamical systems
(PDSs) advanced by Dupuis and Nagurney (1993) in Annals of
Operations Research and by Nagurney and Zhang (1996) in
our book Projected Dynamical Systems and Variational
Inequalities with Applications.

Such nonclassical dynamical systems are now being used in

evolutionary games (Sandholm (2005, 2011)),

ecological predator-prey networks (Nagurney and
Nagurney (2011a, b)), and

even neuroscience (Girard et al. (2008)

dynamic spectrum model for cognitive radio networks
(Setoodeh, Haykin, and Moghadam (2012)).
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Overview

We present a multitiered competitive supply chain
network game theory model, which includes the supplier
tier.

I The firms are differentiated by brands and can produce
their own components, as reflected by their capacities,
and/or obtain components from one or more suppliers,
who also are capacitated.

I The firms compete in Cournot-Nash fashion, whereas

I the suppliers compete a la Bertrand.

I All decision-makers seek to maximize their profits.

I Consumers reflect their preferences through the demand
price functions associated with the demand markets for
the firms’ products.
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Overview

I We propose supply chain network performance
measures, on the full supply chain and on the
individual firm levels, that assess the efficiency of the
supply chain or firm, respectively, and also allow for the
identification and ranking of the importance of suppliers
as well as the components of suppliers with respect to
the full supply chain or individual firm.

I Our framework adds to the growing literature on supply
chain disruptions by providing metrics that allow
individual firms, industry overseers or regulators, and/or
government policy-makers to identify the importance of
suppliers and the components that they produce for
various product supply chains.
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The Multitiered Supply Chain Network Model
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Figure: The Multitiered Supply Chain Network Topology
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Notation

QS
jil : the nonnegative amount of firm i ’s component l produced

by supplier j ; j = 1, . . . , nS ; i = 1, . . . , I ; l = 1, . . . , nl i .

QF
il : the nonnegative amount of firm i ’s component l

produced by firm i itself.

Qik : the nonnegative shipment of firm i ’s product from firm i
to demand market k ; k = 1, . . . , nR .

πjil : the price charged by supplier j for producing one unit of
firm i ’s component l .

dik : the demand for firm i ’s product at demand market k .

θil : the amount of component l needed by firm i to produce
one unit product i .
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Notation

f F
il (QF ): firm i ’s production cost for producing its component
l .

fi(Q): firm i ’s cost for assembling its product using the
components needed.

tcF
ik(Q): firm i ’s transportation cost for shipping its product to

demand market k .

cijl(Q
S): the transaction cost paid by firm i for transacting

with supplier j for its component l .

ρik(d): the demand price for firm i ’s product at demand
market k .

All the {QS
jil} elements are grouped into QS ∈ R

nS
PI

i=1 n
l i

+ ; the

{QF
il } elements into QF ∈ R

PI
i=1 n

l i

+ ; the {Qik} elements into

Q ∈ R InR
+ , and the {dik} elements into d ∈ R InR

+ .
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The Behavior of the Firms

MaximizeQi ,Q
F
i ,QS

i
UF

i =

nRX
k=1

ρik (d)dik − fi (Q)−
n
l iX

l=1

f F
il (QF )−

nRX
k=1

tcF
ik (Q)

−
nSX
j=1

n
l iX

l=1

π∗jilQ
S
jil −

nSX
j=1

n
l iX

l=1

cijl (Q
S ) (1)

subject to: Qik = dik , i = 1, . . . , I ; k = 1, . . . , nR , (2)

nRX
k=1

Qikθil ≤
nSX
j=1

QS
jil + QF

il , i = 1, . . . , I ; l = 1, . . . , nl i , (3)

Qik ≥ 0, i = 1, . . . , I ; k = 1, . . . , nR , (4)

CAPS
jil ≥ QS

jil ≥ 0, j = 1, . . . , nS ; i = 1, . . . , I ; l = 1, . . . , nl i , (5)

CAPF
il ≥ QF

il ≥ 0, i = 1, . . . , I ; l = 1, . . . , nl i . (6)

Group firm i ’s {QS
jil} elements into QS

i ∈ R
nSn

l i

+ , its {QF
il } elements into QF

i ∈ R
n
l i

+ ,

and its {Qik} elements into Qi ∈ R
nR
+ .

Professor Anna Nagurney SCH-MGMT 825 Management Science Seminar



The Behavior of the Firms

We define K
F

i ≡ {(Qi ,Q
F
i ,QS

i )|(3) - (6) are satisfied}. All K
F

i ;
i = 1, . . . , I , are closed and convex. We also define the feasible set

KF ≡ ΠI
i=1K

F

i .
Definition 1: A Cournot-Nash Equilibrium A product shipment,
in-house component production, and contracted component production

pattern (Q∗,QF ∗,QS∗) ∈ KF
is said to constitute a Cournot-Nash

equilibrium if for each firm i; i = 1, . . . , I ,

UF
i (Q∗

i , Q̂∗
i ,QF∗

i , Q̂F∗

i ,QS∗

i , Q̂S∗

i , π∗) ≥ UF
i (Qi , Q̂

∗
i ,QF

i , Q̂F∗

i ,QS
i , Q̂S∗

i , π∗),

∀(Qi ,Q
F
i ,QS

i ) ∈ K
F

i , (7)

where
Q̂∗

i ≡ (Q∗
1 , . . . ,Q∗

i−1,Q
∗
i+1, . . . ,Q

∗
I ),

Q̂F∗

i ≡ (QF∗

1 , . . . ,QF∗

i−1,Q
F∗

i+1, . . . ,Q
F∗

I ),

Q̂S∗

i ≡ (QS∗

1 , . . . ,QS∗

i−1,Q
S∗

i+1, . . . ,Q
S∗

I ).
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Variational Inequality Formulation of the

Cournot-Nash Equilibrium

Theorem 1: Variational Inequality Formulations Assume that, for
each firm i; i = 1, . . . , I , the utility function UF

i (Q,QF ,QS , π∗) is
concave with respect to its variables in Qi , QF

i , and QS
i , and is

continuous and continuously differentiable. Then (Q∗,QF ∗,QS∗) ∈ KF

is a Cournot-Nash equilibrium according to Definition 1 if and only if it
satisfies the variational inequality:

