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Abstract: In this paper, we develop a mean-variance disaster relief supply chain network

model with stochastic link costs and time targets for delivery of the relief supplies at the

demand points, under demand uncertainty. The humanitarian organization seeks to mini-

mize its expected total operational costs and the total risk in operations with an individual

weight assigned to its valuation of the risk, as well as the minimization of expected costs

of shortages and surpluses and tardiness penalties associated with the target time goals

at the demand points. The risk is captured through the variance of the total operational

costs, which is relevant to the reporting of the proper use of funds to stakeholders, including

donors. The time goal targets associated with the demand points enable prioritization as

to the timely delivery of relief supplies. The framework handles both the pre-positioning

of relief supplies, whether local or nonlocal, as well as the procurement (local or nonlocal),

transport, and distribution of supplies post-disaster. The time element is captured through

link time completion functions as the relief supplies progress along paths in the supply chain

network. Each path consists of a series of directed links, from the origin node, which repre-

sents the humanitarian organization, to the destination nodes, which are the demand points

for the relief supplies. We propose an algorithm, which yields closed form expressions for

the variables at each iteration, and demonstrate the efficacy of the framework through a

series of illustrative numerical examples, in which trade-offs between local versus nonlocal

procurement, post- and pre-disaster, are investigated. The numerical examples include a

case study on hurricanes hitting Mexico.

Keywords: supply chains, disaster relief, humanitarian logistics, network optimization, risk

reduction, undertainty, time constraints, variational inequalities.
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1. Introduction

Natural disasters, such as earthquakes, hurricanes, tsunamis, floods, tornadoes, fires, and

droughts, invoke all phases of the disaster management cycle from preparedness and miti-

gation to response and recovery. Notable recent examples of disasters include: Hurricane

Katrina in 2005 and Superstorm Sandy in 2012, the two costliest disasters to strike the U.S.,

the earthquake in Haiti in 2010, the triple disaster in Fukushima, Japan in 2011, and the

devastating earthquake in Nepal in 2015. As noted in Nagurney and Qiang (2009), the num-

ber of disasters is growing as well as the number of people affected by disasters. Hence, the

development of appropriate analytical tools that can assist humanitarian organizations and

nongovernmental organizations as well as governments in the various disaster management

phases has become a challenge to both researchers and practitioners.

Recently, there has been growing interest in constructing integrated frameworks that can

assist in multiple phases of disaster management. Network-based models and tools, which

allow for graphical depiction of disaster relief supply chains and the flexibility of adding nodes

and links, coupled with effective computational procedures, in particular, offer promise. Such

models necessarily have to be optimization-based and must incorporate stochastic elements

since in disaster situations there is uncertainty associated with the demand for relief supplies

and also uncertainty associated with various link costs along with variances.

In addition, as noted in Nagurney, Masoumi, and Yu (2015), time plays a critical role in

disaster relief supply chains and, therefore, time must be a fundamental element in disaster

relief models. The U.S. Federal Emergency Management Agency (FEMA) has identified key

benchmarks to response and recovery, which emphasize time and are: to meet the survivors’

initial demands within 72 hours, to restore basic community functionality within 60 days,

and to return to as normal of a situation within 5 years (Fugate (2012)). Walton, Mays, and

Haselkorn (2011) further reinforce the importance of speed in emergency response guidelines

for disaster relief operations (see also USAID (2005) and UNHCR (2007)). Timely and

efficient delivery of relief supplies to the affected population not only decreases the fatality

rate but may also prevent chaos. In the case of cyclone Haiyan, the strongest typhoon ever

recorded in terms of wind speed, which devastated areas of Southeast Asia, especially, the

Philippines, where 11 million people were affected, slow relief delivery efforts forced people

to seek any possible means to survive. Several relief trucks were attacked and had food

stolen, and some areas were reported to be on the brink of anarchy (Chicago Tribune (2013)

and CBS News (2013)). In Nepal, post the April 2015 7.8 magnitude earthquake, there was

near chaos at the Katmandu airport with relief airplanes not able to land, with numerous
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Nepalese citizens seeking to leave while Nepalese expatriates attempted to return to help

their families (Luke and McVicker (2015)). The BBC News (2015) reported that the slow

distribution of aid led to clashes between protesters and riot police.

Furthermore, humanitarian relief organizations, for the most part, receive their primary

funding and support from donors. Hence, they are responsible to these and other stakeholders

in terms of accountability of the use of their financial funds (see Toyasaki and Wakolbinger

(2014)). It has been estimated that logistics accounts for about 80% of the total costs in

disaster relief (Van Wassenhove (2006)). Thus, humanitarian organizations must utilize their

resources in the most effective and efficient way while delivering relief supplies in a timely

manner. As noted by Tzeng, Cheng, and Huang (2007), once a disaster strikes, effective

disaster relief efforts can mitigate the damage, reduce the number of fatalities, and bring

relief to the survivors. For additional background, see the recent edited volume on disaster

management and emergencies by Vitoriano, Montero, and Ruan (2013), which includes a

survey on decision aid models for humanitarian logistics by Ortuño et al. (2013).

