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Abstract:

In this paper, we develop a framework for the modeling, analysis, and computation of
solutions to multitiered financial network problems with intermediaries in which both the
sources of financial funds as well as the intermediaries are multicriteria decision-makers. In
particular, we assume that these decision-makers seek not only to maximize their net revenues
but also to minimize risk with the risk being penalized by a variable weight. We make explicit
the behavior of the various decision-makers, including the consumers at the demand markets
for the financial products. We derive the optimality conditions, and demonstrate that the
governing equilibrium conditions of the financial network economy can be formulated as a
finite-dimensional variational inequality problem. Qualitative properties of the equilibrium
financial flow and price pattern are provided. A computational procedure that exploits the

network structure of the problem is proposed and then applied to several numerical examples.
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1. Introduction

Many decision-making applications today involve not only a single decision-maker but
several (or many) interacting in some fashion on what may be viewed as multitiered net-
works. In such networks, there may be competition within a tier but in order for, say, the
products to be ultimately delivered to the consumers at the demand markets there must also
be some degree of cooperation between the tiers. Examples par excellence include supply
chain networks (cf. Nagurney and Dong (2002), Nagurney, Dong, and Zhang (2002), Dong,
Zhang, and Nagurney (2004) and the references therein) as well as financial networks with
intermediation (see Nagurney and Ke (2001, 2003), Nagurney and Cruz (2003a, b)). For an
annotated bibliography on network optimization for supply chain and financial engineering
problems, see Guenes and Pardalos (2003). For additional models and analyses, see the

edited volume by Pardalos and Tsitsiringos (2002).

We note that the origin of the use of networks for the representation of financial systems
with many interacting decision-makers lies in the work of Quesnay (1758), who depicted
the circular flow of funds in an economy as a network. His basic idea was subsequently
applied in the construction of flow of funds accounts, which are a statistical description of
the flows of money and credit in an economy (cf. Board of Governors (1980), Cohen (1987),
Nagurney and Hughes (1992)). Thore (1969) had earlier introduced networks, along with
the mathematics, for the study of systems of linked portfolios (see also Charnes and Cooper
(1967)) in the context of credit networks and made use of linear programming. Storoy,
Thore, and Boyer (1975), in turn, presented a network model of the interconnection of capital
markets and demonstrated how decomposition theory of mathematical programming could
be exploited for the computation of equilibrium. The utility functions facing a sector/agent
were no longer restricted to being linear functions. Thore (1980) recognized some of the
shortcomings of financial flow of funds accounts and developed, instead, network models
of linked portfolios with financial intermediation, using the decentralization/decomposition

theory.

Nagurney, Dong, and Hughes (1992) presented a multi-sector, multi-instrument finan-
cial equilibrium model and recognized the network structure underlying the subproblems

encountered in their proposed decomposition scheme, which was based on finite-dimensional



variational inequality theory. The book by Nagurney and Siokos (1997) presents a plethora
of static and dynamic (single country as well as international) financial network models de-
veloped to that date. Nagurney and Ke (2001), in turn, focused on modeling the behavior
of not only the sources of funds and the consumers of the financial products but also on
modeling the behavior of the intermediaries. They developed a multitiered network frame-
work for the modeling, analysis and computation of solutions of such problems and also,
more recently, considered the incorporation of electronic transactions into that framework
(see Nagurney and Ke (2003)).

In this paper, we will advance the work of Nagurney and Ke (2001) by introducing
a class of objective functions with variable weights for bicriteria decision-making and the
resulting network model will allow the decision-makers to optimize their objective functions
according to their risk attitudes. Moreover, we will consider general risk functions rather
than risk functions of a particular form. Our work will also be based on the theoretical
framework proposed by Dong and Nagurney (2001) who introduced state-dependent weights
for the modeling of a sector’s bicriteria decision-making problem in the context of a financial
network but without any intermediation. Moreover, no numerical results were provided in
that paper. Nagurney, Dong, and Mokhtarian (2002) also considered variable weights in the
context of a multicriteria network equilibrium model but the model was single-tiered and

not financial.

In particular, in this paper, we assume that the agents with sources of funds as well as
the financial intermediaries are faced with two objectives or criteria, i.e., net revenue max-
imization and risk minimization with the weight associated with the latter criterion being
distinct and variable for each such decision-maker. Our approach is in concert with risk-
return analysis widely used in the financial arena which dates to Markowitz (1952) who
introduced the concept of portfolio selection based on the mean and variance. Note that
mean-variance procedures based on the seminal work of Markowitz (see also, various exten-
sions due to Sharpe (1971), Stone (1973), Kroll, Levy, and Markowitz (1984), and Spronk
and Hallerbach (1997)) for portfolio selection are known to be consistent with maximization
of expected utility if either the predictive distribution of returns is jointly normal and the
objective function is concave or if the objective function is quadratic. We will extend the

above work by introducing a general function of risk to avoid the restriction of the use of a



probability distribution of returns.

Moreover, we note that although there have been many extensions to Markowitz’s model
most of the model extensions imply an average weight assumption and that there is an equal
trade-off between the two basic criteria. However, a decision-maker’s attitude towards risk
may have a major impact on his decisions and, hence, also on the monetary payoffs. For
example, a risk-averse decision-maker may select a more conservative portfolio instead of a
riskier one offering the potential of a higher payoff (cf. Freund (1956), Arrow (1965), Pratt
(1964), Eliashberg and Winkler (1978)). More recently, various researchers have argued
that equally weighted objective functions might not adequately reveal an agent’s preference.
Chow (1995) argued that the reverse of the risk tolerance could be regarded as a weight for
the risk criterion. Ballestero and Romero (1996), in turn, proposed a surrogate of Lagrangian
optimization to approximate the utility function associated with the weighted return and
risk for an “average” investor within the context of incomplete information. Zouponidis,
Doumpos, and Zanakis (1999) presented an application of a multicriteria decision analysis
sorting methodology for portfolio selection (see also Hurson and Zopounidis (1995) and
Zopunidis (1995)).

Choo and Wedley (1985) surveyed procedures for estimating implied criterion weights.
See also Ballestero and Romero (1991), Weber and Borcherding (1993), Yu (1997), Brugha
(1998), and Ma, Fan, and Huang (1999). For additional background on decision-making in
general and on multicriteria decision-making, in particular, see Karwan, Spronk, and Wal-
lenius (1997). Subsequently, Choo, Schoner, and Wedley (1999) provided interpretations of
criteria weights and their appropriate roles in distinct multicriteria decision-making models.
The paper by Steuer and Na (2003) contains a categorized bibliography on the techniques
of multiple criteria decision-making applied to problems and issues in finance. The recent
book by Rustem and Howe (2002) develops a variety of models, along with computational
procedures, for risk management in both finance and engineering with a focus on design

issues.

The proposed framework that we develop is sufficiently general to allow for the modeling,
analysis, and computation of solutions to financial network problems with intermediation

and with multicriteria decision-makers. Moreover, since here we consider not only the indi-



vidual decision-maker’s behavior but the complete financial system through the medium of
networks and equilibrium analysis, our equilibrium perspective provides a valuable bench-
mark against which existing prices and financial flows can be compared. We emphasize
that risk management in the context of multitiered supply chain networks has also been the

subject of recent research activity (see Nagurney et al. (2003) and the references therein).