−
I∑

i=1

nR∑
k=1

∂UF
i (Q∗,QF ∗,QS∗, π∗)

∂Qik
× (Qik − Q∗

ik)

−
I∑

i=1

nl i∑
l=1

∂UF
i (Q∗,QF ∗,QS∗, π∗)

∂QF
il

× (QF
il − QF∗

il )

−
nS∑
j=1

I∑
i=1

nl i∑
l=1

∂UF
i (Q∗,QF ∗,QS∗, π∗)

∂QS
jil

×(QS
jil−QS∗

jil ) ≥ 0, ∀(Q,QF ,QS) ∈ KF
,

(8)
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Theorem 1 (continued) with notice that: for i = 1, . . . , I ;
k = 1, . . . , nR :

−∂UF
i

∂Qik
=

[
∂fi (Q)

∂Qik
+

nR∑
h=1

∂tcF
ih(Q)

∂Qik
−

nR∑
h=1

∂ρ̂ih(Q)

∂Qik
Qih − ρ̂ik(Q)

]
,

for i = 1, . . . , I ; l = 1, . . . , nl i :

−∂UF
i

∂QF
il

=

[ nl i∑
m=1

∂f F
im(QF )

∂QF
il

]
,

for j = 1, . . . , nS ; i = 1, . . . , I ; l = 1, . . . , nl i :

−∂UF
i

∂QS
jil

=

[
π∗jil +

nS∑
g=1

nl i∑
m=1

∂cigm(QS)

∂QS
jil

]
.
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Theorem 1 (continued) Equivalently, (Q∗, QF∗ , QS∗ , λ∗) ∈ KF is a vector of the
equilibrium product shipment, in-house component production, contracted component
production pattern, and Lagrange multipliers if and only if it satisfies the variational
inequality

IX
i=1

nRX
k=1

24 ∂fi (Q
∗)

∂Qik
+

nRX
h=1

∂tcF
ih(Q∗)

∂Qik
−

nRX
h=1

∂ρ̂ih(Q
∗)

∂Qik
Q∗ih − ρ̂ik (Q∗) +

n
l iX

l=1

λ∗il θil

35

×(Qik − Q∗ik ) +
IX

i=1

n
l iX

l=1

24 n
l iX

m=1

∂f F
im(QF∗ )

∂QF
il

− λ∗il

35 × (QF
il − QF∗

il )

+

nSX
j=1

IX
i=1

n
l iX

l=1

24π∗jil +

nSX
g=1

n
l iX

m=1

∂cigm(QS∗ )

∂QS
jil

− λ∗il

35 × (QS
jil − QS∗

jil )

+
IX

i=1

n
l iX

l=1

24 nSX
j=1

QS∗
jil + QF∗

il −
nRX
k=1

Q∗ikθil

35 × (λil − λ∗il ) ≥ 0, ∀(Q, QF , QS , λ) ∈ KF ,

(9)

where KF ≡ ΠI
i=1K

F
i and KF

i ≡ {(Qi , Q
F
i , QS

i , λi )|λi ≥ 0 with (4) - (6) satisfied}.
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Notation for the Suppliers

f S
jl (QS): supplier j ’s production cost for producing component l ;
l = 1, . . . , nl .

tcS
jil(Q

S): supplier j ’s transportation cost for shipping firm i ’s component
l .

ocj(π): supplier j ’s opportunity cost.

We group all the {πjil} elements into the vector π ∈ R
nS

PI
i=1 nl i

+ .
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The Behavior of the Suppliers

Maximizeπj US
j =

I∑
i=1

nl i∑
l=1

πjilQ
S∗

jil −
nl∑

l=1

f S
jl (QS∗)−

I∑
i=1

nl i∑
l=1

tcS
jil(Q

S∗)−ocj(π)

(11)
subject to:

πjil ≥ 0, j = 1, . . . , nS ; i = 1, . . . , I ; l = 1, . . . , nl i . (12)

For supplier j , we group its {πjil} elements into the vector πj ∈ R
PI

i=1 nl i

+ .
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The Behavior of the Suppliers

We define the feasible sets KS
j ≡ {πj |πj ∈ R

PI
i=1 nl i

+ }, KS ≡ ΠnS

j=1K
S
j , and

K ≡ KF ×KS .

Definition 2: A Bertrand Equilibrium A price pattern π∗ ∈ KS is said
to constitute a Bertrand equilibrium if for each supplier j ; j = 1, . . . , nS ,

US
j (QS∗ , π∗j , π̂∗j ) ≥ US

j (QS∗ , πj , π̂
∗
j ), ∀πj ∈ KS

j , (13)

where
π̂∗j ≡ (π∗1 , . . . , π∗j−1, π

∗
j+1, . . . , π

∗
nS

).
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Variational Inequality Formulation of Bertrand

Equilibrium

Theorem 2: Variational Inequality Formulation Assume that, for
each supplier j ; j = 1, . . . , nS , the profit function US

j (QS∗ , π) is concave
with respect to the variables in πj , and is continuous and continuously
differentiable. Then π∗ ∈ KS is a Bertrand equilibrium according to
Definition 2 if and only if it satisfies the variational inequality:

−
nS∑
j=1

I∑
i=1

nl i∑
l=1

∂US
j (QS∗ , π∗)

∂πjil
× (πjil − π∗jil) ≥ 0,

∀π ∈ KS , (14)

with notice that: for j = 1, . . . , nS ; i = 1, . . . , I ; l = 1, . . . , nl i :

−
∂US

j

∂πjil
=

∂ocj(π)

∂πjil
− QS∗

jil .
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Equilibrium Conditions for the Multitiered Supply

Chain Network

Definition 3: Multitiered Supply Chain Network
Equilibrium with Suppliers The equilibrium state of the
multitiered supply chain network with suppliers is one where
both variational inequalities (8) (or (9)) and (14) hold
simultaneously.
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Theorem 3: Variational Inequality Formulations of the Multitiered Supply Chain
The equilibrium conditions governing the multitiered supply chain network model with
suppliers are equivalent to the solution of the variational inequality problem:
determine (Q∗, QF∗ , QS∗ , π∗) ∈ K, such that:

−
IX

i=1

nRX
k=1

∂UF
i (Q∗, QF∗ , QS∗ , π∗)