In this paper, we develop a mean-variance disaster relief supply chain network model

with stochastic link costs and time targets for delivery of the relief supplies at the demand

points, under demand uncertainty. The model is inspired by the supply chain network

integration model for risk reduction in the case of mergers and acquisitions developed by Liu

and Nagurney (2011), coupled with the integrated disaster relief framework of Nagurney,

Masoumi, and Yu (2015). Liu and Nagurney (2011) used a mean-variance (MV) approach for

the measurement of risk associated with link supply chain network costs, but in a corporate,

not a humanitarian, setting. That work also assessed synergies associated with mergers and

acquisitions.

The MV approach to risk reduction dates to the work of the Nobel laureate Harry

Markowitz (1952, 1959) and is still relevant in finance (Schneeweis, Crowder, and Kazemi

(2010)), in supply chains (Chen and Federgruen (2000) and Kim, Cohen, and Netessine

(2007)), as well as in disaster relief and humanitarian operations, where the focus, to-date,

has been on inventory management (Ozbay and Ozguven (2007) and Das (2014)). How-

ever, the model constructed here is the first to integrate preparedness and response in a

supply chain network framework with a mean-variance approach for risk reduction under

demand and cost uncertainty and time targets plus penalties for shortages and surpluses.

Bozorgi-Amiri et al. (2013) developed a model with uncertainty on the demand side and

also in procurement and transportation using expected costs and variability with associated

weights but did not consider the critical time elements as well as the possibility of local

versus nonlocal procurement post- or pre-disaster.
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In addition, Boyles and Waller (2010) developed a MV model for the minimum cost

network flow problem with stochastic link costs and emphasized that an MV approach is

especially relevant in logistics and distribution problems with critical implications for supply

chains. They noted that a solution that only minimizes expected cost and not variances may

not be as reliable and robust as one that does.

In our model, the humanitarian organization seeks to minimize its expected total opera-

tional costs and the total risk in operations with an individual weight assigned to its valuation

of the risk, as well as the minimization of expected costs of shortages and surpluses and tar-

diness penalties associated with the target time goals at the demand points. The risk is

captured through the variance of the total operational costs, which is of relevance also to the

reporting of the proper use of funds to stakeholders, including donors. The time goal targets

associated with the demand points enable prioritization of demand points as to the timely

delivery of relief supplies. This framework handles both the pre-positioning of relief supplies,

whether local or nonlocal, as well as the procurement (local or nonlocal), transport, and dis-

tribution of supplies post-disaster. There is growing empirical evidence showing that the use

of local resources in humanitarian supply chains can have positive impacts (see Matopoulos,

Kovacs, and Hayes (2014)). Earlier work on procurement with stochastic components did

not distinguish between local or nonlocal procurement (see Falasca and Zobel (2011)).

The time element in our model is captured through link time completion functions as the

relief supplies progress along paths in the supply chain network. Each path consists of a series

of directed links, from the origin node, which represents the humanitarian organization, to

the destination nodes, which are the demand points for the relief supplies.

The literature on humanitarian operations and disaster relief has been growing. Below

we highlight publications that are relevant to aspects of supply chain network activities,

such as procurement, transportation, storage, and distribution. Hale and Moberg (2005)

proposed a set covering location model to identify secure sites for the storage of emergency

supplies. Balcik and Beamon (2005) studied facility location in humanitarian relief. Beamon

and Kotleba (2006) developed a stochastic inventory control model determining optimal or-

der quantities and reorder points for a long-term emergency relief response. Barbarosoglu

and Arda (2004) and Falasca and Zobel (2011) proposed two-stage stochastic models for the

procurement and transportation of disaster relief items. Also, Mete and Zabinsky (2010) in-

troduced a two-stage stochastic model for the storage and distribution of medical supplies to

be used in case of emergencies. Huang, Smilowitz, and Balcik (2012) presented performance

measures for the efficiency, efficacy, and equity of relief distribution.
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Nagurney and Qiang (2012) proposed network robustness and performance measures in

addition to synergy assessment of supply chain network integration in the case of humanitar-

ian partnerships (see also Nagurney and Qiang (2009) and Nagurney, Yu, and Qiang (2012)).

