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Abstract
In this paper, we establish the equivalence between the solutions
to an evolutionary variational inequality and the critical points
of a projected dynamical system in infinite–dimensional spaces.
We then present an algorithm, with convergence results, for the
computation of solutions to evolutionary variational inequalities
based on a discretization method and with the aid of projected
dynamical systems theory. A numerical traffic network example
is given for illustrative purposes.
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Introduction

Numerous problems in engineering, in operations research and the management sciences, as well as in economics and finance involve interactions among decision-makers and the competition for resources. In such
problems, the concept of equilibrium plays a central role and provides
a valuable benchmark against which an existing state of such complex
systems can be compared. Examples, par excellence, of such equilibrium
problems include: congested urban transportation networks, the Internet, multi-sector, multi-instrument financial equilibrium problems as well
as a variety of decentralized supply chain networks (see, e.g., [33], [34],
and [25]).
Various methodologies have been developed to formulate and solve
such problems, which are often large-scale. For example, Dafermos [11]
showed that the traffic network equilibrium conditions as formulated by
Smith [39] were a finite-dimensional variational inequality and then utilized the theory to establish both existence and uniqueness results of
the equilibrium traffic flow pattern as well as to propose an algorithm
with convergence results (see also [12]). Finite-dimensional variational
inequality theory has been applied to-date to the wide range of equilibrium problems noted above, as well as to game theoretic problems, such
as oligopolistic market equilibrium problems (see, e.g., [24], [13], and [34],
and the references therein).
As important as the study of the equilibrium state is that of the
study of the underlying dynamics or disequilibrium behavior of such systems. Note that since such problems typically involve more than a single
decision-maker who is faced with constraints (such as, for example, budgetary, conservation of flow, nonnegativity assumptions on the variables,
among others) classical dynamical systems theory is no longer sufficient
for the formulation and solution of such problems. Towards that end,
Dupuis and Nagurney [23] introduced a new class of dynamical system
with a discontinuous right-hand side and provided the foundational theory for such projected dynamical systems. Moreover, they established,
under suitable conditions, that the set of stationary points of a projected
dynamical system coincided with the set of solutions of the associated
finite-dimensional variational inequality. This connection allowed for the
investigation of the disequilibrium behavior preceding the attainment of
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the equilibrium. Zhang and Nagurney [42] (see also [36]), subsequently,
developed the stability theory for finite-dimensional projected dynamical systems. Such results are relevant since without such a theory the
concept of equilibrium may not be valid.
Isac and Cojocaru ([28], [29]) initiated the systematic study of projected dynamical systems on infinite-dimensional Hilbert spaces in 2002
with the fundamental issue of existence of solutions to such problems
answered by Cojocaru [6] in her thesis (see also Cojocaru and Jonker
[7]).
Evolutionary variational inequalities, which are also infinite-dimensional, were originally introduced by Lions and Stampacchia [31] and by
Brezis [3] in order to study problems arising principally from mechanics.
They provided a theory for the existence and uniqueness of the solution
of such problems. Steinbach [40], on the other hand, studied an obstacle
problem with a memory term as a variational inequality problem and
established existence and uniqueness results under suitable assumptions
on the time-dependent conductivity. Daniele, Maugeri, and Oettli (cf.
[19] and [20]), motivated by dynamic traffic network problems, introduced
evolutionary (time-dependent) variational inequalities to this application
domain and to several others as we shall highlight later.
As noted by Cojocaru, Daniele, and Nagurney [8], the theory and application of evolutionary variational inequalities was developing in parallel to that of projected dynamical systems. That reference reviews the
theoretical foundations of both of these methodologies and surveys the
historical developments. Moreover, it makes explicit for the first time
the connection between projected dynamical systems on Hilbert spaces
and evolutionary variational inequalities. Finally, the authors provide an
illustrative dynamic traffic network example. In [9], the same authors
established further results on the unified theory of projected dynamical
systems and evolutionary variational inequalities in the context of doublelayered dynamics. Moreover, stability analysis results were provided for
the curve of equilibria.
This paper expands upon the theme of that first and second joint
paper of ours – that of the synthesis and expansion of the theories of
projected dynamical systems and evolutionary variational inequalities to
enable the richer modeling and rigorous analysis of a plethora of complex
dynamic problems subject to constraints. In particular, here we provide
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a new proof of the equivalence between solutions to an evolutionary variational inequality and the critical points of a projected dynamical system
in infinite dimensions. In addition, we propose a new algorithm for the
computation of solutions to evolutionary variational inequalities that exploits the equivalence. Convergence results are also provided.
We now recall some fundamentals and results of our prior work, which,
along with the preliminary results in Section 2, will allow us to establish
the main contributions of this paper.
Let K be a convex polyhedral set in Rn , F : K → Rn and let us
introduce the operator
ΠK : R × K → Rn
defined by means of the directional derivative in the sense of Gâteaux
PK (x − tF (x)) − x
t→0
t
n
of the projection operator PK : R → K given by
ΠK (x, −F (x)) = lim+

kPK (z) − zk = inf ky − zk.
y∈K

In [23] Dupuis and Nagurney considered the differential equation with a
discontinuous right–hand side
d x(t)
= ΠK (x(t), −F (x(t)))
dt
and the associated Cauchy problem

d x(t)


= ΠK (x(t), −F (x(t)))
dt


x(0) = x0 ∈ K,

(1)

whose solutions (see also [42]) they called projected dynamical systems
(PDS). A similar idea, in different contexts, can be found in the papers
[10], [27], [1] and in the book [2], as we shall see in Remark 3.1. In
[22] and [23] existence theorems of an absolutely continuous solution are
shown, provided that F is assumed to be Lipschitz continuous and with
linear growth.
The key trait of a projected dynamical system was first found by
Dupuis and Nagurney in [23]. In particular, the authors proved the
following theorem.
4

Theorem 1.1 The critical points of equation
d x(t)
= ΠK (x(t), −F (x(t))),
dt
namely, the solutions such that
to the variational inequality

(2)

d x(t)
≡ 0, are the same as the solutions
dt

Find x ∈ K : hF (x), y − xi ≥ 0,

∀y ∈ K.