∂Qik
× (Qik − Q∗ik )−

IX
i=1

n
l iX

l=1

∂UF
i (Q∗, QF∗ , QS∗ , π∗)

∂QF
il

×(QF
il − QF∗

il )−
nSX
j=1

IX
i=1

n
l iX

l=1

∂UF
i (Q∗, QF∗ , QS∗ , π∗)

∂QS
jil

× (QS
jil − QS∗

jil )

−
nSX
j=1

IX
i=1

n
l iX

l=1

∂US
j (QS∗ , π∗)

∂πjil
× (πjil − π∗jil ) ≥ 0, ∀(Q, QF , QS , π) ∈ K. (15)
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Theorem 3 (continued) Equivalently: determine
(Q∗,QF∗ ,QS∗ , λ∗, π∗) ∈ K, such that:

I∑
i=1

nR∑
k=1

[
∂fi (Q

∗)

∂Qik
+

nR∑
h=1

∂tcF
ih(Q

∗)

∂Qik
−

nR∑
h=1

∂ρ̂ih(Q
∗)

∂Qik
Q∗

ih − ρ̂ik(Q
∗) +

nl i∑
l=1

λ∗ilθil

]

×(Qik − Q∗
ik) +

I∑
i=1

nl i∑
l=1

[ nl i∑
m=1

∂f F
im(QF∗)

∂QF
il

− λ∗il

]
× (QF

il − QF∗

il )

+

nS∑
j=1

I∑
i=1

nl i∑
l=1

[
π∗jil +

nS∑
g=1

nl i∑
m=1

∂cigm(QS∗)

∂QS
jil

− λ∗il

]
× (QS

jil − QS∗

jil )

+
I∑

i=1

nl i∑
l=1

 nS∑
j=1

QS∗

jil + QF∗

il −
nR∑

k=1

Q∗
ikθil

× (λil − λ∗il)

+

nS∑
j=1

I∑
i=1

nl i∑
l=1

[
∂ocj(π

∗)

∂πjil
− QS∗

jil

]
×(πjil−π∗jil) ≥ 0, ∀(Q,QF ,QS , λ, π) ∈ K,

(16)
where K ≡ KF ×KS .
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Standard Variational Inequality Form

Standard Variational Inequality Form Determine X ∗ ∈ K
where X is a vector in RN , F (X ) is a continuous function such
that F (X ) : X 7→ K ⊂ RN , and

〈F (X ∗), X − X ∗〉 ≥ 0, ∀X ∈ K, (17)

where 〈·, ·〉 is the inner product in the N-dimensional Euclidean
space, N = InR + 2nS

∑I
i=1 nl i + 2

∑I
i=1 nl i , and K is closed

and convex. We define the vector X ≡ (Q, QF , QS , λ, π) and
the vector F (X ) ≡ (F 1(X ), F 2(X ), F 3(X ), F 4(X ), F 5(X )),
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F 1(X ) =

[
∂fi (Q)

∂Qik
+

nR∑
h=1

∂tcF
ih(Q)

∂Qik
−

nR∑
h=1

∂ρ̂ih(Q)

∂Qik
Qih − ρ̂ik(Q) +

nl i∑
l=1

λilθil ;

i = 1, . . . , I ; k = 1, . . . , nR ] , (18a)

F 2(X ) =

[ nl i∑
m=1

∂f F
im(QF )

∂QF
il

− λil ; i = 1, . . . , I ; l = 1, . . . , nl i

]
, (18b)

F 3(X ) =

[
πjil +

nS∑
g=1

nl i∑
m=1

∂cigm(QS)

∂QS
jil

− λil ;

j = 1, . . . , nS ; i = 1, . . . , I ; l = 1, . . . , nl i ] , (18c)

F 4(X ) =

 nS∑
j=1

QS
jil + QF

il −
nR∑

k=1

Qikθil ; i = 1, . . . , I ; l = 1, . . . , nl i

 ,

(18d)

F 5(X ) =

[
∂ocj(π)

∂πjil
− QS

jil ; j = 1, . . . , nS ; i = 1, . . . , I ; l = 1, . . . , nl i

]
.

(18e)
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Qualitative Properties

It is reasonable to expect that the price charged by each
supplier j for producing one unit of firm i ’s component l , πjil ,
is bounded by a sufficiently large value, since, in practice, each
supplier cannot charge unbounded prices to the firms.
Assumption 1 Suppose that in our supply chain network
model with suppliers there exists a sufficiently large Π, such
that,

πjil ≤ Π, j = 1, . . . , nS ; i = 1, . . . , I ; l = 1, . . . , nl i . (19)

Theorem 4: Existence With Assumption 1 satisfied, there
exists at least one solution to variational inequalities (17);
equivalently, (16) and (15).
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Qualitative Properties

Theorem 5: Uniqueness If Assumption 1 is satisfied, the
equilibrium product shipment, in-house component production,
contracted component production, and suppliers’ price pattern
(Q∗, QF∗ , QS∗ , π∗) in variational inequality (17), is unique
under the following conditions:
(i). one of the two families of convex functions fi(Q);
i = 1, . . . , I , and tcF

ik(Q); k = 1 . . . .nR , is strictly convex in
Qik ;
(ii). the f F

il (QF ); i = 1, . . . , I , l = 1, . . . .nl i , are strictly convex
in QF

il ;
(iii). the cijl(Q

S); j = 1, . . . , nS , i = 1, . . . , I , l = 1, . . . .nl i , are
strictly convex in QS

jil ;
(iv). the ocj(π); j = 1, . . . , nS , are strictly convex in πjil ;
(v). the ρik(d); i = 1, . . . , I , k = 1, . . . .nR , are strictly
monotone decreasing of dik .
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The Nagurney-Qiang (N-Q)
Network Efficiency / Performance Measure
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The Nagurney and Qiang (N-Q) Network

Efficiency / Performance Measure

Since our supply chain performance assessment measure and
the various importance indicators are inspired by the Nagurney
and Qiang network efficiency measure and associated
important indicators and, without loss of generality, we even
make use of similar notation, we now briefly recall the N-Q
measure and a few of its applications world-wide.
The reference is: A. Nagurneyand Q. Qiang (2008), “A
network efficiency measure with application to critical
infrastructure networks.” Journal of Global Optimization, 40,
pp 261-275.
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The Nagurney and Qiang (N-Q) Network