The synergy measure can be used to determine the potential benefits of horizontal cooper-

ation and coordination between humanitarian organizations. Qiang and Nagurney (2012)

introduced a bi-criteria indicator for performance evaluation of supply chains of critical needs

products under capacity and demand disruptions. Rottkemper, Fischer, and Blecken (2012)

presented a bi-criteria mixed-integer programming model for the inventory relocation of re-

lief items. Ortuño, Tirado, and Vitoriano (2011) and Vitoriano et al. (2011) developed goal

programming frameworks for the distribution of relief goods while considering targets for

attributes such as the cost and travel time.

The paper is organized as follows. In Section 2, we construct the mean-variance supply

chain network model for disaster relief and provide its variational inequality formulation,

with nice features for computations. In Section 3, we present the Euler method, which yields

closed form expressions for the variables at each iteration, and then apply it to solve two sets

of numerical examples. The first set consists of a small example with 5 variants whereas the

second set consists of a larger example focusing on Mexico, and a variant. We have identified

Mexico as an appropriate setting for the larger set of examples due to its natural disaster

risk profile in terms of hurricanes, storms, floods, earthquakes, and droughts. Specifically,

we focus on multiple hurricanes hitting Mexico, as happened in 2013, with two hurricanes,

Manuel and Ingrid, making landfall within 24 hours of each other and affecting Acapulco

and the Mexico City area, respectively. In Section 4, we summarize the results and present

our conclusions.
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2. The Mean-Variance Disaster Relief Supply Chain Network Model for Risk

Reduction

In this section, we construct the mean-variance disaster relief supply chain network model

in which the humanitarian organization seeks to minimize its expected total operational costs

and the total risk in operations with an individual weight assigned to its valuation of the risk,

as well as the expected costs of shortages and surpluses and tardiness penalties associated

with the target time goals at the demand points. The risk is captured through the variance of

the total operational costs. The time goal targets associated with the demand points enable

prioritization of demand points as to the timely delivery of relief supplies. The framework

handles both the pre-positioning of relief supplies as well as the procurement, transport,

and distribution of supplies post-disaster, whether local or nonlocal. The time element is

captured through link time completion functions as the relief supplies progress via paths in

the supply chain network. The paths consist of a series of directed links, from the origin

node to the destination nodes, which are the demand points for the relief supplies.

2.1 Model Foundations and Notation

The network topology of the mean-variance disaster relief supply chain network is given

in Figure 1 and is denoted by G = [N, L], where N denotes the set of nodes and L the

set of links. The organization is associated with node 1, which also serves as the (abstract)

origin node. The demand points, which receive the disaster relief supplies, are denoted by

nodes R1, . . . , RnR
. We emphasize that the supply chain network topology may be mod-

ified/adapted for specific instances and situations. It, nevertheless, reflects the essential

elements of a disaster relief supply chain and the associated activities of procurement, trans-

portation, storage, processing, and, finally, the ultimate distribution to the demand points,

as reflected by the links in Figure 1. Also, the progression of time in Figure 1 is reflected in

the link directions from left to right.

Specifically, links joining node 1 to nodes C1, . . . , CnC
are procurement links. Pro-

curement, depending upon the scenario, may be done locally or not, as depicted in Fig-

ure 1. Transportation links connect the procurement nodes to storage nodes denoted by

S1, . . . , SnS ,1. Storage is reflected by the links joining the latter nodes to nodes: S1,2, . . . , SnS ,2.

Also, the links connecting node 1 to nodes S1,2, . . . , SnS ,2 represent nonlocal procurement

post-disaster and, hence, obviate the need for storage on links: S1,1 to S1,2, through SnS ,1

to SnS ,2. Joining the storage nodes are transportation links with individual links corre-

sponding to a specific mode of transportation. In humanitarian operations it is important

to distinguish among modes of transportation since relief supplies might be airlifted, arrive
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Figure 1: Network Topology of the Mean-Variance Disaster Relief Supply Chain

via ground transportation or even maritime transport, depending on the geography and the

status of the critical infrastructure. The nodes: A1, . . . , AnA
are the arrival portals with the

links emanating from such nodes reflecting processing links. In the case of imports across

national boundaries there might be customs inspections, import duties and fees, and other

processing prior to the ultimate consolidation for final distribution of supplies (see,e.g., Lorch

(2015) and Harris (2015)). The processing facilities are denoted by nodes: B1, . . . , BnB
. The

links joining the nodes B1, . . . , BnB
in Figure 1 with the demand point nodes R1, . . . , RnR

are

the distribution links, which include the last mile distribution operations. The supply chain

network topology revealed in Figure 1 is a substantive generalization of the one in Nagurney,

Masoumi, and Yu (2015) to include the options of local procurement, transportation, and

distribution post-disaster as reflected by the links joining node 1 to the demand point nodes
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Table 1: Notation for the Mean-Variance Disaster Relief Model
Notation Definition

xp the nonnegative flow of the relief item on path p. We group the flows on
all paths into the vector x ∈ RnP

+ .
fa the flow of the relief item on link a; a ∈ L.
vk the projected demand for the disaster relief item at point k; k = 1, . . . , RnR

.
dk the actual (uncertain) demand at point k; k = 1, . . . , RnR

.
∆−

k the amount of shortage of the relief item at demand point k; k = 1, . . . , RnR
.