As noted above, variational inequalities in the finite–dimensional case
have been used to formulate a spectrum of problems arising in engineering, operations research and the management sciences, transportation
science, economics, and finance, as, for example, in the case of the traffic
network equilibrium, spatial price equilibrium, oligopolistic market equilibrium, and financial equilibrium problems. All these applications have
also benefited from the theory of projected dynamical systems in terms
of analysis and computation (see [33], [8], and the references therein).
As also noted above, projected dynamical systems have been considered in the framework of Hilbert spaces (see [6], [7], [8], [26] and [37]).
We now provide a definition of a projected dynamical system.
Definition 1.1 A projected dynamical system is given by a mapping Ψ :
R+ × K → K which solves the initial value problem:
Ψ̇(t, x) = ΠK (Ψ(t, x), −F (Ψ(t, x))),

Ψ(0, x) = x ∈ K.

In [6] and [7] the following theorem has been proved.
Theorem 1.2 Let H be a Hilbert space and let K ⊂ H be a nonempty,
closed and convex subset. Let F : K → H be a Lipschitz continuous
vector field with Lipschitz constant b. Let x0 ∈ K and L > 0 such that
kx0 k ≤ L. Then the initial value problem (1) admits a unique solution
in the class of the absolutely continuous functions on the interval [0, l]
L
.
where l =
kF (x0 )k + b L
In fact, in [6], the author shows that solutions to problem (1) on
Hilbert spaces can be extended to R+ , so Definition 1.1 also holds in the
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context of Hilbert spaces. The important consequence of such a theory
in the Hilbert space is that we can establish a connection between the
solutions to an evolutionary variational inequality and the stationary
solutions to projected dynamical equations in Hilbert spaces (see [6] and
[7]).
For completeness and definiteness, we now provide some additional
citations to evolutionary variational inequalities and applications. In [19]
and [20] Daniele, Maugeri, and Oettli formulated time–dependent traffic
equilibria as evolutionary variational inequalities. In [17] Daniele and
Maugeri developed a time–dependent spatial equilibrium model (price
formulation) in which bounds over the time on the supply and demand
market prices and on the commodity shipments between supply and demand market pairs were imposed. Moreover, the authors addressed the
time–dependent spatial price equilibrium problem in which the variables
were commodity shipments. In [16] Daniele introduced a time–dependent
financial network model consisting of multiple sectors, each of which seeks
to determine its optimal portfolio given time–depending supplies of the
financial holding.
Cojocaru, Daniele, and Nagurney in [8] showed that the all the above
considered problems can be formulated into a unified definition as we
recall below. We consider the nonempty, convex, closed, bounded subset
of the Hilbert space L2 ([0, T ], Rq ) given by
[ ½
K=
u ∈ L2 ([0, T ], Rq ) : λ(t) ≤ u(t) ≤ µ(t) a.e. in [0, T ];
t∈[0,T ]
q
X

ξji ui (t) = ρj (t) a.e. in [0, T ],

(3)

i=1

¾
ξji ∈ {0, 1} , i ∈ {1, . . . , q} j ∈ {1, . . . , l} .
Let λ, µ ∈ L2 ([0, T ], Rq ), ρ ∈ L2 ([0, T ], Rl ) be convex functions. For
chosen values of the scalars ξji , of the dimensions q and l, and of the constraints λ, µ, we obtain each of the previous above–cited model constraint
set formulations (see [8]), as follows:
• for the traffic network problem (see [19], [20]), we let ξji ∈ {0, 1},
i ∈ {1, . . . , q}, j ∈ {1, . . . , l}, and λ(t) ≥ 0 for all t ∈ [0, T ];
6

• for the quantity formulation of spatial price equilibrium (see [14]),
we let q = n + m + nm, ξji ∈ {0, 1}, i ∈ {1, . . . , q}, j ∈ {1, . . . , l};
µ(t) large and λ(t) = 0, for any t ∈ [0, T ];
• for the price formulation of spatial price equilibrium (see [15] and
[17]), we let q = n + m + mn, l = 1, ξji = 0, i ∈ {1, . . . , q},
j ∈ {1, . . . , l}, and λ(t) ≥ 0 for all t ∈ [0, T ];
• for the financial equilibrium problem (see [16]), we let q = 2mn+n,
l = 2m, ξji = {0, 1} for i ∈ {1, . . . , n}, j ∈ {1, . . . , l}; µ(t) large
and λ(t) = 0, for any t ∈ [0, T ].
Then, setting

Z

T

¿ Φ, u À=

hΦ(t), u(t)i dt
0

where Φ ∈ L2 ([0, T ], Rq )∗ and u ∈ L2 ([0, T ], Rq ), if F is given such that
F : K → L2 ([0, T ], Rq ), we have the following standard form of the
evolutionary variational inequality:
find u ∈ K : ¿ F (u), v − u À≥ 0,

∀v ∈ K.