This paper is organized as follows: In Section 2, we present the financial network model
with intermediaries and with risk management through the use of variable weights. We first
derive the optimality conditions for each set of decision-makers and identify the underlying
network structure of these subproblems. We construct the network for the entire financial
system and obtain the governing equilibrium conditions. We derive the finite-dimensional
variational inequality formulation of the equilibrium conditions which is used in subsequent
sections for qualitative analysis as well as computation purposes. This formulation allows
for the determination of the equilibrium financial flows between the tiers of the network as

well as the equilibrium prices for the various financial instruments/products.

Section 3 provides qualitative properties of the equilibrium financial flow and price pat-
tern, notably, existence and uniqueness results. Section 4 then describes an algorithm that
resolves the variational inequality problem into simpler network subproblems, each of which
can be solved exactly and in closed form. In Section 5 several numerical examples are pre-
sented to illustrate both the model and the computational procedure. We conclude the paper

with a summary of results and suggestions for future research.



2. The Financial Network Model with Intermediation and Variable Weights

In this section, we develop the financial network model consisting of: decision-makers or
agents with sources of funds; financial intermediaries; as well as consumers for the financial
products associated with the demand markets. Specifically, we consider m sources of finan-
cial funds, such as households and businesses, involved in the allocation of their financial
resources among a portfolio of financial instruments which can be obtained by transacting
with distinct n financial intermediaries, such as banks, insurance and investment companies,
etc. The financial intermediaries, in turn, in addition to transacting with the source agents,
also determine how to allocate the incoming financial resources among distinct uses, as rep-
resented by o demand markets with a demand market corresponding to, for example, the

market for real estate loans, household loans, business loans, etc.

The financial network for the entire financial system is now described and depicted graph-
ically in Figure 1. The top tier of nodes consists of the agents with sources of funds. A typical
source agent is denoted by the symbol ¢ and associated with the node ¢. The middle or sec-
ond tier of nodes consists of the intermediaries as well as node n + 1 which corresponds to
the non-investment option. A typical intermediary is denoted by the symbol 7 and associ-
ated with the node j in the second tier of nodes in the network. The bottom tier of nodes
consists of the demand markets, with a typical demand market denoted by the symbol £ and

corresponding to the node k in the bottom tier.

For simplicity of notation, we assume that there are L instruments associated with each
intermediary. Hence, from each source of funds node, there are L links connecting such a
node with an intermediary node with the [-th such link corresponding to the /-th financial in-
strument available from the intermediary. In addition, we allow the option of non-investment
and to denote this option, we then also construct an additional link from each source node to
the middle tier node n + 1, which recall represents non-investment. From each intermediary
node j; j = 1,...,n, we subsequently construct o links, one to each “use” node or demand

market in the bottom tier of nodes in the network.

Let g;;; denote the nonnegative amount of the funds that source ¢ “invests” in financial
instrument [ obtained from intermediary j. We group the financial flows g;;; into the column

vector ¢; € RiL for each source i. We then group the vectors ¢; for all the sourcest=1,...,m
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Intermediaries @ Non-investment

Demand Markets

Figure 1: The Network Structure of the Financial Economy with Intermediation and Non-
investment Allowed

into the column vector Q' € RT"L . We assume that each source ¢ has, at his disposal, an
amount of funds S; and we denote the unallocated portion of this amount (and flowing on

the link joining node i with node n + 1) by s;.

We associate a distinct financial product k with each demand market, bottom-tiered
node £, and we let ¢;; denote the amount of the financial product obtained by consumers at
demand market k from intermediary j. We group these “consumption” quantities into the
column vector Q? € R°. The intermediaries, hence, convert the incoming financial flows Q'

into the outgoing financial flows Q2.

The notation for the prices is now given. Note that there will be prices associated with
each of the tiers of nodes in the financial network. Let p;;; denote the price associated with
instrument [ as quoted by intermediary j to source agent . We group the first tier prices into
the column vector p' € RT”L. Also, let p?k denote the price charged by intermediary j for
the product at demand market k& and group all such prices into the column vector p* € R"°.
Finally, let p? denote the price of the financial product at the third or bottom-tiered node k

and group all such prices into the column vector p* € RS
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Figure 2: The Network Structure of Source i’s Transactions

We now turn to describing the behavior of the various economic agents/decision-makers
represented by the three tiers of nodes in Figure 1. We first focus on the top tier agents. We

then turn to the intermediaries and, finally, to the demand markets.

2.1 The Behavior of the Agents with Sources of Funds and their Optimality

Conditions

In order to describe the allowable transactions of a typical source agent ¢ with the financial

intermediaries, we provide a graphical network depiction in Figure 2.

For each source agent i the following conservation of flow equation must hold:

ZQijl < SV, (1)

11=1

n

J

that is, the amount of funds allocated by a source agent cannot exceed his financial holdings.
In Figure 2, we represent the “slack” associated with constraint (1) for source agent ¢ as the

flow on the link joining node ¢ with the non-investment node n + 1.

Let ¢;j; denote the transaction cost associated with source ¢ “investing” in instrument [
obtained from intermediary j. We consider the situation in which the transaction cost be-
tween a source agent and intermediary pair depends upon the volume of financial instrument

transactions between the particular pair, that is:

Cijl = Cijl(Qijl)a Vi, j, [. (2)



We assume that the transaction cost functions given by (2) are continuously differentiable

and convex.

Each source agent’s uncertainty, or assessment of risk, depends on the volume of financial
transactions associated with the source agent. In particular, we assume, as given, a risk

function for source agent i is denoted by 7%, such that
rt=r'(q), Vi (3)

where 7 is assumed to be strictly convex and continuously differentiable. A possible risk

function could be constructed as:

where V' is the variance-covariance matrix associated with agent 7, and of dimension Ln x
Ln, and is assumed to be symmetric and positive definite. In such a case, the source
agent’s uncertainty is based on a variance-covariance matrix representing the source agent’s

assessment of the standard deviation of the prices of the financial instruments (see also
Markowitz (1959)).

As noted in the Introduction, we assume that each source agent faces a bicriteria decision-
making problem, with the first objective reflecting net revenue maximization and expressed
as: n L n L

Maximize 2], = Z Z p}jlq@'jl - Z Z ciji(Giji), (5)
j=11=1 j=11=1

and the second objective denoting risk minimization and expressed as:
Minimize z; = 7(g;), (6)

where the superscript “1” refers to a decision-maker in the first (or top) tier of the financial
network (cf. Figure 1). Indeed, in (5) the first term in the objective function denotes the
revenue whereas the second denotes the total cost associated with transacting for the various

instruments with the intermediaries.

Furthermore, a source agent is faced with trading off the gain of one objective against the

other objective. The essence of the issue is, “How much achievement on objective 21, is the



decision-maker willing to give up in order to improve achievement on objective 24, by some
amount?” It is rational to assume that financial investors may be risk-averse and for them,
the weights of the two objectives may not be equal. For example, a risk-averse investor may
be willing to accept a portfolio with a lower mean return if the portfolio has a lower associated
risk. In other words, the risk-averse investor may be willing to take on certain risks only
if the return is much higher. As discussed in Dong and Nagurney (2001), more attention
will generally be given to reduce the risk when the risk is high and this kind of decision
rationality argues that the objective function should penalize the states with high risk by
imposing a greater weight to zi; associated with high risks than to those z3, with low risks.
Now, for definiteness, we introduce several terms. We first derive the general expressions
since we will use an analogous weight also for the intermediaries’ bicriteria decision-making

problems.