∆+
k the amount of surplus of the relief item at demand point k; k = 1, . . . , RnR

.
λ−k the unit penalty corresponding to a shortage of the relief item at demand

point k; k = 1, . . . , RnR
.

λ+
k the unit penalty corresponding to a surplus of the relief item at demand

point k; k = 1, . . . , RnR
.

τa(fa) the completion time of the activity on link a; a ∈ L, with τa(fa) = t̂afa + ta,
where t̂a and ta are ≥ 0, ∀a ∈ L.

Tk target for the completion time of the activities on paths corresponding to
demand point k determined by the organization’s decision-maker where
k = 1, . . . , nR.

Tkp the target time for demand point k with respect to path p ∈ Pk.
Tkp = Tk − tp, where tp =

∑
a∈L taδap, where δap = 1, if link a is contained

in path p, and is equal to 0, otherwise.
zp the amount of deviation with respect to target time Tkp associated with

late delivery of the relief item to k on path p, ∀p ∈ P . We group the
zps into the vector z ∈ RnP

+ .
γk(z) the tardiness penalty function corresponding to demand point

k; k = 1, . . . , nR.
ωa an exogenous random variable affecting the total operational cost

on link a; a ∈ L.
ĉa(fa, ωa) the total operational cost on link a; a ∈ L.

as well as the partitioning of pre-disaster choices according to whether they are local or not.

We assume that there exists at least one path in the disaster relief supply chain network

connecting the origin (node 1) with each demand point: R1, . . . , RnR
.

The links in the supply chain network are denoted by a, b, c, etc. The paths are denoted

by p, q, etc., with the set of paths joining origin node 1 with demand point k denoted by Pk,

and the set of paths joining the node 1 with all demand points denoted by P with this set

having nP elements.

The notation for the model is summarized in Table 1.

The notation is similar to that in Nagurney, Masoumi, and Yu (2015) but with appropriate
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additions to capture link total cost uncertainty.

2.2 Formulation of the Mean-Variance Disaster Relief Supply Chain Network

Model with Risk Reduction

Before constructing the objective function, we recall some preliminaries.

In the model, the demand is uncertain due to the unpredictability of the actual demand at

the demand points. The literature contains examples of supply chain network models with

uncertain demand and associated shortage and surplus penalties (see, e.g., Dong, Zhang,

and Nagurney (2004), Nagurney, Yu, and Qiang (2011), Nagurney and Masoumi (2012),

and Nagurney, Masoumi, and Yu (2015)). For example, the probability distribution of

demand might be derived using census data and/or information gathered during the disaster

preparedness phase. Since dk denotes the actual (uncertain) demand at destination point k,

we have:

Pk(Dk) = Pk(dk ≤ Dk) =

∫ Dk

0

Fk(u)du, k = 1, . . . , nR, (1)

where Pk and Fk denote the probability distribution function, and the probability density

function of demand at point k, respectively.

Recall from Table 1 that vk is the “projected demand” for the disaster relief item at

demand point k; k = 1, . . . , nR. The amounts of shortage and surplus at destination node k

are calculated, respectively, according to:

∆−
k ≡ max{0, dk − vk}, k = 1, . . . , nR, (2a)

∆+
k ≡ max{0, vk − dk}, k = 1, . . . , nR. (2b)

The expected values of shortage and surplus at each demand point are, hence:

E(∆−
k ) =

∫ ∞

vk

(u− vk)Fk(u)du, k = 1, . . . , nR, (3a)

E(∆+
k ) =

∫ vk

0

(vk − u)Fk(u)du, k = 1, . . . , nR. (3b)

The expected penalty incurred by the humanitarian organization due to the shortage and

surplus of the relief item at each demand point is equal to:

E(λ−k ∆−
k + λ+

k ∆+
k ) = λ−k E(∆−

k ) + λ+
k E(∆+

k ), k = 1, . . . , nR. (4)
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We have the following two sets of conservation of flow equations. The projected demand

at destination node k, vk, is equal to the sum of flows on all paths in the set Pk, that is:

vk ≡
∑
p∈Pk

xp, k = 1, . . . , nR. (5)

The flow on link a, fa, is equal to the sum of flows on paths that contain that link:

fa =
∑
p∈P

xp δap, ∀a ∈ L, (6)

where δap is equal to 1 if link a is contained in path p and is 0, otherwise.