(4)

In [20] sufficient conditions that ensure the existence of a solution to (4)
are given.
Now the following general result holds in Hilbert spaces (see [6], [7],
[26] and [37]), as we shall prove in Section 4.
Theorem 1.3 Assume that the hypotheses of Theorem 1.2 hold. Then
the solutions to the variational inequality (4) are the same as the critical
points of the projected differential equation (PrDE) (2), that is, the points
x ∈ K such that
ΠK (x(t), −F (x(t))) = 0,
and viceversa.
As a consequence, and by choosing the Hilbert space H to be L2 ([0, T ], Rp ),
we find that the solutions to the evolutionary variational inequality:
Z

T

find u ∈ K :

hF (u(t)), v(t) − u(t)i dt ≥ 0,
0

7

∀v ∈ K

(5)

are the same as the critical points of the equation:
d u(t, τ )
= ΠK (u(t, τ ), −F (u(t, τ ))),
dτ

(6)

that is, the points such that
ΠK (u(t, τ ), −F (u(t, τ ))) ≡ 0 a.e. in [0, T ],
which are obviously stationary with respect to τ.
As noted in [8], the meaning of the two “times” in (6) needs to be
well understood. Intuitively, at each instant t ∈ [0, T ], the solution of
the evolutionary variational inequality (5) represents a static state of the
underlying system. As t varies over [0, T ], the static states describe one
(or more) curves of the equilibria. In contrast, τ here is the time that
describes the dynamics of the system until it reaches one of the equilibria
of the curve.
Section 2 is dedicated to the presentation of additional definitions and
preliminary results that we need in the subsequent sections. In Section
3 we present a self–contained proof of Theorem 1.3 and we reference
similar existing results. In Section 4 we show how a solution to the
evolutionary variational inequality (5) can be computed with the aid of
the projected dynamical systems theory. In Section 5 we present a proof
of the convergence of the algorithm. In Section 6 we present a numerical
dynamic traffic network example that is distinct from the one in [8].

2

Definitions and Preliminary Results

Following the paper by J. Gwinner [26], let us recall some well-known
objects of convex analysis which we need in what follows.
Let H be a real Hilbert space, whose inner product we denote by h·, ·i.
Definition 2.1 For a subset M ⊂ H the polar M 0 is defined by
M 0 = {ξ ∈ H : hξ, xi ≤ 1, ∀x ∈ M } .
For a cone C Definition 2.1 simplifies into
C 0 = C − = {ξ ∈ H : hξ, xi ≤ 0, ∀x ∈ C} .
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Definition 2.2 Let K be a nonempty, closed, convex subset of H. For all
z ∈ K we define the support cone (or tangent cone, or contingent cone)
to K at x as the set
[
TK (x) =
λ (K − x).
λ>0

Definition 2.3 We define the normal cone to K at x as the set
NK (x) = {ξ ∈ H : hξ, z − xi ≤ 0, ∀z ∈ K} .
Proposition 2.1 We then have the following result:
(TK (x))0 = NK (x) = (TK (x))− .
Proof. It is clear (see [2], Proposition 2, page 220) that
(TK (x))0 ⊆ NK (x) = {ξ ∈ H : hξ, z − xi ≤ 0, ∀z ∈ K} ,
because z − x ∈ TK (x), ∀z ∈ K. Viceversa, NK (x) ⊆ (TK (x))0 , because if
y = lim λn (zn − x), zn ∈ K, λn ≥ 0 ∀n ∈ N, for each ξ ∈ NK (x) :
n

hξ, λn (zn − x)i ≤ 0, ∀n ∈ N
and, hence,
hξ, yi ≤ 0, ∀y ∈ TK (x),
and the assertion is proved.
2
The set TK (x) is clearly a closed convex cone with vertex 0 and it is
the smallest cone C whose translate x + C has vertex x and contains K.
The utility of the support cone derives from the following result:
Theorem 2.1 If we denote by PK = Proj (K, ·) the projection onto K of
an element of H, then:
PK (x + λh) = x + λPTK (x) h + o(λ)
for any x, h, and λ > 0.
Proof. See [41] Lemma 4.6 page 300.
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2

Corollary 2.1 If we define the projection of h at x with respect to K as
the directional derivative in the sense of Gâteaux
ΠK (x, h) = lim+
λ→0

PK (x + λh) − x
,
λ

then
ΠK (x, h) = PTK (x) h,
namely, ΠK (x, h) is the projection of h on the support cone TK (x).
Definition 2.4 The set of unit inward normals to K at x is defined by
nK (x) = {v : kvk = 1 and hv, x − yi ≤ 0, ∀y ∈ K} .
Then, using Proposition 2.1, we have that
Proposition 2.2 The set of unit normals to K at x satisfies:
nK (x) = ∂B(0, 1) ∩ − (TK (x))0 ,
where ∂B(0, 1) = {z : kzk = 1} .
Now, since in infinite dimensions the interior as well as the relative algebraic interior of a convex set can be empty, we introduce the concepts of
quasi interior of K, which may be nonempty.
Definition 2.5 We call the quasi interior of K (denoted by qi K) the
set of those x ∈ K for which TK (x) = H.
Definition 2.6 We define the quasi boundary of a closed convex set K
(denoted by qbdry K) as the set K \ qi K.
Then the following proposition holds.
Proposition 2.3 x ∈ qbdry K if and only if nK (x) 6= ∅.
Proof. Let x ∈ qbdry K. Then, by virtue of Proposition 2.1 in [4], there
exists a ξ 6= 0 such that hξ, xi ≤ hξ, yi, ∀y ∈ K, and, hence:
h