Definition 1: Criterion-Dependent Weight

A weight w!; = wh (k) is called a criterion-dependent weight for criterion h and decision-
maker I associated with tier t of the financial network if it is strictly increasing, conver,

smooth, and nonnegative.

In this paper, the weighted criterion of concern will be that of risk minimization so we will
have that h = 2 in the case of the source agents and the intermediaries. Also, since we have
that both the source agents and the intermediaries are faced with variables weights, in the
case of the source agents: Z =1i; 7 =1,...,m, and t = 1. In the case of the intermediaries,
we will have: Z=7;7=1,...,n,and t = 2.

Hence, w3;(23;) denotes the risk-penalizing weight associated with the value of the risk
objective of source agent i. Furthermore, according to Definition 1, wj, is a strictly increasing,

convex, smooth, and nonnegative function. We now state the following definition.

Definition 2: Risk-Penalizing Value Function of Source Agent 1

A wvalue function U; for source agent i is called a risk-penalizing value function if
Ui = Z::LLZ - w%z(z‘éz)zéz? (7)

where wi.(23.) is indicated as in Definition 1.

10



Thus, we can express the optimization problem facing source agent ¢ as:

n L
Maximize U;(¢;) = ZZ nglqzyl Cij qwl)) - w%i(rl(Qi)>rl(Qi>v (8)

Jj=11=1
subject to ¢;;; > 0, V4, [; and the constraint (1) for source agent i.

The expression consisting of the first two terms to the right-hand side of the equal sign
in (8) represents the net revenue (which is to be maximized), whereas the last term in (8)
represents the weighted dollar value of risk (which is to be minimized) by source agent .
Observe that such an objective function is in concert with those used in classical portfolio
optimization (see Markowitz (1952, 1959)) and such a construction has been used in other
financial network problems as well (cf. Nagurney and Siokos (1997) and Nagurney and Ke
(2003) and the references therein).

We note that value functions have been studied extensively and used for decision problems
with multiple criteria (cf. Fishburn (1970), Zeleny (1982), Chankong and Haimes (1983),
Yu (1985), Keeney and Raiffa (1993)). Of course, a special example of a constant weight
value function is the one with equal weights (see, e.g., Nagurney and Ke (2001)). For some
references to the use of value functions with equal weights that have been used in financial

applications, see Dong and Nagurney (2001).

We now prove a theorem and then derive the optimality conditions of the source agents.

The proof is similar to that found in Dong and Nagurney (2001).

Theorem 1: Concavity

The value function U; defined in (8) is strictly concave with respect to q; € K;, for all i,
where K;={q;|q; € R** and satisfies (1) for that i}.

Proof: Let gi(z%i) = wél(zéz)zéz

Since wy;(24;) is assumed to be convex, strictly increasing, and nonnegative, and z3; > 0,

we have that y (1) dl(l)
gi\Z9; Woi\Z;) 1 1.1
L, = dL Zy; + Wo;(29;) > 0 9)

11



d29i(25i) o d2w%i(zéi> 1

1.1
2dw2i(z2i>

7 = 52y t 24—
dzl dzl

2 2

> 0. 10

Combining (9) and (10), we know that g; is nondecreasing and strictly convex.

4. is convex with respect to ¢; according to the assumptions following (3).
Hence, the composition h; = —g; o 21, is strictly concave with respect to g;.

Since z{; is linear with respect to ¢;, the proof is complete. O
Since U; is concave with respect to ¢; € K, the necessary and sufficient conditions (cf.

Bazaraa, Sherali, and Shetty (1993)) for ¢F € K; to be optimal for source agent ¢ for problem
(8) are that the following inequality is satisfied:

n L

- Z Z qzyl q:jl) > 07 qu € KZ (11)
j=11=1

We assume now that the top-tiered prices are at the equilibrium values denoted by * (we

show how these equilibrium prices are recovered after we construct the complete financial

network equilibrium model). Therefore, the optimality conditions for all source agents simul-

taneously can be expressed as the following inequality (see also Nagurney and Ke (2001)):
determine Q' € [, K, such that

Shabs yoritan) | dukrita) Dcii(45;)
wni(r' (@) =g =t g rlq§+7”—3*]><qi>—qf >0,
;;; ? 8%][ 8qiﬂ ( ) aqijl Piji [ Jt jl}
vQ' e [ K. (12)
i=1

2.2 The Behavior of the Intermediaries and their Optimality Conditions

We now describe the behavior of the financial intermediaries. For a graphical depiction of
the transactions associated with intermediary j, see Figure 3. Note that the intermediaries
are involved in transactions both with the source agents, as well as with the ultimate con-

sumers associated with the markets for the distinct types of loans/products at the bottom

12



Source Agents

Demand Markets
Figure 3: The Network Structure of Intermediary j’s Transactions

tier of the network. We assume that an intermediary j is faced with what we term a han-
dling/conversion cost, which may include, for example, the cost of converting the incoming
financial flows into the financial products at the demand markets. We denote this cost by
¢;. In general, we would have that ¢; is a function of > %, Zlel giji, that is, the conversion
cost of an intermediary is a function of how much he has obtained from the various source

agents and the amounts held by other intermediaries. We may write:
G = Cj(Q1)> \V/] (13)
We assume that the handling cost functions are continuously differentiable and convex.

The intermediaries also have associated transaction costs in regards to transacting with
the source agents. We denote the transaction cost associated with intermediary j transacting
with source agent 7 investing on instrument [ by ¢;;; and we assume that the function can

depend on the the financial flow ¢;;;, that is,
Ciji = Coji(qij), Vi, g, 1. (14)
Recall that g;;, denotes the quantity of the financial product transacted by demand market

13



k from intermediary j. We assume that an intermediary j incurs a transaction cost c;j

associated with transacting with consumers at demand market k, where
ik = ciwl(gn), Vi, k. (15)

We assume that the above transaction cost functions (14) and (15) are also continuously

differentiable and convex.

The intermediaries may have risk associated with transacting with the various source
agents and with the demand markets. Let r? denote the risk function associated with inter-
mediary j’s transactions. We assume that it is strictly convex and continuously differentiable
function and that it depends on the financial transactions g;, where g;, without loss of gener-
ality, denotes the (Lm + o)-dimensional column vector with components: ¢;;;; i = 1,...,m;
l=1,...,L; gjx;k = 1,...,0. The risk function associated with intermediary j can, hence,

be written as:
rl = rj(qj), V5. (16)

A possible risk function for intermediary 7 could be represented by a variance-covariance
matrix denoted by V7 with this matrix being positive definite and of dimensions (Lm + o) x
(Lm+o0). Such a matrix reflects the risk associated with transacting for the various financial
instruments/products with the various source agents and demand markets. In this case, we
may write

r(q;) = q;"V7¢q;, V. (17)

Therefore, each intermediary faces a bicriteria decision-making problem, with the first

objective expressed as:

o m L
Maximize zfj = Z(P?k%k cin(qjr)) — ZZ Ciji(qijt) + szqml) (18)

k=1 i=1[=1

and denoting the net revenue to be maximized and the second objective expressed as:
Minimize z3; = 17(q;) (19)

and denoting the risk to be minimized. Here the superscript “2” denotes the second tier (the

intermediary level of nodes) of the network (cf. Figure 1).