The objective function faced by the organization’s decision-maker, which he seeks to

minimize, is the following:

E

[∑
a∈L

ĉa(fa, ωa)

]
+ αV ar

[∑
a∈L

ĉa(fa, ωa)

]
+

nR∑
k=1

(λ−k E(∆−
k ) + λ+

k E(∆+
k )) +

nR∑
k=1

γk(z)

=
∑
a∈L

E [ĉa(fa, ωa)] + αV ar

[∑
a∈L

ĉa(fa, ωa)

]
+

nR∑
k=1

(λ−k E(∆−
k ) + λ+

k E(∆+
k )) +

nR∑
k=1

γk(z), (7)

where E denotes the expected value, V ar denotes the variance, and α represents the risk

aversion factor (weight) for the organization that the organization’s decision-maker places on

the risk as represented by the variance of the total operational costs. The objective function

(7) includes the expected total operational costs on all the links, the weighted variance of

those costs, the expected costs due to shortages or surpluses at the demand points, and the

sum of tardiness penalties at the demand points in the disaster relief supply chain network.

Here we consider total operational link cost functions of the form:

ĉa = ĉa(fa, ωa) = ωaĝafa + gafa, ∀a ∈ L, (8)

where ĝa and ga are positive-valued for all links a ∈ L. We permit ωa to follow any probability

distribution and the ωs of different supply chain links can be correlated with one another.

As noted in Liu and Nagurney (2011), the term ĝafa in (8) represents the part of the total

link operational cost that is subject to variation of ωa with gafa denoting that part of the

total cost that is independent of ωa. The random variables ωa, a ∈ L can capture various

elements of uncertainty, due, for example, to disruptions because of the disaster, and price

uncertainty for storage, procurements, transport, processing, and distribution services.
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The goal of the decision-maker is, thus, to minimize the following problem, with the

objective function in (7), in lieu of (8), taking the form in (9) below:

Minimize
∑
a∈L

E(ωa)ĝafa+
∑
a∈L

gafa+αV ar(
∑
a∈L

ωaĝafa)+

nR∑
k=1

(λ−k E(∆−
k )+λ+

k E(∆+
k ))+

nR∑
k=1

γk(z)

(9)

subject to constraint (6) and the following constraints:

xp ≥ 0, ∀p ∈ P , (10)

zp ≥ 0, ∀p ∈ P , (11)∑
q∈P

∑
a∈L

t̂axqδaqδap − zp ≤ Tkp, ∀p ∈ Pk; k = 1, . . . , nR, (12)

with the Tks defined in Table 1. Constraint (10) guarantees that the relief item path flows

are nonnegative. Constraint (10) guarantees that the path deviations with respect to target

times on the respective paths are nonnegative, and (12) captures the goal target information

for the paths.

In view of constraint (6) we can reexpress the objective function in (9) in path flows

(rather than in link flows and path flows) to obtain the following optimization problem:

Minimize
∑
a∈L

[
E(ωa)ĝa

∑
q∈P

xqδaq + ga

∑
q∈P

xqδaq

]
+ αV ar(

∑
a∈L

ωaĝa

∑
q∈P

xqδaq)

+

nR∑
k=1

(λ−k E(∆−
k ) + λ+

k E(∆+
k )) +

nR∑
k=1

γk(z) (13)

subject to constraints: (10) – (12).

Let K denote the feasible set:

K ≡ {(x, z, µ)|x ∈ RnP
+ , z ∈ RnP

+ , and µ ∈ RnP
+ }, (14)

where recall that x is the vector of path flows of the relief item, z is the vector of time devi-

ations on paths, and µ is the vector of Lagrange multipliers corresponding to the constraints

in (12) with an individual element corresponding to path p denoted by µp.

Before presenting the variational inequality formulation of the optimization problem im-

mediately above, we review the respective partial derivatives of the expected values of short-

age and surplus of the disaster relief item at each demand point with respect to the path

11



flows, derived in Dong, Zhang, and Nagurney (2004), Nagurney, Yu, and Qiang (2011), and

Nagurney, Masoumi, and Yu (2012). In particular, they are given by:

∂E(∆−
k )

∂xp

= Pk

(∑
q∈Pk

xq

)
− 1, ∀p ∈ Pk; k = 1, . . . , nR, (15a)

and,

∂E(∆+
k )

∂xp

= Pk

(∑
q∈Pk

xq

)
, ∀p ∈ Pk; k = 1, . . . , nR. (15b)

We now present the variational inequality formulation of the mean-variance disaster relief

supply chain network problem for risk reduction. We assume that the underlying functions

in the model are convex and continuously differentiable The proof is immediate following

the proof of Theorem 1 in Nagurney, Masoumi, and Yu (2015).