ξ
, x − yi ≤ 0 ∀y ∈ K.
kξk
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Viceversa, if nK (x) is nonempty, then there exists a ξ with kξk = 1 such
that hξ, x − yi ≤ 0, ∀y ∈ K. Then x ∈
/ qi K, because:
if x ∈ qi K, then hξ, x − yi ≤ 0, ∀y ∈ K implies hξ, λ(x − y)i ≤ 0, ∀λ > 0
and ∀y ∈ K. If y ∈ TK (x), then we can write y = lim λn (zn − x) and
n

so hξ, λn (zn − x)i ≤ 0, ∀n ∈ N. When n → ∞, then we get hξ, yi ≤ 0,
∀y ∈ TK (x). Therefore, if x ∈ qi K, then TK (x) = H and, hence, hξ, yi ≤ 0
∀y ∈ H. Choosing −y ∈ H, we get hξ, −yi ≤ 0, that is, hξ, yi = 0 ∀y ∈ H.
Choosing y = ξ, we obtain kξk = 0, and then ξ = 0, which is an absurdity
since kξk = 1.
2
Following an idea of Dupuis [21] on Euclidean space, later used in [23]
for the theory of finite-dimensional PDS, we present next a generalization
of the geometric interpretation of the operator ΠK on infinite–dimensional
H–spaces. A similar result, also in infinite–dimensional spaces, can be
found in Isac and Cojocaru [29] (see also [26] and [38]).
Theorem 2.2
1. If x ∈ qi K, then for any h ∈ H it follows that: ΠK (x, h) = h;
2. If x ∈ qbdry K, then for any v ∈ H \TK (x) there exists n∗ (x) ∈ nK (x)
such that
β(x) = −hv, n∗ (x)i > 0,
ΠK (x, v) = v + β(x) n∗ (x).
Proof. If x ∈ qi K, then TK (x) = H, by definition of qi K, and it follows
that
ΠK (x, h) = PTK (x) h = PH h = h.
If x ∈ qbdry K, then setting v̂ = ΠK (x, v), we get:
v̂ = ΠK (x, v) = PTK (x) v,
namely:
hv − v̂, w − v̂i ≤ 0,

∀w ∈ TK (x).

Since TK (x) is a cone with vertex 0, choosing, in turn, w = 0 and w = 2v̂,
we get:
hv − v̂, v̂i = 0.
(7)
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Moreover, if we set w = y + v̂ with y ∈ TK (x), we obtain
hv − v̂, y + v̂ − v̂i = hv − v̂, yi ≤ 0,
and, hence,

∀y ∈ TK (x)

v − v̂ ∈ (TK (x))0 .

(8)

Since v 6= v̂, because v ∈ H \ TK (x) and v̂ ∈ TK (x) by assumption, then
the relation (8) implies the existence of some n∗ ∈ n(x) and β > 0 such
that
v̂ − v = β n∗ .
Moreover, the orthogonality hn∗ , v̂i = 0 implies
β = −hv, n∗ i,
and the assertion is proved.
We also obtain the following characterization (see also [26]).

2

Corollary 2.2 Let x ∈ K. Then for any v ∈ H:
ΠK (x, v) = Pv−NK (x) (0) = (v − NK (x))# .
Proof. If x ∈ qi K, from Theorem 2.2 we derive
ΠK (x, v) = v.
On the other hand, if x ∈ qi K, by definition, TK (x) = H and NK (x) =
(TK (x))− = H − = {0} . Let us suppose now that x ∈ qbdry K. From
Theorem 2.2 we know that
v − v̂ ∈ (TK (x))0 = NK (x),
where v̂ = ΠK (x, v). Then we get
v̂ ∈ v − NK (x).
Since v̂ = ΠK (x, v) = PTK (x) v, then we have v̂ ∈ TK (x) and, hence,
hz, v̂i ≤ 0, ∀z ∈ (TK (x))0 = NK (x). Taking into account (7), we get
hv̂, v − v̂ − zi ≥ 0, ∀z ∈ NK (x)
and, thus, v̂ = Pv−NK (x) (0).

2
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3

Proof of Theorem 1.3

We shall now present a new proof of Theorem 1.3, in light of our results
in the previous sections. Theorem 1.3 is crucial in the study of projected
dynamics and perturbed equilibria. It also has an interesting history: the
first proof of this theorem appears in [23] in Euclidean space. In more
general spaces, such as Hilbert spaces (finite- or infinite-dimensional),
there already exist several proofs of this result, as one can see in [7],
Theorem 2.2 [29], Proposition 6. However, we give here a novel proof,
independent of the previous ones (see [26]).
Let x∗ be a solution to the variational inequality
hF (x∗ ), x − x∗ i ≥ 0,

∀x ∈ K.

(9)

Using the characterization of the solution by means of the projection, we
get
x∗ = PK (x∗ − λF (x∗ )) , ∀λ > 0.
Hence,
ΠK (x∗ , −F (x∗ )) = lim+
λ→0

PK (x∗ − λF (x∗ ))
x∗ − x∗
= lim+
= 0.
λ→0
λ
λ

Viceversa, let x∗ be a stationary point of the projected dynamical system,
namely, x∗ is such that
0 = ΠK (x∗ , −F (x∗ )) = PTK (x) (−F (x∗ )).
First, let us consider the case when x∗ ∈ qbdry K and −F (x∗ ) ∈
/ TK (x).
By virtue of Theorem 2.2, there exist β ∗ > 0 and n∗ ∈ nK (x∗ ) such that:
F (x∗ ) = β ∗ n∗ .
Since n∗ ∈ nK (x∗ ), we have
hβ ∗ n∗ , x∗ − yi ≤ 0,

∀y ∈ K

hF (x∗ ), y − x∗ i ≥ 0,

∀y ∈ K.

and, therefore,
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Let us consider now the case when x∗ ∈ qbdry K and −F (x∗ ) ∈ TK (x∗ ).
In this case we get
0 = ΠK (x, −F (x∗ )) = PTK (x∗ ) (−F (x∗ )) = −F (x∗ )
and, hence, the variational inequality (9) is satisfied.
Finally, if x∗ ∈ qi K, then TK (x∗ ) coincides with H and we get
0 = PH (−F (x∗ )) = −F (x∗ )
as above.