14



Each intermediary, as was the case for each source agent above, will be faced with a
value trade-off problem. Depending upon the risk attitude of the particular intermediary,
a variable weight associated with his risk objective can be constructed in a manner similar
to that done above for the source agents. We assume that the risk-penalizing weight of
intermediary j is denoted by ng(zgj) and that it is strictly increasing, convex, smooth, and

nonnegative for each j.

We now, for completeness, provide the following definition (akin to Definition 1).

Definition 3: Risk-Penalizing Value Function of Intermediary j

A wvalue function U; for intermediary j is called a risk-penalizing value function if

where w3;(23;) is as defined in Definition 1.
The optimization problem of intermediary j can, thus, be expressed as:

o

m L
Maximize U;(q;) = Y (p5pain — inl(ajk)) — = > > (Eulain) + pipgie)
k=1 =1 1=1

—wi;(r? ;) (45), (21)
subject to:
o m L
S aik <D0 ai, (22)
k=1 i=11=1
and the non-negativity assumption on all the g;;;s and gjps.

The expression consisting of the first five terms to the right-hand side of the equal sign in
(21) represents the net revenue (to be maximized), whereas the last term in (21) represents
the weighted dollar value of risk (to be minimized) associated with the intermediary j’s
risk attitude. Constraint (22) reflects that the financial intermediary cannot allocate more

financial flows than it has as financial holdings (obtained from the various source agents).

We can apply an analogous proof to that of Theorem 1 to establish that U; is strictly
concave with respect to ¢; € Rim“ under the above stated assumptions on the transaction

cost functions and the risk function for intermediary j.

15



We assume now that the financial intermediaries can compete, with the governing opti-
mality /equilibrium concept underlying noncooperative behavior being that of Nash (1950,
1951), which states that each decision-maker or agent will determine his optimal strategies,
given the optimal ones of his competitors. The optimality conditions for all financial inter-
mediaries simultaneously, under the above stated assumptions, can be succinctly expressed
as (see also Bertsekas and Tsitsiklis (1989), Bazaraa, Sherali, and Shetty (1993), Gabay and
Moulin (1980), Dafermos and Nagurney (1987), and Nagurney and Ke (2001)): determine
(QY, Q*,~*) € REmmFnotn such that

i z": lw ‘ 874(%) N 8ng(7’j(Q;>>7,j(q’F) + 9¢;(@™) Tl Ocin(diz) _ Vf]
i=1j=11=1 2 ] aqul aC.Iz'jl ! aC.Iz'jl ! aqijl J
X {Qijl - q;}z}
U W(q ) Owsi(r'(q))) deir ()
+ Wy : J + J J ’["jq* —}—#— 2*—]—*}/* X q—q*
jglkzl [ N &Iﬂc 9k () dqpe T = 43

o

n m L
+lezq;;l Zqﬂf]x[ —y] 20, V(Q.Q%7) € Ryt (23)

j=1 Li=11=1

where 7; is the Lagrange multiplier associated with constraint (22) (see Bazaraa, Sherali,
and Shetty (1993)), v is the n-dimensional column vector of Lagrange multipliers of all the
intermediaries, and the top and middle tier prices (without loss of generality) are at their
equilibrium values (more discussion on the pricing mechanism follows at the end of this

section).

2.3 The Consumers at the Demand Markets and the Equilibrium Conditions

In terms of the financial flows between the intermediaries and the demand markets, we
know that, ultimately, the flows accepted by the consumers at the demand markets must
coincide with those “shipped out” by the former decision-makers. The consumers at the
demand markets take into account in making their consumption decisions not only the price
charged for the financial products but also their transaction costs associated with obtaining

the financial products. See Figure 4 for the transactions associated with demand market k.

Let ¢;, denote the transaction cost associated with obtaining the financial product at

demand market k from intermediary j. We assume that the transaction cost is continuous

16



Intermediaries

Demand Market

Figure 4: The Network Structure of Transactions at Demand Market k

and is of the general form:

& = r(Q%), ik, (24)
that is, the cost of transacting, as perceived by consumers at a given demand market, can
depend upon the volume of financial flows between all the intermediary/demand market

pairs. The generality of this cost structure enables the modeling of competition on the

demand side.

Let p} denote the price of the financial product at demand market k¥ and group the
demand market prices into the column vector p* € RS . Further, let dj, denote the demand
for the product at demand market k. We assume continuous demand functions of the general

form:

dx = di(p°), k. (25)

The equilibrium conditions (with the middle tier prices set at their equilibrium values)
for demand market k (cf. Nagurney and Ke (2001, 2003), thus, take the form: for all

intermediaries: j; j =1,...,n:

=p, if >0

2% AL 2%

17



In addition, we must have that

d(p™) n (27)

Conditions (26) state that the consumers at demand market & will purchase the financial
product from intermediary j if the price charged by the intermediary plus the transaction
cost (from the perspective of the consumers) does not exceed the price that the consumers
are willing to pay for the product. Condition (27), on the other hand, states that, if the
price that the consumers are willing to pay for the financial product is positive, then the

quantity of the product at the demand market is precisely equal to the demand.

In equilibrium, conditions (26) and (27) will have to hold for all demand markets and
these, in turn, can be expressed also as an inequality akin to (12) and (23) given by: determine
(Q*", p*) € R™*°, such that

SN+ @) = o] x e — @) + X0 | —d (pg*)} x o} = o] >0,
Jj=lk=1 k=1 [j=1
V(Q?, p°) € R, (28)

2.4 The Equilibrium Conditions of the Financial Network with Variable Weights

In equilibrium, the financial flows that the source agents transact with the intermediaries
must be equal to those that the intermediaries accept from the source agents. In addition,
the amounts that are obtained by the consumers at the demand markets must be equal to the
volume that the intermediaries transact with the demand markets. Hence, the equilibrium
financial flow and price pattern must satisfy the sum of the optimality conditions (12) and
(23), and the equilibrium conditions (28), in order to formalize the agreements between tiers

of the financial network.

We now state this formally:
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Definition 4: Financial Network Equilibrium with Intermediation and Variable
Weights

The equilibrium state of the financial network with intermediation and variable weights is
one where the financial flows between tiers coincide and the financial flows and prices satisfy
the sum of conditions (12), (23), and (28).

We now establish the following:

Theorem 2: Variational Inequality Formulation

The equilibrium state governing the financial network with intermediation and variable weights
s equivalent to the solution of the variational inequality given by:
determine (Q'*,Q%*,v*, p**) € K, satisfying

i i Z [wél(rl(q:))ﬁrl(qn + 8w2i(7“l(q;))rz(q;) + ng(rj(q;))

o) | 0wy (7))
aQijl a%’jl

r(q;
aqz’jl aQijl ( ])

deinlay) | 9e,(Q™)  Fenlaf) *
|y eialig) i (Q )+ JI\Yij1 —; X{Qijl_qm‘l}

Oq;ju 0qiji 0¢iji
n o 87‘j(q",‘) 8wg(7n](q*)> ‘ acjk(q*]& ) .
ngkzll 2 015)) Iqji 94k () Iqjk #(Q7) +75 = Py [%k QJIJ

> q - dk(p?’*)] x ok =] >0,

where I = {[[i%, K; x Rt}

Proof: We first establish that the equilibrium state implies the satisfaction of variational
inequality (29). Indeed, the summation of (12), (23), and (28) yields, after algebraic simpli-

fication, the variational inequality (29).