Theorem 1

The optimization problem (13), subject to its constraints (10) – (12), is equivalent to the

variational inequality problem: determine the vector of optimal path flows, the vector of

optimal path time deviations, and the vector of optimal Lagrange multipliers (x∗, z∗, µ∗) ∈ K,

such that:

nR∑
k=1

∑
p∈Pk

[∑
a∈L

(E(ωa)ĝa + ga)δap + α
∂V ar(

∑
a∈L ωaĝa

∑
q∈P x∗qδaq)

∂xp

+λ+
k Pk(

∑
q∈Pk

x∗q) − λ−k (1− Pk(
∑
q∈Pk

x∗q)) +
∑
q∈P

∑
a∈L

µ∗qgaδaqδap

]
× [xp − x∗p]

+

nR∑
k=1

∑
p∈Pk

[
∂γk(z

∗)

∂zp

− µ∗p

]
× [zp − z∗p ]

+

nR∑
k=1

∑
p∈Pk

[
Tkp + z∗p −

∑
q∈P

∑
a∈L

gax
∗
qδaqδap

]
× [µp − µ∗p] ≥ 0, ∀(x, z, µ) ∈ K. (16)

Variational inequality (16) can be put into standard form (Nagurney (1999)) as follows:

determine X∗ ∈ K such that:〈
F (X∗), X −X∗〉 ≥ 0, ∀X ∈ K, (17)
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where
〈
·, ·
〉

denotes the inner product in n-dimensional Euclidean space. If the feasible set is

defined as K ≡ K, and the column vectors X ≡ (x, z, µ) and F (X) ≡ (F1(X), F2(X), F3(X)),

where:

F1(X) =

[∑
a∈L

(E(ωa)ĝa + ga)δap + α
∂V ar(

∑
a∈L ωaĝa

∑
q∈P xqδaq)

∂xp

+λ+
k Pk(

∑
q∈Pk

xq)− λ−k (1− Pk(
∑
q∈Pk

xq)) +
∑
q∈P

∑
a∈L

µqgaδaqδap, p ∈ Pk; k = 1, . . . , nR

]
,

F2(X) =

[
∂γk(z)

∂zp

− µp, p ∈ Pk; k = 1, . . . , nR

]
,

and

F3(X) =

[
Tkp + zp −

∑
q∈P

∑
a∈L

gaxqδaqδap, p ∈ Pk; k = 1, . . . , nR,

]
, (18)

then variational inequality (16) can be re-expressed as standard form (17).

We utilize variational inequality (16) for our computations to obtain the optimal path

flows and the optimal path time deviations. Then we use (6) to calculate the optimal link

flows of disaster relief items in the supply chain network.

3. The Algorithm and Numerical Examples

In this section, we present the Euler method, which is induced by the general iterative

scheme of Dupuis and Nagurney (1993) and then apply it to compute solutions to several nu-

merical examples to illustrate the modeling framework. The realization of the Euler method

for the solution of mean-variance disaster relief supply chain network problem governed by

variational inequality (16) results in subproblems that can be solved explicitly and in closed

form. Specifically, recall that at an iteration τ of the Euler method (see also Nagurney and

Zhang (1996)) one computes:

Xτ+1 = PK(Xτ − aτF (Xτ )), (19)

where PK is the projection on the feasible set K and F is the function that enters the

variational inequality problem: determine X∗ ∈ K such that

〈F (X∗), X −X∗〉 ≥ 0, ∀X ∈ K, (20)

where 〈·, ·〉 is the inner product in n-dimensional Euclidean space, X ∈ Rn, and F (X) is an

n-dimensional function from K to Rn, with F (X) being continuous.

As shown in Dupuis and Nagurney (1993); see also Nagurney and Zhang (1996), for

convergence of the general iterative scheme, which induces the Euler method, among other

13



methods, the sequence {aτ} must satisfy:
∑∞

τ=0 aτ = ∞, aτ > 0, aτ → 0, as τ → ∞.

Specific conditions for convergence of this scheme can be found for a variety of network-

based problems, similar to those constructed here, in Nagurney and Zhang (1996) and the

references therein.

Explicit Formulae for the Euler Method Applied to the Disaster Relief Supply

Chain Network Variational Inequality (16)

The elegance of this procedure for the computation of solutions to the disaster relief supply

chain network problem modeled in Section 2 can be seen in the following explicit formulae.