2

Remark 3.1 By virtue of Corollary 2.2, we derive that
d ẋ(t)
= ΠK (x, −F (x)) = P−F (x)−NK (x) (0) =
dt

½
= v̂ ∈ − (F (x) + NK (x)) : kv̂k =

min

y∈−(F (x)+NK (x))

Then, the initial value problem

d ẋ(t)


= ΠK (x(t), −F (x(t)))
dt


x(0) = x0 ∈ K

¾
kyk .

(10)

consists in finding the “slow” solution (the solution of minimal norm) to
the differential variational inequality
ẋ(t) ∈ − (NK (x(t)) + F (x(t)))
under the initial condition
x(0) = x0 .
Since
ΠK (x(t), −F (x(t))) = PTK (x(t)) (−F (x(t))),
problem (10) is equivalent to finding the “slow” solution to the problem

 ẋ(t) ∈ PTK (x) (−F (x(t)))
(11)

x(0) = x0
14

where the operator F is single–valued.
Then, as already observed in the Introduction, the results of [2] Chapter
6, Section 6, and of [1] Theorem 2, can be applied to our projected
dynamical system.
Remark 3.2 It is worth noting that the variational inequality (4) is
equivalent to the problem:
find u ∈ K : hF (u(t)), v(t) − u(t)i ≥ 0,

∀v ∈ K, a.e. in [0, T ]. (12)

Moreover, this remark is interesting because it means that we may have
the possibility of applying to (12), among others, the direct method (that
is, finding the explicit closed form solution) in order to find solutions to
the variational inequality (4). We illustrate this in the case of a numerical
example in Section 6 (see also [18], [32], and [16]).

4

Computational Procedure

We now consider the time–dependent variational inequality (5) where
K is given by (3). From Remark 3.2, it is equivalent to (12). Let the
operator F be strictly monotone (see, e.g., [30] and [33]), so that the
solution u is unique and assume that, using a regularization procedure
(for example, one can follow the technique used by Gwinner in [26] page
239 to achieve such a regularization) under regularity assumptions on the
data, the variational inequality (12) has the solution u(t) ∈ C 0 ([0, T ], Rq ).
Hence, it follows that:
hF (u(t)), v(t) − u(t)i ≥ 0,

∀t ∈ [0, T ].

Consider now a sequence of partitions πn of [0, T ], such that:
¡
¢
n
n
πn = t0n , . . . , tN
, 0 = t0n < t1n < . . . < tN
n
n = T
and

ª
©
: j = 1, . . . , Nn
kn = max tjn − tj−1
n

with kn → 0 when n → ∞. Then, for each value tnj−1 , we consider the
variational inequality
¡ ¡
¢¢
¡
¢
¡
¢
hF u tj−1
, v − u tj−1
i ≥ 0, ∀v ∈ K tnj−1
(13)
n
n
15

where
¡

¢
j−1

K tn

(
=

)
q
X
¢
¡
¢
¡
¢
v ∈ Rq : λ tj−1
≤ v ≤ µ tj−1
,
ξji vi = ρj tj−1
.
n
n
n
¡

i=1

We can compute now the unique solution to the finite-dimensional variational inequality (13) by means of the critical point of the projected
dynamical system
¢
¡ ¡ j−1 ¢¢¢
¡ ¡
=0
ΠK u tj−1
n , τ , −F u tn , τ
and we can construct an interpolation function un (t) such that
lim kun (t) − u(t)kL∞ ([0,T ],Rq ) = 0.
Remark 4.1 We can overcome the regularization assumption on the solution u, by considering a discretization procedure and by computing the
solution to the finite–dimensional variational inequality obtained after
the discretization (see [38]), using the corresponding projected dynamical system. We will demonstrate how to accomplish this in Section 5.

5

Proof of the Convergence

The discretization procedure for the calculus to the solution of the evolutionary variational inequality (5) runs as follows.
We consider a sequence {πn } of partitions of [0, T ], such that:
0
1
Nn
n
πn = (t0n , . . . , tN
n ), 0 = tn < tn < . . . < tn = T

and

©
ª
kn := max tjn − tj−1
: j = 1, . . . , Nn
n

with kn → 0 when n → ∞.
We consider the space of Rm –value piecewise constant functions induced by πn :
n
Pn ([0, T ], Rm ) := v ∈ L∞ ([0, T ], Rm ) :
o
m
j = vj ∈ R , j = 1, . . . , Nn
v(tj−1
(14)
n , tn ]
16

where vj denotes the constant value of v on (tnj−1 , tjn ].
The mean value operators µn : L1 ([0, T ], Rm ) → Pn ([0, T ], Rm ) are
then introduced by:
j
µn v(tj−1
n , tn ]

1
:= j
tn − tj−1
n

Z

tjn
j−1
tn

v(s) ds.

(15)

The following Lemma (see, for instance, [5]) will be useful:
Lemma 5.1 Let 1 ≤ r < ∞. Then, the linear operators
µn : Lr ([0, T ], Rm ) → Lr ([0, T ], Rm )
are uniformly bounded with norm 1 and:
µn v → v in Lr ([0, T ], Rm )
as n → ∞, ∀v ∈ Lr ([0, T ], Rm ) .
Consider now the following closed and convex set:
©
K := F (t) ∈ L2 ([0, T ], Rm ) : λ ≤ F (t) ≤ ν, a.e. in [0, T ],
ª
Φ F (t) = ρ(t), λ, ν ≥ 0,

(16)

where, for the time being, the upper and lower bounds and the ρ(t)
are constant (i.e. not time-dependent) functions, and a linear mapping
C : [0, T ] × K → L2 ([0, T ], Rm ) :
C[t, F (t)] = A(t) F (t) + B(t),

A(t) ∈ L∞ , B(t) ∈ L2 .