Efficiency / Performance Measure

Definition: A Unified Network Performance Measure
The network performance/efficiency measure, E(G, d), for a
given network topology G and the equilibrium (or fixed)
demand vector d, is:

E = E(G, d) =

∑
w∈W

dw

λw

nW
,

where recall that nW is the number of O/D pairs in the
network, and dw and λw denote, for simplicity, the equilibrium
(or fixed) demand and the equilibrium disutility for O/D pair
w, respectively.
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The Importance of Nodes and Links

Definition: Importance of a Network Component
The importance of a network component g ∈ G, I (g), is
measured by the relative network efficiency drop after g is
removed from the network:

I (g) =
4E
E

=
E(G, d)− E(G − g , d)

E(G, d)

where G − g is the resulting network after component g is
removed from network G.
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The Approach to Identifying the Importance of

Network Components

The elimination of a link is treated in the N-Q network
efficiency measure by removing that link while the removal of
a node is managed by removing the links entering and exiting
that node.

In the case that the removal results in no path connecting an
O/D pair, we simply assign the demand for that O/D pair to
an abstract path with a cost of infinity.

The N-Q measure is well-defined even
in the case of disconnected networks.
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The Advantages of the N-Q Network Efficiency

Measure

• The measure captures demands, flows, costs, and
behavior of users, in addition to network topology.
• The resulting importance definition of network components
is applicable and well-defined even in the case of
disconnected networks.
• It can be used to identify the importance (and ranking)
of either nodes, or links, or both.
• It can be applied to assess the efficiency/performance of
a wide range of network systems, including financial
systems and supply chains under risk and uncertainty.
• It is applicable also to elastic demand networksand also
to dynamic networks, including the Internet.
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Some Applications of the N-Q Measure
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The Sioux Falls Network

Figure: The Sioux Falls network with 24 nodes, 76 links, and 528
O/D pairs of nodes.
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Importance of Links in the Sioux Falls Network

The computed network efficiency measure E for the Sioux
Falls network is E = 47.6092. Links 27, 26, 1, and 2 are the
most important links, and hence special attention should be
paid to protect these links accordingly, while the removal of
links 13, 14, 15, and 17 would cause the least efficiency loss.

Figure: The Sioux Falls network link importance rankingsProfessor Anna Nagurney SCH-MGMT 825 Management Science Seminar



According to the European Environment Agency (2004), since
1990, the annual number of extreme weather and
climate related events has doubled, in comparison to
the previous decade. These events account for
approximately 80% of all economic losses caused by
catastrophic events. In the course of climate change,
catastrophic events are projected to occur more frequently
(see Schulz (2007)).
Schulz (2007) applied N-Q network efficiency measure to
a German highway system in order to identify the
critical road elements and found that this measure provided
more reasonable results than the measure of Taylor and D’Este
(2007).
The N-Q measure can also be used to assess which links should
be added to improve efficiency. This measure was used for
the evaluation of the proposed North Dublin (Ireland)
Metro system (October 2009 Issue of ERCIM News).
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Figure: Comparative Importance of the links for the Baden -
Wurttemberg Network – Modelling and analysis of transportation
networks in earthquake prone areas via the N-Q measure,
Tyagunov et al. Professor Anna Nagurney SCH-MGMT 825 Management Science Seminar



Mitsakis et al. (2014) applied the N-Q measure to identify the
importance of links in Peloponessus, Greece. The work was
inspired by the immense fires that hit this region in 2007.

The N-Q measure is noted in the ”Guidebook for Enhancing

Resilience of European Road Transport in Extreme Weather

Events,” 2014. Professor Anna Nagurney SCH-MGMT 825 Management Science Seminar



The N-Q measure has also been used to assess new shipping
routes in Indonesia in a report, ”State of Logistics - Indonesia
2015.”
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An Application to the Braess Paradox
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Figure: The Braess Network Example
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The importance of behavior will now be illustrated through a
famous example known as the Braess paradox which
demonstrates what can happen under U-O as opposed to S-O
behavior.

Although the paradox was presented in the context of
transportation networks, it is relevant to other network
systems in which decision-makers act in a
noncooperative (competitive) manner.
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The Braess (1968) Paradox

Assume a network with a single
O/D pair (1,4). There are 2
paths available to travelers:
p1 = (a, c) and p2 = (b, d).

For a travel demand of 6, the
equilibrium path flows are
x∗p1

= x∗p2
= 3 and

The equilibrium path travel
cost is
Cp1 = Cp2 = 83.
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b

ca(fa) = 10fa, cb(fb) = fb+50,

cc(fc) = fc+50, cd(fd) = 10fd .
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Adding a Link Increases Travel Cost for All!

Adding a new link creates a
new path p3 = (a, e, d).

The original flow distribution
pattern is no longer an
equilibrium pattern, since at
this level of flow the cost on
path p3, Cp3 = 70.

The new equilibrium flow
pattern network is
x∗p1

= x∗p2
= x∗p3

= 2.

The equilibrium path travel
cost: Cp1 = Cp2 = Cp3 = 92.
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ce(fe) = fe + 10
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The 1968 Braess article has been translated from German to
English and appears as: “On a Paradox of Traffic Planning,”

D. Braess, A. Nagurney, and T. Wakolbinger (2005)
Transportation Science 39, pp 446-450.
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An Application to the Braess Paradox

We now apply the unified network efficiency measure E to the
Braess network with the link e to identify the importance and
ranking of nodes and links. The results are reported in the
Tables.

Table: Link Results for the Braess Network

E Measure E Measure
Importance Importance

Link Value Ranking
a .2069 1
b .1794 2
c .1794 2
d .2069 1
e -.1084 3
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An Application to the Braess Paradox

Table: Nodal Results for the Braess Network

E Measure E Measure
Importance Importance

Node Value Ranking
1 1.0000 1
2 .2069 2
3 .2069 2
4 1.0000 1
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Supply Chain Network Performance Measures
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Supply Chain Network Performance Measures

We now present the supply chain network performance
measure for the whole competitive supply chain network G
and that for the supply chain network of each individual firm
i ,Gi ; i = 1, . . . , I , under competition.

I Such measures capture the efficiency of the supply chains
in that the higher the demand to price ratios normalized
over associated firm and demand market pairs, the higher
the efficiency.