We now establish the converse, that is, that a solution to variational inequality (29)
satisfies the sum of conditions (12), (23), and (28), and is, hence, an equilibrium according
to Definition 4.
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To inequality (29), add the term: —p}j’»kl + ,0};1 to the term in the first set of brackets,
preceding the multiplication sign. Similarly, add the term: —p?}; + p?;; to the term preceding
the second multiplication sign. Such “terms” do not change the inequality since they are
identically equal to zero, with the resulting inequality of the form:

ShS o O (@) | Owy (' (q) oo o) | owd; (7 (q))
1' Pk 7 21 7 (T 2_ J( " J J J J( *
Z Z Z leZ (T (qz )) 8%,][ + aqwl r (qz ) + w2j (T (qj )) aqwl + 8%,][ T (q])

Ocii(qi) — 0ci(QY)  Oi(qiy)
+ + +
an'jl a%’jl 3%1
g 87”(@1) Ows; (17 (q;)) dcik(qy)
j J ] J J( % J ik A 2% * 3x 2% 2%
E E + N4 — e +AF — — o5+ ot
[wZJ T ] 8q]k aqjk r (qj ) 8q]k Cjk(Q ) fyj pk‘ p]k‘ pjk)

Jj=1k=1

* * 1% *
—; —pip Pz’jl] X [qij’ B qijl}

AR M W WA R PE

j=1 Li=11=1 k=1
+§:Z@—mﬁﬁxm—ﬁpm Y(Q', Q% 7, ps) € K, (30)
k=1 |j=1

which, in turn, can be rewritten as:

m n . 87”((]’-*) awl'(ri(qfk)) ' aCijl(q;-k-l)
1 i % 7 21 7 v YCiji\Gi1) 1* .
A « [at — ]

m n_ L W orl(q)  ows(r(q)) ¢ (Q") Oci(di)
2 (G J 2j 320 g0y o L\« ) Le 7700\ Ligl) ok gt
Y33 ) ) P gy SO g B0 ] )

n o ori(qr) 0w (r(q)) . Acin(qs,) ]
+ 2 (. i j 1003 (%) + ik "
gz::lkzl [wzj( (%)) 9k dan @) Oqj Pik T 05| [%’“ qﬂk}
n m L n o
> [qu’*ﬂ Zq]k] % [ %*} +2 Z [P]k +&(Q7) — Pi*} X {ij - Q;kk}
j=1 Li=11=1 k=1 ot
+D (DG dk(p3*)] x o= o] 20, ¥@Q,Q%7. 0" k. (31)
k=1 [j=1

But inequality (31) is equivalent to the price and financial flow pattern satisfying the sum

of conditions (12), (23), and (28). The proof is complete. O
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For easy reference in the subsequent sections, variational inequality problem (29) can be

rewritten in standard variational inequality form (cf. Nagurney (1999)) as follows:
(FIXHT, X —X*) >0, VX ek, (32)

where X = (Qla Q27 s /03)7 and F(X) = (F;'jla F’jlm F’j> Fk)iZl,...,m;j:l,...,n;l:l,...,L;k:l,...,oa and the
specific components of F' given by the functional terms preceding the multiplication signs
in (29), respectively. The term (-, -) denotes the inner product in N-dimensional Euclidean

space.

We now consider a special case of variational inequality (29) that has appeared in the

literature. The proof of the corollary below is immediate.

Corollary 1

Assume that the risk functions associated with the source agents are of the form (4) for all
source agents i; the risk functions associated with the intermediaries are of the form (17) for
all intermediaries j but depend only upon Q? (and not upon Q). Also, assume that wi; =1
fort =1,2; h =2, andZ=i,j fori=1,...,m; j=1,...,n. The variational inequality (29)
then collapses to the variational inequality obtained in Nagurney and Ke (2001) governing
the financial network equilibrum problem with intermediation with equal unit weights and
risk functions of the special variance-covariance form above.

1x

We now discuss how to recover the prices p;7, for all ¢, j, [, and p?}i, for all 7, k, from the

solution of variational inequality (29). Observe that these prices do not appear in variational
inequality (29). However, they do play an important role in terms of pricing of the various

financial instruments/products. Note that from (23), if ¢j; > 0, for some j, and k, then p?,’;

rd (q* w2 . (ri(g* . Ci *
ori(q;) | ow( J(qj))rj(qik) n de;i(as,) +7ﬂ or, equivalently,

gk Qjk J gk

to (cf. (26)) [p¥* — ¢;x(Q*)]. The prices pi, in turn (cf. also (12)), can be obtained by

gl

is precisely equal to {ng(rj (47))

: : , ri (g wh (F(g?)) s dciji(ar:
finding a ¢j;; > 0, and then setting p;5; = [wéi(r’(qz’*))aaq(ji) . 2}9((11.3.5%))7“’((1;*) + #}, or,

: " e Ori(@r)  owd(rI(a) oo de; (QY)  Oeijulary)
equivalently (see (23)), to [7]. — w3, (17 (q})) o) 28D i () — éffﬂ ) _ gfhﬂu }’

for all such 4, j, 1.

Moreover, it is easy to establish that if the top and middle tier prices are set as above,
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then the optimality conditions (12) and (23) and the equilibrium conditions (28) each hold
(separately).

Hence, using the variational inequality formulation one cannot only (as we shall further
demonstrate in Sections 4 and 5) determine the equilibrium financial flows between the tiers
of the financial network but, in addition, the equilibrium prices associated with the financial
products at the demand markets, p*, the equilibrium prices at the source agents, p'*, and

at the intermediaries, p**.

We note that the optimality conditions (12) for the top tier of decision-makers are ex-
pressed as a variational inequality since both the optimality/equilibrium conditions for all
the intermediaries (which compete in the sense of Nash), as well as the equilibrium condi-
tions (28) governing the demand markets take on variational inequality formulations. Indeed,
since we have no symmetry assumptions on the handling cost functions, the transaction cost
functions between intermediaries and the demand markets, as well as the demand functions
at the demand markets, we need to appeal to a variational inequality formulation for the
equilibrium associated with both the intermediaries as well as the demand markets(see also,
e.g., Gabay and Moulin (1980) and Nagurney (1999)). By formulating the optimality con-
ditions associated with the top tier of decision-makers also as a variational inequality, the
equilibrium conditions of the entire financial network with intermediation (in which there
can be competition between intermediaries and also between demand markets) take on a
variational inequality form through the summation of the optimality /equilibrium conditions

associated with each of the tiers of the financial network.
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3. Qualitative Properties

In this section, we provide some qualitative properties of the solution to the variational
inequality (29). In particular, we derive existence and uniqueness results. We also investigate

properties of the function F (cf. (32)) that enters the variational inequality of interest here.