Thus, we are led to solve the problem of finding H(t) ∈ K :
Z T
hA(t) H(t) + B(t), F (t) − H(t)i dt ≥ 0, ∀F (t) ∈ K.

(17)

0

In correspondence to each partition we can write:
Z T
hA(t) H(t) + B(t), F (t) − H(t)i dt =
0
N
n
X Z tjn
j=1

tj−1
n

hA(t) H(t) + B(t), F (t) − H(t)i dt.
17

(18)

j
Thus, in each interval [tj−1
n , tn ] we can consider the problem of finding
unj (t) ∈ K :

Z

tjn
tj−1
n

∀Fjn (t) ∈ K.

hA(t) Hjn (t) + B(t), Fjn (t) − Hjn (t)i dt ≥ 0,

(19)

Instead of (19), consider now the finite–dimensional problem of finding
Hjn ∈ Km ⊂ Rm :
hAnj Hjn + Bjn , Fjn − Hjn i ≥ 0,

∀Fjn ∈ Km

(20)

where
Anj

1
= j
tn − tj−1
n

Z

tjn
tj−1
n

Bjn

A(t) dt;

1
= j
tn − tnj−1

Z

tjn
tj−1
n

B(t) dt

(21)

and consider Hjn as constant approximations of the solutions Hjn (t) of
(19). Here Km is the convex subset of Rm with same lower and upper
bounds and the same demand of K.
Our aim is to prove that the functions:
Hn (t) =

Nn
X

j
n
χ(tj−1
n , t n ) Hj

(22)

j=1

are, in a suitable sense, piecewise constant approximations to solutions
to the original problem (17). We can then prove the following theorem
(see [38]):
Theorem 5.1 Let K be as in (16) and, moreover, let A(t) be positive
definite a.e. in [0, T ]. Then, the set U = {Hn }n∈N is (weakly) compact
and its cluster points are feasible. Moreover, if H̄ is a weak cluster point
for U, then H̄ solves (17).
In Theorem 5.1 we have considered the constant convex set (16). Now
we turn back to the case of a time-dependent convex set:
©
K := F (t) ∈ L2 ([0, T ], Rm ) : λ(t) ≤ F (t) ≤ ν(t), a.e. in [0, T ],
ª
λ(t), ν(t) ≥ 0, ΦF (t) = ρ(t) a.e. in [0, T ]
(23)
and consider piecewise constant approximations for it. For the sake of
clarity and completeness, let us recall some basic definitions of set convergence.
18

Definition 5.1 Let S be a metric space and {Kn } a sequence of sets of
S. We say that Kn is Kuratowsky–convergent to K if and only if:
lim inf Kn = lim sup Kn = K,
n

n

where
n

o

lim sup Kn := y ∈ S : ∃n1 < n2 < . . . , with yni ∈ Kn , y = lim yni
i

n

n
o
lim inf Kn := y ∈ S : ∃n0 ∈ N : ∀n > n0 ∃yn ∈ Kn , and lim yn = y .
n

n

Definition 5.2 Let S be a normed space and {Kn } a sequence of closed
and convex subsets therein. We say that Kn is Mosco convergent to K if
and only if:
w − lim sup Kn ⊂ K ⊂ s − lim inf Kn
(24)
n

where w and s mean weak and strong topology, respectively.
We now turn to our set (23) and, in correspondence to each partition
πn of [0, T ] consider the sets:
©
Knj := F (t) ∈ L2 ([0, T ], Rm ) , piecewise constant:
λ̄j,n ≤ Fj (t) ≤ ν̄j,n , a.e. in (tj−1 , tj ),
(25)
ª
Φ F (t) = ρ̄j,n , a.e. in (tj−1 , tj ) ,
where λ̄j,n = µj,n λ(t), ν̄j,n = µj,n ν(t) and ρ̄j,n = µj,n ρ(t) are the mean
values of λ(t), ν(t) and ρ(t) on (tj−1 , tj ). Thus, we can consider the set
Kn = ∩Knj which, ∀n ∈ N, has piecewise constant lower and upper
bounds and demand which we denote by λ̄n , ν̄n and ρ̄j,n , respectively.
Then, the following result holds (see [26]).
Lemma 5.2 The set sequence Kn converges to K (in Mosco sense).
We come back now to our problem of finding H(t) ∈ K(t) :
Z

T

hC[t, H(t)], F (t) − H(t)i dt ≥ 0,
0
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∀F (t) ∈ K(t)

(26)

2m
1

2
Rª
1m

Figure 1: Network Structure of the Numerical Example

and, ∀F (t) ∈ K(t), consider F n (t) ∈ Kn such that F n (t) → F (t) (strongly).
Such F n (t) does exist thanks to the first part of the proof of Lemma 5.2.
Nn
X
n
Let, ∀n ∈ N, consider a solution H (t) =
χ(tnj−1 , tjn )Hjn , where Hjn is
j=1

the solution to the finite–dimensional variational inequality:
hAnj Hjn + Bjn , Fjn − Hjn i ≥ 0,

∀Fjn ∈ Knj .

We are now able to present the final result (see [26]).
Theorem 5.2 Let A(t) be positive definite a.e. in [0, T ]. Then the sequence H n (t) defined in (22) admits weak cluster points. Each cluster
point is feasible and solves the original variational inequality.