I Hence, a supply chain network is deemed to perform
better if it can satisfy higher demands, on the average,
relative to the product prices.
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Supply Chain Network Performance Measures

Definition 4.1: The Supply Chain Network Performance Measure
for the Whole Competitive Supply Chain Network G
The supply chain network performance/efficiency measure, E(G ), for a
given competitive supply chain network topology G and the equilibrium
demand vector d∗, is defined as follows:

E = E(G ) =

∑I
i=1

∑nR

k=1
d∗ik

ρik (d∗)

I × nR
. (20)

Definition 4.2: The Supply Chain Network Performance Measure
for an Individual Firm under Competition
The supply chain network performance/efficiency measure, Ei (Gi ), for
the supply chain network topology of a given firm i, Gi , under
competition and the equilibrium demand vector d∗, is defined as:

Ei = Ei (Gi ) =

∑nR

k=1
d∗ik

ρik (d∗)

nR
, i = 1, . . . , I . (21)
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The Importance of Supply Chain Network Suppliers and Their Components

Definition 5.1: Importance of a Supplier for the Whole
Competitive Supply Chain Network G The importance of
a supplier j , corresponding to a supplier node j ∈ G, I (j), for
the whole competitive supply chain network, is measured by
the relative supply chain network efficiency drop after j is
removed from the whole supply chain:

I (j) =
4E
E

=
E(G )− E(G − j)

E(G )
, j = 1, . . . , nS , (22)

where G − j is the resulting supply chain after supplier j is
removed from the competitive supply chain network G.
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The Importance of Supply Chain Network Suppliers and Their Components

We also can construct using an adaptation of (22) a
robustness-type measure for the whole competitive supply
chain by evaluating how the supply chain is impacted if all the
suppliers are eliminated due to a major disruption. Specifically,
we let:

I (

nS∑
j=1

j) =
4E
E

=
E(G )− E(G −

∑nS

j=1 j)

E(G )
, (23)

measure how the whole supply chain can respond if all of its
suppliers are unavailable.
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The Importance of Supply Chain Network Suppliers and Their Components

Definition 5.2: Importance of a Supplier for the Supply Chain
Network of an Individual Firm under Competition The importance of
a supplier j , corresponding to a supplier node j ∈ Gi , Ii (j), for the supply
chain network of a given firm i under competition, is measured by the
relative supply chain network efficiency drop after j is removed from Gi :

Ii (j) =
4Ei

Ei
=
Ei (Gi )− Ei (Gi − j)

Ei (Gi )
, i = 1, . . . , I ; j = 1, . . . , nS . (24)

The corresponding robustness measure for the supply chain of firm i if all
the suppliers are eliminated is:

Ii (

nS∑
j=1

j) =
4Ei

Ei
=
Ei (Gi )− Ei (Gi −

∑nS

j=1 j)

Ei (Gi )
, i = 1, . . . , I . (25)
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The Importance of Supply Chain Network Suppliers and Their Components

Definition 5.3: Importance of a Supplier’s Component for the
Whole Competitive Supply Chain Network G The importance of a
supplier j ’s component lj ; lj = 1j , . . . , nl j , corresponding to j’s
component node lj ∈ G, I (lj), for the whole competitive supply chain
network, is measured by the relative supply chain network efficiency drop
after lj is removed from G:

I (lj) =
4E
E

=
E(G )− E(G − lj)

E(G )
, j = 1, . . . , nS ; lj = 1j , . . . , nl j . (26)

where G − lj is the resulting supply chain after supplier j ’s component lj
is removed from the whole competitive supply chain network.
The corresponding robustness measure for the whole competitive supply
chain network if all suppliers’ component lj ; lj = 1j , . . . , nl j , are
eliminated is:

I (

nS∑
j=1

lj) =
4E
E

=
E(G )− E(G −

∑nS

j=1 lj)

E(G )
, lj = 1j , . . . , nl j . (27)
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The Importance of Supply Chain Network Suppliers and Their Components

Definition 5.4: Importance of a Supplier’s Component for the
Supply Chain Network of an Individual Firm under Competition
The importance of supplier j ’s component lj ; lj = 1j , . . . , nl j ,
corresponding to a component node lj ∈ Gi , Ii (lj), for the supply chain
network of a given firm i under competition, is measured by the relative
supply chain network efficiency drop after lj is removed from Gi :

Ii (lj) =
4Ei

Ei
=
Ei (Gi )− Ei (Gi − lj)

Ei (Gi )
, i = 1, . . . , I ; j = 1, . . . , nS ; lj = 1j , . . . , nl j .

(28)

The corresponding robustness measure for the supply chain network of
firm i if all suppliers’ component lj , lj = 1j , . . . , nl j , are eliminated is:

Ii (

nS∑
j=1

lj) =
4Ei

Ei
=
Ei (Gi )− Ei (Gi −

∑nS

j=1 lj)

Ei (Gi )
, i = 1, . . . , I ; lj = 1j , . . . , nl j .

(29)
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The Algorithm and Numerical Examples
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The Algorithm - The Euler Method

Iteration τ of the Euler method is:

X τ+1 = PK(X τ − aτF (X τ )), (30)

where PK is the projection on the feasible set K and F is the
function that enters the variational inequality problem (17).

For convergence of the general iterative scheme, which induces
the Euler method, the sequence {aτ} must satisfy:∑∞

τ=0 aτ = ∞, aτ > 0, aτ → 0, as τ →∞.
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Explicit Formulae for the Computation of the Product and Component Quantities

Qτ+1
ik = max{0, Qτ

ik + aτ (−
∂fi (Q

τ )

∂Qik
−

nRX
h=1

∂tcF
ih(Qτ )

∂Qik
+

nRX
h=1

∂ρ̂ih(Q
τ )

∂Qik
Qτ

ih + ρ̂ik (Qτ )

−
n
l iX

l=1

λτ
il θil )}; i = 1, . . . , I ; k = 1, . . . , nR . (31a)

QFτ+1

il = min{CAPF
il , max{0, QFτ

il + aτ (−
n
l iX

m=1

∂f F
im(QFτ

)

∂QF
il

+ λτ
il )}};

i = 1, . . . , I ; l = 1, . . . , nl i . (31b)

QSτ+1

jil = min{CAPS
jil , max{0, QSτ

jil + aτ (−πτ
jil −

nSX
g=1

n
l iX

m=1

∂cigm(QSτ
)

∂QS
jil

+ λτ
il )}};

j = 1, . . . , nS ; i = 1, . . . , I ; l = 1, . . . , nl i . (31c)
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Explicit Formulae for the Computation of the Prices and Lagrange Multipliers

λτ+1
il = max{0, λτ

il + aτ (−
nSX
j=1

QSτ

jil − QFτ

il +

nRX
k=1

Qτ
ikθil )}; i = 1, . . . , I ; l = 1, . . . , nl i .