Since the feasible set is not compact we cannot derive existence simply from the assump-
tion of continuity of the functions. Nevertheless, we can impose a rather weak condition to

guarantee existence of a solution pattern. Let
Ky ={(Q Q% 7,0 < Q" <bi; 0< Q" < by 0<y<byy 0<p° < bal,

where b = (by, by, b3,b4) > 0 and Q' < by;Q* < boy;y < by; p* < by means that g < by;
¢ir < ba; y; < bs; and pj < by for all 4,7,1, k. Then K, is a bounded closed convex subset of

Rmnltnotnto Thyg the following variational inequality
(F(XHT, X - X" >0, VX’cK,, (33)

admits at least one solution X°® € K, from the standard theory of variational inequalities,
since K, is compact and F' is continuous. Following Kinderlehrer and Stampacchia (1980)

(see also Theorem 1.5 in Nagurney (1999)), we then have:

Theorem 3

Variational inequality (29) admits a solution if and only if there exists a b > 0, such that

variational inequality (33) admits a solution in IC, with
QY <b, Q¥ <by A <by, p¥<by (34)

Theorem 4: Existence

Suppose that there exist positive constants M, N, R with R > 0, such that:

Or'(s) | Owy(r'(a)) ; Orl(g) Ows; (r'(g;)) ;

wy; (r' (g; r(g;) + w3;(r (g (g
ol (O! Aol
Desla) | 96(Q) | Piglai) M, YQ' with g > N, i, j,1, (35)
3%1 8%‘;‘1 an'jl
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W0 (qy) | 0w (qy)) ocie(qin) | .
w2 (17 (q; o i () + L e (QF) > M,
23( (QJ)) Od;n Oair (QJ) Odsn Jk(Q ) >
VQ?* with ¢jx > N, Vi, k, (36)
di(p®) < N, Vp® with pi > R, Vk. (37)

Then variational inequality (29); equivalently, variational inequality (32), admits at least

one solution.

Proof: Follows using analogous arguments as the proof of existence for Proposition 1 in
Nagurney and Zhao (1993). O

Assumptions (35) to (37) are economically reasonable, since when the financial flow be-
tween a source agent and intermediary is large, we can expect the corresponding sum of the
associated marginal costs of handling and transaction from either the source agent’s or the
intermediary’s perspectives to exceed a positive lower bound. Moreover, in the case where
the demand price of the financial product as perceived by consumers at a demand market is
high, we can expect that the demand for the financial product at the demand market to not

exceed a positive bound.

We now establish additional qualitative properties both of the function F' that enters the
variational inequality problem (cf. (32) and (29)), as well as uniqueness of the equilibrium
pattern. Monotonicity and Lipschitz continuity of the function F' (under assumptions given

below) will be utilized in Section 4 for proving convergence of the algorithmic scheme.

Theorem 5: Monotonicity

Assume that the risk functions r*; i =1,...,m; andr?; j =1,... n, are strictly convex and
that the ciji, c;, Ciji, and cji, functions are convex; the Cj functions are monotone increasing,
and the dy functions are monotone decreasing functions, for all i,7,k,l. Assume also that
the variable weights are all positive. Then the vector function F' that enters the variational

inequality (32) is monotone, that is,

(FX")=FX"N, X' - X"y >0, VX, X"cK. (38)
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Proof: From the definition of F'(X), the left-hand side of inequality (38) is

iiz wk (r 87’( )_'_aw%(ri(%))r'( )—l—wzj(rj(q]))ﬁr( )_i_&wzj(rj(qj))rj(q;)

i=1j=11=1 aqzyl ac]z’jl 8%][ ac]z’jl

+8Cijl(q;jl> _i_&Cj(Ql/) +85ijl(q;jz) /

3%1 8%‘;‘1 an'jl J
L orig) owk(ri(q)) O (qy)  Ows (17 (q;)) o
- 1' i 7 4 21 7 7 4 7 J 4 ] 7 i ’
(w2z(r (qz )) aqwl angl r ( ) w2j (T (qj )) aqwl Qi T (q])
802-]-1((];;-[) aCj(an) 8@'3’1((];;-[) 1 ’ Iz
* aqijl * a%’jl * 8%‘;‘1 — ) [qiﬂ qijl}
n ° 87” ( ) 8w%(r9(q,)) .y aCk(q,k) . / ’ ’
2 (G0 J 350, Jk\Yj , 2 3
+j;1k=1 [wzj r (q])) 0q;i - 0q;i ;) + 0q;i @)+ = p
L Or(qs) w3 (ri(q)) . . 8C-k(q” ) , "
_(ng(rj( ])) 8%; + 2J8qjk ’ 7’](%’) + Z‘) : +Cjk(Q2 )+% - pk ) X [q]‘k - ij}
n m L , o m L o .
3 - S (o - )] < [ -]
j=1 Li=11=1 k:l i=11=1 =
+30 1 g — k() — (X — dk<p3”>>} ot =o' (39)
k=1 |j=1 j=1

After simplifying (39), we obtain

m n_ L Lori(q)  owl.(r(q) ori(q;)  owi (ri(q))) .
1' i, 7 4 21 7 i 4 i J + ) J (.
;]2; [w2z(r (qz>) aqwl aq:_]l r ( ) w2j (T (q]>> aq”l aqwl T (q])
+3Cijl(q;ﬂ) N dc;(QY) N 9éiju(q;)
aQijl a%’jl a%’jl
Lorig) owk(ri(q)) O (qy)  Ows (17 (q;)) o
. 1' (o 7 21 7 2 7 J J J (.
(w2z(r (qz )) aq:_]l + aqwl (qz)+w2j(r (qj )) aqwl + Giji T (q])
acijl(q;/jl) aCj(QIH) aéijl(Q;/jl) ] / "
+ + + X |\ Qi1 — G5
aQijl aQijl aQijl ) {q it 4 ﬂ}
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- O (g) | 0wh (9 (gy)) o Oei(d)
+ 2 (J(q. 224 J J Hg.) + —— % 1 6. 2
35 [u ) ) P D) )

L 00 Oud((q)) [ a Oe(ah) | C
2 7 2
_(w2j(r]( ])) 8%]5 + %qjk ’ T](qj)+Tﬂ:+cjk(Q | [qjk_qjk}
+3° [dilo™) — d(p™)] % [} — 6] (40)
k=1

It is easy to verify that under the above imposed assumptions the term in (40) is greater

than or equal to zero. O

Monotonicity plays a role in the qualitative analysis of variational inequality problems

similar to that played by convexity in the context of optimization problems.

Since the proof of Theorems 6 below is similar to that of Theorem 5, it is omitted here.

Theorem 6: Strict Monotonicity

Assume all the conditions of Theorem 5. In addition, suppose that one of the families of
convex functions ciji;t=1,...m; j=1,...,n;l=1,...,L;¢c;; j=1,..,n; ¢j;; i =1,...,m;
j=1...,n; Ll =1,...,L; and cjp; J = 1,...,n; k = 1,...,0, is a family of strictly
convex functions. Suppose also that ¢jr;j = 1,...,n; k = 1,...,0, and -dy; kK = 1,...,0,
are strictly monotone. Then, the vector function F that enters the variational inequality
(32) is strictly monotone, with respect to (Q, Q% p*), that is, for any two X', X" with
Q. Q% p") # (Q". Q% p")

(F(X") - F(X")T, X" — X"y > 0. (41)

Theorem 7: Uniqueness

Assuming the conditions of Theorem 6, there must be a unique financial flow pattern (QY*, Q%),
and a unique demand price vector p3* satisfying the equilibrium conditions of the financial
network with variable weights. In other words, if the variational inequality (29) admits a
solution, then that is the only solution in (Q*, Q% p?).
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Proof: Under the strict monotonicity result of Theorem 6, uniqueness follows from the
standard variational inequality theory (cf. Kinderlehrer and Stampacchia (1980)). O
Theorem 8: Lipschitz Continuity

The function that enters the variational inequality problem (32) is Lipschitz continuous, that
18,

|F(X') - F(X")| <L|X"—X"||, VX' X"€K, where L >0, (42)
under the following condition:

the Fyji, Fi, F;, and Fy, terms comprising the function F in (32) have bounded first order

derivatives.