6

A Numerical Dynamic Traffic Network
Example

In this section, we present a numerical example that is taken from transportation science. For additional background, we refer the reader to [8],
[19], [20], and the references therein. We consider a transportation network consisting of a single origin/destination pair of nodes and two paths
connecting these nodes of a single link each, as depicted in Figure 1.
The feasible set K is as in (3), where we take p := 2. We also have
that q := 2, j := 1, T := 2, ρ(t) := t, and ξji := 1 for i ∈ {1, 2}:
(
[
K=
u ∈ L2 ([0, 2], R2 )|
t∈[0,2]

20

µ
(0, 0) ≤ (u1 (t), u2 (t)) ≤
2
X

¶
3
t, t a.e. in [0, 2];
2
)

ui (t) = t a.e. in [0, 2] .

i=1

In this application u(t) denotes the vector of path flows at t. The
cost functions on the paths are defined as: u1 (t) + 1 for the first path
and u2 (t) + 2 for the second path. We consider a vector field F defined
by
F : L2 ([0, 2], R2 ) → L2 ([0, 2], R2 );
(F1 (u(t), F2 (u(t))) = (u1 (t) + 1, u2 (t) + 2).
The theory of EVI (as described above) states that the system has a
unique equilibrium, since F is strictly monotone, for any arbitrarily fixed
point t ∈ [0, 2]. Indeed, one can easily see that hF (u1 , u2 )−F (v1 , v2 ), (u1 −
v1 , u2 − v2 )i = (u1 − v1 )2 + (u2 − v2 )2 > 0, for any u 6= v ∈ L2 ([0, 2], R2 ).
With the help of PDS theory, we½can compute an¾approximate curve
k
of equilibria, by selecting t0 ∈
|k ∈ {0, . . . , 8} . Hence, we ob4
tain a sequence of PDS defined by the vector field −F (u1 (t0 ), u2 (t0 )) =
(−u1 (t0 ) + 1, −u2 (t0 ) + 2) on nonempty, closed, convex, 1–dimensional
subsets:
½½
·
¸¾
¾
3
Kt0 :=
[0, t0 ] × 0, t0
∩ {x + y = t0 } .
2
For each, we can compute the unique equilibrium of the system at
the point t0 , that is, the point:
(u1 (t0 ), u2 (t0 )) ∈ R2 such that − F (u1 (t0 ), u2 (t0 )) ∈ NKt0 (u1 (t0 ), u2 (t0 )).
Proceeding in this manner, we obtain the equilibria consisting of the
points:
¶ µ
¶ µ
¶
µ
½
µ
¶
1
3
9 1
1
,0 ,
,0 ,
, 0 , (1, 0) ,
,
(0, 0),
,
4
2
4
8 8
¶ µ
¶ µ
¶¾
µ
11 3
3 1
5 1
,
,
,
,
,
.
4 4
8 8
2 2
The interpolation of these points yields the curve of equilibria.
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We note that due to the simplicity of the network topology in Figure
1 and the linearity (and separability of the cost functions in this example)
we can also obtain explicit formulae for the path flows over time as given
below:

 u1 (t) = t,
if 0 ≤ t ≤ 1

u2 (t) = 0
and


t+1



 u1 (t) = 2 ,


t−1

 u2 (t) =
.
2

if 1 ≤ t ≤ 2

The above results demonstrate how the two theories of projected dynamical systems and evolutionary variational inequalities that have been
developed in parallel can be connected to enhance the modeling, analysis,
and computation of solutions to a plethora of time–dependent equilibrium problems that arise in such disciplines as engineering, operations
research/management science, economics, and finance.
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Espaces de Hilbert et Applications, J. Math. Pures Appl. 54, 1975,
53–74.
22

[2] J.P. Aubin and A. Cellina, Differential Inclusions. Set–Valued Maps
and Viability Theory, Springer-Verlag, Berlin, Germany, 1984.
[3] H. Brezis, Inequations d’Evolution Abstraites, C. R. Acad. Sci. Paris,
1967.
[4] F. Camaroto and B. Di Bella, A Separation Theorem Based on the
Quasi–Relative Interior and an Application to the Theory of Duality,
Journal of Optimization Theory and Applications, 2004.
[5] C. Carstensen and J. Gwinner, A Theory of Discretization for Nonlinear Evolution Inequalities Applied to Parabolic Signorini Problems, Ann. Mat. Pura Appl., 177, 1999, 363–394.
[6] M.G. Cojocaru, Projected Dynamical Systems on Hilbert Spaces, Ph.
D. Thesis, Queen’s University, Canada, 2002.
[7] M.G. Cojocaru and L.B. Jonker, Existence of Solutions to Projected
Differential Equations in Hilbert Spaces, Proceedings of the American Mathematical Society 132, 2004, 183–193.
[8] M.G. Cojocaru, P. Daniele, and A. Nagurney, Projected Dynamical Systems and Evolutionary Variational Inequalities Via Hilbert
Spaces with Applications, 2004, Journal of Optimization Theory and
Applications, to appear.
[9] M.G. Cojocaru, P. Daniele, and A. Nagurney, Double-Layered Dynamics: A Unified Theory of Projected Dynamical Systems and Evolutionary Variational Inequalities, 2004, submitted.
[10] B. Cornet, Existence of Slow Solutions for a Class of Differential
Inclusions, Journal of Mathematical Analysis and Applications 96,
1983, 130–147.
[11] S. Dafermos, Traffic Equilibrium and Variational Inequalities, Transportation Science 14, 1980, 42-54.
[12] S. Dafermos, The General Multimodal Network Equilibrium Problem
with Elastic Demand, Networks 12, 1982, 57-72.
23