(31d)

πτ+1
jil = max{0, πτ

jil +aτ (−
∂ocj (π

τ )

∂πjil
+QSτ

jil )}; j = 1, . . . , nS ; i = 1, . . . , I ; l = 1, . . . , nl i .

(31e)
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Numerical Examples

We implemented the Euler method using Matlab on a Lenovo
Z580. The convergence tolerance is 10−6, so that the
algorithm is deemed to have converged when the absolute
value of the difference between each successive quantities,
prices, and Lagrange multipliers is less than or equal to 10−6.
The sequence {aτ} is set to: {1, 1

2
, 1

2
, 1

3
, 1

3
, 1

3
, . . .}.

We initialize the algorithm by setting the product and
component quantities equal to 50 and the prices and the
Lagrange multipliers equal to 0.

Professor Anna Nagurney SCH-MGMT 825 Management Science Seminar



Numerical Examples - Example 1
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Figure: Example 1
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Numerical Examples - Example 1

The product of firm 1 requires two components: 11 and 21. 2
units of component 11 and 3 units of component 21 are
needed for producing one unit of firm 1’s product.

The product of firm 2 requires two components, 12 and 22. To
produce one unit of firm 2’s product, 2 units of component 12

and 2 units of component 22 are needed. Therefore,

θ11 = 2, θ12 = 3, θ21 = 2, θ22 = 2.

Components 11 and 12 are the same component, which
corresponds to node 1 in the second tier in Figure 6.
Components 21 and 22 correspond to nodes 2 and 3,
respectively.
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Numerical Examples - Example 1
The capacities of the suppliers are:

CAPS
111 = 80, CAPS

112 = 90, CAPS
121 = 80, CAPS

122 = 50,

The firms are not capable of producing components 11 or 12, so their capacities are:

CAPF
11 = 0, CAPF

12 = 20, CAPF
21 = 0, CAPF

22 = 30.

The supplier’s production costs are:

f S
11(Q

S
111, Q

S
121) = 2(QS

111 + QS
121), f S

12(Q
S
112) = 3QS

112, f S
13(Q

S
122) = QS

122.

The supplier’s transportation costs are:

tcS
111(Q

S
111, Q

S
112) = 0.75QS

111 + 0.1QS
112, tcS

112(Q
S
112, Q

S
111) = 0.1QS

112 + 0.05QS
111,

tcS
121(Q

S
121, Q

S
122) = QS

121 + 0.2QS
122, tcS

122(Q
S
122, Q

S
121) = 0.6QS

122 + 0.25QS
121.

The opportunity cost of the supplier is:

oc1(π111, π112, π121, π122) = 0.5(π111−10)2+(π112−5)2+0.5(π121−10)2+0.75(π122−7)2.
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Numerical Examples - Example 1

The firms’ assembly costs are:

f1(Q11, Q12, Q21, Q22) = 2(Q11 + Q12)
2 + 2(Q11 + Q12) + (Q11 + Q12)(Q21 + Q22),

f2(Q11, Q12, Q21, Q22) = 1.5(Q21 + Q22)
2 + 2(Q21 + Q22) + (Q11 + Q12)(Q21 + Q22).

The firms’ production costs for producing their components are:

f F
11(Q

F
11, Q

F
21) = 3QF2

11 + QF
11 + 0.5QF

11Q
F
21, f F

12(Q
F
12) = 2QF2

12 + 1.5QF
12,

f F
21(Q

F
11, Q

F
21) = 3QF2

21 + 2QF
21 + 0.75QF

11Q
F
21, f F

22(Q
F
22) = 1.5QF2

22 + QF
22.

The firms’ transportation costs for shipping their products to the demand markets are:

tcF
11(Q11, Q21) = Q2

11 + Q11 + 0.5Q11Q21, tcF
12(Q12, Q22) = 2Q2

12 + Q12 + 0.5Q12Q22,

tcF
21(Q21, Q11) = 1.5Q2

21+Q21+0.25Q11Q21, tcF
22(Q12, Q22) = Q2

22+0.5Q22+0.25Q12Q22.
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Numerical Examples - Example 1

The transaction costs of the firms are:

c111(Q
S
111) = 0.5QS2

111 + 0.25QS
111, c112(Q

S
112) = 0.25QS2

112 + 0.3QS
112,

c211(Q
S
121) = 0.3QS2

121 + 0.2QS
121, c212(Q

S
122) = 0.2QS2

122 + 0.1QS
122.

The demand price functions are:

ρ11(d11, d21) = −1.5d11− d21 + 500, ρ12(d12, d22) = −2d12− d22 + 450,

ρ21(d11, d21) = −2d21−0.5d11 +500, ρ22(d12, d22) = −2d22−d12 +400.
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Numerical Examples - Example 1

The Euler method converges to the following equilibrium solution.

Q∗
11 = 13.39, Q∗

12 = 4.51, Q∗
21 = 18.62, Q∗

22 = 5.87.

d∗
11 = 13.39, d∗

12 = 4.51, d∗
21 = 18.62, d∗

22 = 5.87.

ρ11 = 461.30, ρ12 = 435.11, ρ21 = 456.07, ρ22 = 383.75.

QF∗

11 = 0.00, QF∗

12 = 11.50, QF∗

21 = 0.00, QF∗

22 = 14.35.

QS∗

111 = 35.78, QS∗

112 = 42.18, QS∗

121 = 48.99, QS∗

122 = 34.64.

λ∗11 = 81.82, λ∗12 = 47.48, λ∗21 = 88.58 λ∗22 = 44.05.

π∗11 = 45.78, π∗12 = 26.09, π∗21 = 58.99, π∗22 = 30.09.