Proof: The result is direct by applying a mid-value theorem from calculus to the vector

function F' that enters the variational inequality problem (32). O

In the next section, we utilize the monotonicity and Lipschitz continuity properties in
order to establish the convergence of the algorithm for the solution of the equilibrium financial

flows and prices satisfying variational inequality (29).
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4. The Algorithm

In this section, we consider the computation of solutions to variational inequality (29).
We will apply the modified projection method of Korpelevich (1977), which is guaranteed to
solve any variational inequality problem in standard form. The realization of the modified
projection method for the variational inequality (29) (for further details in the context of a

more specialized model, see Nagurney and Ke (2001)) is as follows.
Step 0: Initialization Step

Set (Q°,Q%, 1%, p3") € K. Let 7 = 1, where 7 is the iteration counter. Set a so that
0 < o < 1, where L is the Lipschitz constant (cf. (42)) for the problem.

Step 1: Computation Step

Compute (Q'7, Q% ,57,p°) € K by solving the variational inequality subproblem:

U 87"( i 1) 8w2( (QT 1)) ' 1 2 arj(qT'_l)
] + ; ] 4 i 7 7 Z—— 4 ) J(,T—1 J
;;; lq e w2 (q )) 8%]1 8%]1 " (q ) 2 (T (qj )) 8%‘]‘1
EEAGIUS D) ooy Ocalalpt) | 0e, QY | dcalalyt) L - ,T
aqu v (qj 1) + ]a%’jl]l + j(a%'jl ) + J@qz'jljl — 1) a qijll % {qiﬂ - qijl}
SR ori(gh)  Ows;(r(af ) 5, g Ol ) _
J J J J J(aT—1 IR\ A 271
g g lqjk + o wQJ (T (q )) a%k + 8ij r (QJ ) + a%k + CJk(Q )
7 =) = a ] x o — @G
n m L o
+> [Wﬁa(Zqu —> a4 ) —v;*] x | =]
j=1 i=1 =1 k=1
3 A+ gt = d(p”) - p} x [pt — 3] 20,
k=1 Jj=1
V(@' Q% ., p’) € K. (43)
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Step 2: Adaptation

Compute (Q'7,Q*,+7, p>") € K by solving the variational inequality subproblem:

or? ((7; )
8%‘]‘1

iiz lqwl + a(wl (qj))arl@r) n awéi(ri(fﬁ))r () +wl,(r (@)

i=1j=11=1 9qiji 94qiji

ow2.(ri(aT ) ai_ 7 dc. (OY aAi. 7
L2 G)) gy Qeinl@) | 9ei(QT) | Denl@i) _ sy oo ] x g — 4]

aQijl J aQijl a%’jl aQijl
" PG 0wl ()
+ G5 + a(wy; (17(q]) 5 + —— 17 ()
j;kzl [ " AN D g !
(@) | . ~or
+ ja =+ Cjk(Q2 ) + 73 - Pk ) — 4y [%k q]k}
qjk
n m L o
T —T —T T—1
+ Z |jyj + O‘(Z Z igl jk) 7 1 [fy VJ}
j=1 i=11=1 k=1

V(@' Q% . p) € K. (44)

Step 3: Convergence Verification

T T— T T— T T— T—1 -
gy — 'l < el —ai 'l < e =2 " <e " —pi | <eforalli=1,---,m;
7=1---n k=1,...,0; 1l =1,---, L, with ¢ > 0, a pre-specified tolerance, then stop;

otherwise, set 7 := 7+ 1, and go to Step 1.

Note that the variational inequality subproblems (43) and (44) encountered at each it-
eration of the algorithm can be solved explicitly and in closed form since they are actually
quadratic programming problems over simple feasible sets with network structure. Indeed,
the feasible set K is a Cartesian product consisting of the product of the individual sectors’
feasible sets, and the nonnegative orthants, R}°, R, and RS, corresponding to the variables
Q', Q% ~, and p?, respectively. In fact, the subproblems in (43) and (44) corresponding

to the g;;;s can be solved using exact equilibration (cf. Dafermos and Sparrow (1969) and
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Nagurney (1999)), whereas the remainder of the variables in (43) and (44) can be obtained
by explicit formulae. We now, for completeness, and also to illustrate the simplicity of the
proposed computational procedure in the context of the financial network model, state the
explicit formulae for the computation of the gj, the 77, and the pi’ in the Adaptation Step

(44). The solution of the corresponding variables in (43) can be obtained analogously.

Computation of Financial Flows and Products

In particular, compute, at iteration 7, the gj;s, according to:

origr) ows;(r(q))) . . O0cik(Tr) . g 4
).y G gy BB o @y
j

q;—k = maX{O, q;—k_l_a(ng (Tj(q;—))

Iq;k G
Vi, k. (45)
where
ori(gh)  owdi(r(gih) ez (afi ')
T max O, T—l a w2' 7,] 7—1 J + J J ,,,j T—l + J J
~ — T— T—1 .
+ER( QT+ =0 )Y Yk (46)
m L o
7 = max{0,7] " = a3 D ait = > dn )Y Vi (47)
i=11=1 k=1
and .
_37 T—1 — 7—1
g = max{0, o — (X gt — ()}, vk, (48)
j=1
Computation of the Prices
At iteration 7, compute the s according to:
m L o
T T—1 —T —T .
Y= maX{Oa”Yj - Q(ZZ il Z ij)}a vj, (49)
i=11=1 k=1
whereas the p;’s are computed explicitly and in closed form according to:
T T7—1 L —r _3r
pi =max{0,p; —a(d_q —d(p"))},  VE. (50)
j=1
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where Q* and p;7 can be achieved from the equation (46) and (48) respectively, whereas

Q'™ can be obtained through exact equilibration.

Note that in the computation process, the financial flows and the prices can be updated

simultaneously at each iteration.

We now state the convergence result for the modified projection method for this model.

Theorem 9: Convergence

Assume that the function that enters the variational inequality (29) (or (32)) has at least
one solution and satisfies the conditions in Theorem 5 and in Theorem 8. Then the modified

projection method described above converges to the solution of the variational inequality (29)
or (32).

Proof: According to Korpelevich (1977), the modified projection method converges to the
solution of the variational inequality problem of the form (29), provided that the function
I’ that enters the variational inequality is monotone and Lipschitz continuous and that
a solution exists. Existence of a solution follows from Theorem 4, monotonicity follows

Theorem 5, and Lipschitz continuity, in turn, follows from Theorem 8. O

Of course, the algorithm may converge even if the conditions in Theorem 5 and 8 do not

hold in which case the algorithm, nevertheless, converges to the equilibrium solution.
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5. Numerical Examples

In this section, we apply the modified projection method to several numerical financial
network examples. The algorithm was implemented in FORTRAN and the computer system
used was a DEC Alpha system located at the University of Massachusetts at Amherst. For
the solution of the induced network subproblems in the Q! variables we utilized the exact
equilibration algorithm (see Dafermos and Sparrow (1969), Nagurney (1999), and Nagurney
and Ke (2001)). The other subproblems in the Q?, v, and the p3 variables were solved exactly
and in closed form as described in Section 4 (cf. (45) — (50)).