Specifically, (19) for the supply chain network problem governed by variational inequality

problem (16) yields the following closed form expressions for the product path flows, the

time deviations, and the Lagrange multipliers, respectively:

xτ+1
p = max{0, xτ

p + aτ (λ
−
k (1− Pk(

∑
q∈Pk

xτ
q ))− λ+

k Pk(
∑
q∈Pk

xτ
q )−

∑
a∈L

(E(ωa)ĝa + ga)δap

−α
∂V ar(

∑
a∈L ωaĝa

∑
q∈P xτ

qδaq)

∂xp

−
∑
q∈P

∑
a∈L

µτ
qgaδaqδap)}, ∀p ∈ Pk; k = 1, . . . , nR, (21)

zτ+1
p = max{0, zτ

p + aτ (µ
τ
p −

∂γk(z
τ )

∂zp

)}, ∀p ∈ Pk; k = 1, . . . , nR, and (22)

µτ+1
p = max{0, µτ

p +aτ (
∑
q∈P

∑
a∈L

gax
τ
qδaqδap−Tkp−zτ

p}, ∀p ∈ Pk; k = 1, . . . , nR. (23)

In view of (21), we can define a generalized marginal total cost on path p; p ∈ P , denoted

by GĈ ′
p, where

GĈ ′
p ≡

∑
a∈L

(E(ωa)ĝa + ga)δap + α
∂V ar(

∑
a∈L ωaĝa

∑
q∈P xqδaq)

∂xp

. (24)

In our numerical examples, we provide explicit formulae for the link generalized marginal

total costs, from which the general marginal total cost on each path, as in (24), can be

constricted by summing up the former on links that comprise each given path.

3.1 Numerical Examples

In order to fix ideas and concepts, we first present a smaller example for clarity purposes,

along with variants, and then construct a larger example, also with a variant. We imple-

mented the Euler method, as described above, in FORTRAN, using a Linux system at the

14



University of Massachusetts Amherst. The convergence criterion was ε = 10−6; that is, the

Euler method was considered to have converged if, at a given iteration, the absolute value

of the difference of each variable (see (21), (22), and (23)) differed from its respective value

at the preceding iteration by no more than ε. The sequence {aτ} was: .1(1, 1
2
, 1

2
, 1

3
, 1

3
, 1

3
. . .).

We initialized the algorithm by setting each variable equal to 0.00.
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Figure 2: Disaster Relief Supply Chain Network Topology For Example 1 and its Variants

Example 1 and Variants

The disaster relief supply chain network topology for Example 1 and its variants is given in

Figure 2. This might correspond to an island location that is subject to major storms. The

humanitarian relief organization is depicted by node 1 and there is a single demand point

for the relief supplies denoted by R1, which is located on the island. The organization is

considering two options, that is, strategies, reflected by the two paths connecting node 1 with

node R1 with path p1 consisting of the links: 1, 2, 3, and 4, and path p2 consisting of the links:

5, 6, 7, and 8. Path p1 consists of nonlocal post-disaster procurement, transport, processing,

and ultimate distribution, whereas path p2 consists of the activities: local procurement, local

transport and local storage, pre-disaster, followed by local transport and distribution. The

local transport and distribution are done by ground transport. However, the transport on

link 2 is done by air.

The covariance matrix associated with the link total cost functions ĉa(fa, ωa), a ∈ L, is

the 8×8 matrix σ2I. In the variants of Example 1 we explore different values for σ2 and also

different values for α, the risk aversion factor (see (13)). The organization’s risk aversion

factor α = 1 in Example 1 and its Variants 1, 2, and 3.

The demand for the relief item at the demand point R1 (in thousands of units) is assumed

to follow a uniform probability distribution on the interval [10, 20]. The path flows and the

15



link flows are also in thousands of units. Therefore,

PR1(
∑
p∈P1

xp) =

∑
p∈P1

xp − 10

20− 10
=

xp1 + xp2 − 10

10
.

We now describe how we construct the marginalized total link costs for the numerical

examples from which the marginalized total path costs as in (24) are then constructed.

For our numerical examples, we have that:∑
a∈L

σ2ĝ2
af

2
a = V ar(

∑
a∈L

ωaĝafa) = V ar(
∑
a∈L

ωĝa

∑
q∈P

xqδaq), (25)

so that:
∂V ar(

∑
a∈L ωaĝa

∑
q∈P xqδaq)

∂xp

= 2σ2
∑
a∈L

ĝ2
afaδap. (26)

In view of (26) and (24) we may define the generalized marginal total cost on a link a, ĝc′a,

as:

gĉ′a ≡ E(ωa)ĝa + ga + α2σ2ĝ2
afa, (27)

so that

GĈ ′
p =

∑
a∈L

gĉ′aδap, ∀p ∈ P . (28)

Table 2 contains the link total operational cost functions, the expected value of the

random variable associated with the total operational cost on each link, and the marginal

generalized total link cost, as well as the link time completion functions, and the optimal link

flows for Example 1 with σ2 = .1 and for Variant 1 with σ2 = 1. The time target at demand

point R1, T1 = 48 (in hours). The link time completion functions for links: 5, 6, and 7 are

0.00 since these are completed prior to the disaster and the supplies on the path with these

links are, hence, immediately available for local transport and distribution. Also, we set

λ−1 = 1000 and λ+
1 = 100. The organization is significantly more concerned with a shortage

of the relief item than with a surplus. The tardiness penalty function γR1(z) = 3(
∑

p∈PR1
z2

p).