The profits of the firms are, respectively, 2,518.77 and 3,485.51. The

profit of the supplier is 3,529.19.
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Numerical Examples - Example 1 - Performance

Measures

Table: Supply Chain Network Performance Measure Values for
Example 1

Chain E(G) E(G − 1) E(G − 11) E(G − 21) E(G − 31)
Whole 0.0239 0 0 0.0181 0.0183

Ei (Gi ) Ei (Gi − 1) Ei (Gi − 11) Ei (Gi − 21) Ei (Gi − 31)
Firm 1’s 0.0197 0 0 0.0071 0.0203
Firm 2’s 0.0281 0 0 0.0292 0.0163
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Numerical Examples - Example 1 - Importance

Measures

Table: Importance and Rankings of Supplier 1’s Components 1, 2, and 3
for Example 1

Importance for the
Whole Chain Ranking

Supplier 1 1
Component 1 1 1
Component 2 0.2412 2
Component 3 0.2331 3

Importance for Importance for
Firm 1’s Chain Ranking Firm 2’s Chain Ranking

Supplier 1 1 1
Component 1 1 1 1 1
Component 2 0.6401 2 −0.0387 3
Component 3 −0.0329 3 0.4197 2
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Discussion of Results for Example 1

Because supplier 1’s component 2 is produced
exclusively for firm 1, it is more important for firm 1
than supplier 1’s component/node 3, but not as
important as component 1. After removing it from the
supply chain, firm 1’s profit decreases, but firm 2’s profit
increases because of competition. The supply chain
performance of firm 2’s supply chain also increases after the
removal. In addition, component 2 is more important for firm
1 than for firm 2 and for the whole supply chain network.

For a similar reason, since supplier 1’s component/node
3 is made exclusively for firm 2, it is more important
than supplier 1’s component 2 for firm 2.
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Numerical Examples - Example 2

Example 2 is the same as Example 1 except that supplier 1 is no longer
the only entity that can produce components 11 and 12. The firms have
recovered some capacity and can produce the components.

The capacities of the firms are now:

CAPF
11 = 20, CAPF

12 = 20, CAPF
21 = 20, CAPF

22 = 30.

Table: Equilibrium Solution and Incurred Demand Prices for Example 2

Q∗ Q∗
11 = 14.43 Q∗

121 = 5.13 Q∗
21 = 19.60 Q∗

22 = 7.02

QF∗ QF∗

11 = 10.23 QF∗

12 = 12.50 QF∗

21 = 11.28 QF∗

22 = 15.47

QS∗ QS∗

111 = 28.89 QS∗

112 = 46.19 QS∗

121 = 41.97 QS∗

122 = 37.78
λ∗ λ∗11 = 68.04 λ∗12 = 51.49 λ∗21 = 77.35 λ∗22 = 47.40
π∗ π∗111 = 38.89 π∗112 = 28.10 π∗121 = 51.97 π∗122 = 32.19
d∗ d∗

11 = 14.43 d∗
12 = 5.13 d∗

21 = 19.60 d∗
22 = 7.02

ρ ρ11 = 458.75 ρ12 = 432.72 ρ21 = 453.58 ρ22 = 380.83

The profits of the firms are now 2,968.88 and 4,110.89, and the profit of

the supplier is now 3,078.45.
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Numerical Examples - Example 2

With recovered capacities, the firms’ profits increase
but that of the supplier decreases.

If there are costs for capacity investment for each firm,
and if the costs are less than the associated profit
increment, it is profitable for the firms to recover their
capacities and produce more components.

If not, purchasing from the supplier would be a wise
choice.
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Numerical Examples - Example 2 - Performance

Measures

Table: Supply Chain Network Performance Measure Values for Example
2

Chain E(G) E(G − 1) E(G − 11) E(G − 21) E(G − 31)
Whole 0.0262 0.0086 0.0105 0.0197 0.0195

Ei (Gi ) Ei (Gi − 1) Ei (Gi − 11) Ei (Gi − 21) Ei (Gi − 31)
Firm 1’s 0.0217 0.0067 0.0106 0.0071 0.0226
Firm 2’s 0.0308 0.0105 0.0105 0.0324 0.0163
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Numerical Examples - Example 2 - Importance

Measures

Table: Importance and Rankings of Supplier 1 and its Components 1, 2,
and 3 for Example 2

Importance for the
Whole Supply Chain Ranking

Supplier 1 0.6721
Component 1 0.5984 1
Component 2 0.2476 3
Component 3 0.2586 2

Importance for Importance for
Firm 1’s Chain Ranking Firm 2’s Chain Ranking

Supplier 1 0.6897 0.6598
Component 1 0.5121 2 0.6590 1
Component 2 0.6721 1 −0.0505 3
Component 3 −0.0438 3 0.4710 2
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Discussion of Results for Example 2

With firms’ recovered capacities for producing components 11

and 12, supplier 1’s component 1 is still the most
important component for the whole supply chain
network and for firm 2, compared to the other components.
However, for firm 1’s supply chain, component 2 is now
the most important component.

In addition, supplier 1 is now most important for firm 1.
Therefore, in the case of a disruption on the supplier’s side,
firm 1’s supply chain will be affected the most. Moreover,
components 1 and 3 are most important for firm 2, and
component 2 is most important for firm 1.
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Numerical Examples - Example 3

Example 3 is the same as Example 2, except that two more suppliers are
now available to the firms in addition to supplier 1.
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Figure: Example 3

Professor Anna Nagurney SCH-MGMT 825 Management Science Seminar



Numerical Examples - Example 3
The data associated with suppliers 2 and 3 are following.

The capacities of suppliers 2 and 3 are:

CAPS
211 = 60, CAPS

212 = 70, CAPS
221 = 50, CAPS

222 = 60,

CAPS
311 = 50, CAPS

312 = 80, CAPS
321 = 80, CAPS

322 = 60.

The production costs of the suppliers are:

f S
21(Q

S
211, Q

S
221) = QS

211 + QS
221, f S

22(Q
S
212) = 3QS

212, f S
23(Q

S
222) = 2QS

222,

f S
31(Q

S
311, Q

S
321) = 10(QS

311 + QS
321), f S

32(Q
S
312) = QS

312, f S
33(Q

S
322) = 2.5QS

322.