The convergence criterion used was that the absolute value of the financial flows and

prices between two successive iterations differed by no more than 1074,

The algorithm was initialized as follows: we set ¢;j; = % for each source agent ¢ and all

intermediaries 7. All the other variables were initialized to zero.

Example 1

The first example consisted of two source agents, two intermediaries, a single financial
instrument between each source agent and intermediary pair, and two demand markets, as

depicted in Figure 5. This example serves as a baseline.

The data for the first example were constructed for easy interpretation purposes. The
financial holdings of the two source agents were: S' = 20 and S? = 20. We assumed risk
functions of the form (4) and (14) for the source agents and the intermediaries, respectively.
The variance-covariance matrices V* and V7 were set equal to the identity matrices for all
source agents ¢ and all intermediaries j. All the weights were fixed and set equal to 1. We

set a = .2 in the modified projection method.

The transaction cost functions faced by the source agents associated with transacting

with the intermediaries (cf. (2)) were given by:

ciji(@ij)) = Bl +35qi, fori=1,27=121=1.
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Source Agents

Non-investment

Demand Markets

Figure 5: The Financial Network Structure of Example 1

The handling costs of the intermediaries, in turn (see (13)), were given by:
2
Cj(Ql) = 5(2 Qij1)2, forj =1,2.
i=1

The transaction costs of the intermediaries associated with transacting with the source

agents were (cf. (14)) given by:

Ciin) = 1.5G + 3qiju,  fori=1,2,j=1,2;1=1.

The demand functions at the demand markets (see (25)) were:
di(p*) = —2p% — 1.5p5 4+ 1000, da(p*) = —2p3 — 1.50% + 1000,

and the transaction costs between the intermediaries and the consumers at the demand

markets (see (24)) were given by:

Enlgn) = qu +5, forj=1,2k=1,2.
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We assumed for this and the subsequent examples that the transaction costs as perceived
by the intermediaries and associated with transacting with the demand markets were all zero
(cf. (15)), that is, ¢;k(gjx) = 0, for all j, k.

The modified projection method converged in 106 iterations and yielded the following

equilibrium financial flow pattern:
QY = G = G121 = G = Goz = 10.00,
Q¥ = G = G2 = o1 = Gp = 10.00.

The vector v* had components: v; = 5 = 245.00, and the computed demand prices at

the demand markets were: p3* = p3* = 280.00.

Also, for completeness (see discussion following Corollary 1), we computed the top-tiered
and the middle tiered equilibrium prices. The top-tiered prices associated with the source
agents were: p}j’fl = 152.00 for all 7, 7,[, and the middle-tiered prices associated with the
financial intermediaries were: p?;; = 265.00, for all j, k.

It is easy to verify that the optimality/equilibrium conditions were satisfied with good
accuracy. Note that in this example, constraint (1) was tight for both source agents, that is,
there was zero flow on the links connecting node 3 with top tier nodes 1 and 2. Thus, it was
optimal for both source agents to invest their entire financial holdings in each instrument

made available by each of the two intermediaries.

Example 2

Example 2 was constructed from the first example as follows. We kept the data as in
Example 1 except that we doubled the weights associated with the source agents transacting
with the first financial intermediary. We set a = .1 in the modified projection method (since
we did not observe convergence with aw = .2). The modified projection method required 190
iterations for convergence and yielded the following new equilibrium financial flow and price
pattern:

QY = g1 = 9.29; gy = 10.71; g5y = 9.29; g5y = 10.71;

Q> :=q;, =9.29; ¢}, =9.29; ¢5, = 10.71; g3, = 10.71.

34



The vector v* now had components: v = 247.14; v5 = 242.86. The computed equilibrium
demand prices at the demand markets remained: p3* = 280.00 = p3*. This is, as expected,

since the demand at each demand market was still 20.

The top tier prices were now: pii; = 142.00; pis; = 143.43; pliy = 142.00; and pls, =
143.43. The middle tier prices, in turn were: p?; = 265.71; p35 = 261.71; p% = 264.73: and
P35 = 264.73.

Observe that since there was more risk associated with transacting with the first financial
intermediary both source agents reduced the volume transacted with that intermediary. Also,
since the intermediaries now handled a different amount of financial funds invested in the

instrument (than in Example 1) the value of v} changed accordingly.

Example 3

The final numerical example had the identical data as Example 1 but now we assumed
that the source agents had variable weights associated with their risk criteria. In particular,
we assumed that each source agent had wi, = c¢'z3, for i = 1,2. We set ¢ = 1 for both source
agents. We set a = .01 for which the modified projection method required 1475 iterations

for convergence and yielded the following equilibrium financial flow and price pattern:
QY = qi11 = 3.10; iy = 3.10; g3y1 = 3.10; 3oy = 3.10;
Q% := ¢}, = 3.10; ¢}, = 3.10; ¢, = 3.10; g5, = 3.10.
Now, however, since the source agents were more risk-averse, we had that s} = s5 = 13.8.

In other words, the source agents opted to not to invest a sizeable portion of their financial

holdings.

The ~* values were: 7 = 75 = 269.63. The computed equilibrium demand prices at the
demand markets were: pi* = 283.94; p3* = 283.94.

The above numerical results illustrate both the financial network equilibrium model as
well as the algorithm. Obviously, the examples are stylized but they reflect the power of the

methodological framework and, moreover, allow for a plethora of simulations to be conducted.
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6. Summary and Conclusions

In this paper, we developed a framework for the formulation, qualitative analysis, and
computation of solutions to financial network equilibrium problems with intermediation and
variable weights. The financial network consisted of a multi-tiered network in which non-

investment is also permitted.

We described the behavior of the decision-makers consisting of the source agents, the
financial intermediaries, and the consumers associated with the financial products at the
demand markets. Each decision-maker in the first two tiers of the financial network faced
a bicriteria decision-making problem consisting of net revenue maximization and risk min-
imization. Unlike in the earlier literature on financial network equilibrium problems with
intermediation (cf. Nagurney and Ke (2001), Nagurney and Cruz (2003a, b) and the ref-
erences therein), the weights associated with the objectives were no longer assumed to be
equal. In particular, we applied risk-penalizing weights, which were variable and dependent
on the value of the risk objective in the value function associated with each source agent as
well as with each financial intermediary. Moreover, we proposed risk functions of a general
form rather than a specialized one as done in Nagurney and Ke (2001). We derived the op-
timality conditions for the sources of financial funds as well as the financial intermediaries,
under suitable assumptions on the underlying functions, along with the equilibrium condi-
tions. We identified the network structure associated with each decision-maker’s problem

and the network structure of the financial network economy.

We derived the variational inequality formulation of the governing equilibrium conditions.
The methodology of variational inequalities was then utilized for the qualitative analysis of

the equilibrium financial flow and price pattern, as well as for its computation.

This paper demonstrated that financial network problems with different tiers of decision-
makers in the presence of risk attitudes associated with the source agents and the interme-

diaries can be formulated and studied in a rigorous fashion.

Future research will include the extension of this framework to the international arena,
the incorporation of other criteria, the introduction of dynamics, as well as empirical appli-

cations.
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