[13] S. Dafermos and A. Nagurney Oligopolistic and Competitive Behavior of Spatially Separated Markets, Regional Science and Urban
Economics 17, 1987, 245-254.
[14] P. Daniele, Time–Dependent Spatial Price Equilibrium Problem: Existence and Stability Results for the Quantity Formulation Model,
Journal of Global Optimization 28, 2004, 283–295.
[15] P. Daniele, Evolutionary Variational Inequalities and Economic
Models for Demand Supply Markets, M3AS: Mathematical Models
and Methods in Applied Sciences 4 (13), 2003, 471–489.
[16] P. Daniele, Variational Inequalities for Evolutionary Financial Equilibrium, in Innovations in Financial and Economic Networks, Edward Elgar Publishing, Cheltenham, England, A. Nagurney, Editor,
2003, 84–108.
[17] P. Daniele and A. Maugeri, On Dynamical Equilibrium Problems
and Variational Inequalities, in Equilibrium Problems: Nonsmooth
Optimization and Variational Inequality Models, Kluwer Academic
Publishers, Dordrecht, The Netherlands, F. Giannessi, A. Maugeri,
and P. Pardalos, Editors, 2001, 59-69.
[18] P. Daniele and A. Maugeri, The Economic Model for Demand-Supply
Problems, in Equilibrium Problems and Variational Models, Kluwer
Academic Publishers, Dordrecht, The Netherlands, P. Daniele, F.
Giannessi, and A. Maugeri, Editors, 2002, 61-78.
[19] P. Daniele, A. Maugeri, and W. Oettli, Variational Inequalities and
Time–Dependent Traffic Equilibria, C. R. Acad. Sci. Paris t. 326,
serie I, 1998, 1059–1062.
[20] P. Daniele, A. Maugeri, and W. Oettli, Time–Dependent Traffic
Equilibria, Journal of Optimization Theory and Applications 103,
1999, 543–555.
[21] P. Dupuis, Large Deviations Analysis of Reflected Diffusions and
Constrained Stochastics Approximation Algorithms in Convex Sets,
Stochastics 21, 1987, 63–96.
24

[22] P. Dupuis, and H. Ishii, On Lipschitz Continuity of the Solution
Mapping to the Skorokhod Problem, with Applications, Stochastics
and Stochastics Reports 35, 1990, 31–62.
[23] P. Dupuis and A. Nagurney, Dynamical Systems and Variational
Inequalities, Annals of Operations Research 44, 1993, 9–42.
[24] D. Gabay and H. Moulin, On the Uniqueness and Stability of Nash
Equilibria in Noncooperative Games, in Applied Stochastic Control
of Econometrics and Management Science, North-Holland, Amsterdam, The Netherlands, A. Bensoussan, P. Kleindorfer, and C. S.
Tapiero, Editors, 1980.
[25] J. Geunes and P. M. Pardalos, Network Optimization in Supply
Chain Management and Financial Engineering: An Annotated Bibliography, Networks 42, 2003, 66-84.
[26] J. Gwinner, Time Dependent Variational Inequalities – Some Recent
Trends, in Equilibrium Problems and Variational Models, Kluwer
Academic Publishers, Dordrecht, The Netherlands, P. Daniele, F.
Giannessi, and A. Maugeri, Editors, 2003, 225–264.
[27] C. Henry, An Existence Theorem for a Class of Differential Equations with Multivalued Right Hand Sides, Journal of Mathematical
Analysis and Applications 41, 1973, 179–186.
[28] G. Isac and M.G. Cojocaru, Variational Inequalities, Complementarity Problems and Pseudo-Monotonicity. Dynamical Aspects, in
“Seminar on Fixed Point Theory Cluj-Napoca” Proceedings of
the International Conference on Nonlinear Operators, Differential Equations and Applications, Babes-Bolyai University of ClujNapoca, Vol. III, pp. 41-62, 2002.
[29] G. Isac and M.G. Cojocaru, The Projection Operator in a Hilbert
Space and its Directional Derivative. Consequences for the Theory
of Projected Dynamical Systems, Journal of Function Spaces and
Applications 2, 2004, 71–95.
[30] D. Kinderlehrer and G. Stampacchia, An Introduction to Variational Inequalities and their Applications, Academic Press, New
York, 1980.
25

[31] J. L. Lions and G. Stampacchia, Variational Inequalities, Comm.
Pure Appl. Math. 22, 1967, 493-519.
[32] A. Maugeri, Convex Programming, Variational Inequalitie and Applications to the Traffic Equilibrium Problem, Applied Mathematics
and Optimization 16, 1987, 169-185.
[33] A. Nagurney, Network Economics: A Variational Inequality Approach, Second and Revised Edition, Kluwer Academic Publishers,
Dordrecht, The Netherlands, 1999.
[34] A. Nagurney and J. Dong, Supernetworks: Decision-Making for the
Information Age, Edward Elgar Publishing, Cheltenham, England,
2002.
[35] A. Nagurney and S. Siokos, Financial Networks: Statics and Dynamics, Springer-Verlag, Heidelberg, Germany, 1997.
[36] A. Nagurney and D. Zhang, Projected Dynamical Systems and Variational Inequalities with Applications, Kluwer Academic Publishers,
Boston, Massachusetts, 1996.
[37] F. Raciti, Equilibria Trajectories as Stationary Solutions of Infinite
Dimensional Projected Dynamical Systems, Applied Mathematics
Letters 17, 2004, 153-158.
[38] F. Raciti, Bicriterion Weight Varying Spatial Price Networks, Journal of Optimization Theory and Applications 122, 2004, 387-403.
[39] M. Smith, Existence, Uniqueness, and Stability of Traffic Equilibria,
Transportation Research 13B, 1979, 259-304.
[40] J. Steinbach, On a Variational Inequality Containing a Memory
Term with an Application in Electro-Chemical Machining, Journal
of Convex Analysis 5, 1998, 63-80.
[41] E.H. Zarantonello, Projections on Convex Sets in Hilbert Space and
Spectral Theory, Contributions to Nonlinear Functional Analysis,
Academic Press, New York – London, E.H. Zarantonello, Editor,
1972.
26

[42] D. Zhang and A. Nagurney, On the Stability of Projected Dynamical
Systems, Journal of Optimization Theory and Applications 85, 1995,
97-124.

27