The transportation costs are:

tcS
211(Q

S
211, Q

S
212) = 0.5QS

211 + 0.2QS
212, tcS

212(Q
S
212, Q

S
211) = 0.3QS

212 + 0.1QS
211,

tcS
221(Q

S
221, Q

S
222) = 0.8QS

221 + 0.2QS
222, tcS

222(Q
S
222, Q

S
221) = 0.75QS

222 + 0.1QS
221,

tcS
311(Q

S
311, Q

S
312) = 0.4QS

311 + 0.05QS
312, tcS

312(Q
S
312, Q

S
311) = 0.4QS

312 + 0.2QS
311,

tcS
321(Q

S
321, Q

S
322) = 0.7QS

321 + 0.1QS
322, tcS

322(Q
S
322, Q

S
321) = 0.6QS

322 + 0.1QS
321.
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Numerical Examples - Example 3

The opportunity costs are:

oc2(π211, π212, π221, π222) = (π211−6)2+0.75(π212−5)2+0.3(π221−8)2+0.5(π222−4)2,

oc3(π311, π312, π321, π322) = 0.5(π311−5)2+1.5(π312−5)2+0.5(π321−3)2+0.5(π322−4)2.

The transaction costs of the firms now become:

c121(Q
S
211) = 0.5QS2

211 + QS
211, c122(Q

S
212) = 0.25QS2

212 + 0.3QS
212,

c221(Q
S
221) = QS2

221 + 0.1QS
221, c222(Q

S
222) = QS2

222 + 0.5QS
222,

c131(Q
S
311) = 0.2QS2

311 + 0.3QS
311, c132(Q

S
312) = 0.5QS2

312 + 0.2QS
312,

c231(Q
S
321) = 0.1QS2

321 + 0.1QS
321, c232(Q

S
322) = 0.5QS2

322 + 0.1QS
322.
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Numerical Examples - Example 3

The Euler method converges in 563 iterations.

Table: Equilibrium Solution and Incurred Demand Prices for Example 3

Q∗ Q∗
11 = 21.82 Q∗

12 = 9.61 Q∗
21 = 24.23 Q∗

22 = 12.41

QF∗ QF∗

11 = 5.57 QF∗

12 = 9.11 QF∗

21 = 6.48 QF∗

22 = 12.94

QS∗ QS∗

111 = 13.71 QS∗

112 = 32.64 QS∗

121 = 21.77 QS∗

122 = 30.68
QS∗

211 = 20.45 QS∗

212 = 27.98 QS∗

221 = 10.07 QS∗

222 = 11.78
QS∗

311 = 23.13 QS∗

312 = 24.56 QS∗

321 = 34.94 QS∗

322 = 17.86
λ∗ λ∗11 = 37.68 λ∗12 = 37.94 λ∗21 = 45.03 λ∗22 = 39.83
π∗ π∗111 = 23.71 π∗112 = 21.32 π∗121 = 31.77 π∗122 = 27.45

π∗211 = 16.23 π∗212 = 23.65 π∗221 = 24.79 π∗222 = 15.78
π∗311 = 28.13 π∗312 = 13.19 π∗321 = 37.94 π∗322 = 21.86

d∗ d∗
11 = 21.82 d∗

12 = 9.61 d∗
21 = 24.23 d∗

22 = 12.41
ρ ρ11 = 443.04 ρ12 = 418.38 ρ21 = 440.64 ρ22 = 365.58
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Numerical Examples - Example 3

The profits of the firms are now 4,968.67 and 5,758.13, and
the profits of the suppliers are 1,375.22, 725.17, and 837.44,
respectively.

With more competition on the supplier’s side, the
prices of supplier 1 decrease, and its profit also
decreases, compared to the values in Example 2.

However, the profits of the firms increase. In addition, with
more products made, the prices at the demand markets
decrease.
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Numerical Examples - Example 3 - Performance

Measures

Table: Supply Chain Network Performance Measure Values for Example
3

Chain E(G) E(G − 1) E(G − 2) E(G − 3) E(G −
PnS

j=1 j)

Whole 0.0403 0.0334 0.0361 0.0332 0.0

Ei (Gi ) Ei (Gi − 1) Ei (Gi − 2) Ei (Gi − 3) Ei (Gi −
PnS

j=1 j)

Firm 1’s 0.0361 0.0309 0.0303 0.0309 0.0067
Firm 2’s 0.0445 0.0358 0.0419 0.0355 0.0105
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Numerical Examples - Example 3 - Importance

Measures

Table: Importance and Rankings of Suppliers for Example 3

Importance for the
Whole Supply Chain Ranking

Supplier 1 0.1717 2
Supplier 2 0.1035 3
Supplier 3 0.1760 1

All Suppliers 0.7864

Importance for Importance for
Firm 1’s Chain Ranking Firm 2’s Chain Ranking

Supplier 1 0.1443 2 0.1939 2
Supplier 2 0.1612 1 0.0566 3
Supplier 3 0.1438 3 0.2021 1

All Suppliers 0.8139 0.7641
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Discussion of Results for Example 3

As shown in the Table, supplier 2 is the most important
supplier for firm 1’s supply chain, and supplier 3 is the
most important supplier for firm 2 and the whole supply
chain network, compared to the other suppliers. In addition,
suppliers 1 and 3 are most important for firm 2.

The group of suppliers, including suppliers 1, 2, and 3,
is most important for firm 1. If a major disaster occurs
and all the suppliers are unavailable to the firms, firm
1’s supply chain will be affected the most.
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Summary and Conclusions

I We provided background and motivation for the need for general
multitiered supply chain models with suppliers.

I The behaviors of both suppliers and firms are captured in order to
be able to assess both supply chain network performance as well as
vulnerabilities.

I The firms have the option of producing the components needed
in-house.

I A unified variational inequality is constructed, whose solution yields
the equilibrium quantities of the components, produced in-house
and/or contracted for, the quantities of the final products, the
prices charged by the suppliers, as well as the Lagrange multipliers.

I The model is used for the introduction of supply chain network
performance measures for the entire supply chain network economy
consisting of all the firms as well as for that of an individual firm.
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Summary and Conclusions

I Importance indicators are constructed that allow for the ranking of
suppliers for the whole supply chain or that of an individual firm, as
well as for the supplier components.
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