The optimal flow on path p1, x∗p1
, in Example 1 with σ2 = .1 is 4.70. and that for path p2,

x∗p2
, is 14.18, with the projected demand vR1 = x∗p1

+ x∗p2
= 18.88. In Variant 1 of Example 1

with σ2 = 1, the new optimal path flow on path p1, x∗p1
= 4.90, and on path p2, x∗p2

= 12.84,

with vR1 = x∗p1
+x∗p2

= 17.74. The values of z∗p1
and z∗p2

are both 0.00 for both these examples

and the Lagrange multipliers µ∗p1
and µ∗p2

are also both 0.00 since the time target for delivery

at R1, post-disaster, is met by both paths for R1.
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Table 2: Link Total Cost, Expected Value of Random Link Cost, Marginal Generalized Link
Total Cost, and Time Completion Functions for Example 1 and Variant 1 and Optimal Link
Flows

Link a ĉa(fa, ωa) E(ωa) Marginal Generalized τa(fa) f ∗a ;α = 1; f ∗a ; α = 1;
Total Link Cost gĉ′a σ2 = .1 σ2 = 1

1 ω13f1 + f1 1 α18σ2f1 + 4 f1 + 1 4.70 4.90
2 ω22f2 + f2 1 α8σ2f2 + 3 f2 + 2 4.70 4.90
3 ω3.5f3 + f3 1 α.5σ2f 2

3 + 1.5 f3 + .5 4.70 4.90
4 ω4.4f4 + f4 1 α.32σ2f4 + 1.4 f4 + 1 4.70 4.90
5 ω52f5 + f5 1 α8σ2f5 + 3 0.00 14.18 12.84
6 ω6.1f6 + f6 1 α.02σ2f6 + 1.1 0.00 14.18 12.84
7 ω7f7 + f7 1 α2σ2f7 + 2 0.00 14.18 12.84
8 ω8.5f8 + f8 1 α.5σ2f8 + 1.5 .2f8 + 2 14.18 12.84

One can see from the optimal solution to Example 1 and Variant 1 that, as the variance-

covariance term σ2 increases from .1 to 1, the amount of optimal flow on path p2, which

corresponds to local procurement, transport, and storage, decreases whereas the amount

procured nonlocally post-disaster, increases. Given increased uncertainty as to the opera-

tional costs locally since the disaster may impact the storage location(s), for example, and

local transport routes as well, it is better to preposition less of the relief item locally. Also,

interestingly, when σ2 = 1, less of the relief item is provided (17.74) than when σ2 = .1

(18.88). The humanitarian relief organization must report to its stakeholders, including

donors, and, hence, it must adhere to the minimization of its objective function and with

greater variability, there are greater associated costs.

Variants 2 and 3 of Example 1 are constructed as follows and the data are reported in

Table 3. For Variant 2, we retain the data for Example 1 with σ2 = .1 but now assume that

air transport, due to the expected storm damage of the island airport, is no longer possible.

Maritime transport is, nevertheless, available, so link 2 in Figure 2 now corresponds to

maritime transport rather than air transport. All the data, hence, for Variant 2 are as for

Example 1 except that the total operational cost data and the time completion data for link

2 change as reported in Table 3.

Variant 3 is constructed from Variant 2 but with σ2 = 1 (as in Variant 1 of Example 1).

The optimal solutions for Variants 2 and 3 are reported in Table 3. In Variant 2, only the

prepositioning of relief items locally with local procurement as a strategy is optimal since

x∗p1
= 0.00 and x∗p2

= 18.84. The maritime transport is simply too costly. The time target is

met with the prepositioning strategy and, hence, the time deviations on the paths, z∗p1
and
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z∗p2
, are equal to 0.00 as are the path Lagrange multipliers: µ∗p1

and µ∗p2
. In Variant 3, on the

other hand, as the covariance σ2 term increases from .1 to 1, there is diversification of risk,

with both strategies now being applied, that is, maritime transport, post-disaster, and the

prepositioning of supplies locally. The time target is met in Variant 3 as well. In Variant

2, vR1 = 18.84, whereas in Variant 3, vR1 = 17.41. We see, as we did in Table 2, that an

increase in σ2 results in fewer relief supplies being delivered in total according to the optimal

solution. Hence, relief organizations should try, if at all possible, to reduce the uncertainty

associated with their total operational costs in their disaster relief supply chain networks.

Table 3: Link Total Cost, Expected Value of Random Link Cost, Marginal Generalized Link
Total Cost, and Time Completion Functions for Example 1 Variants 2 and 3 and Optimal
Link Flows

Link a ĉa(fa, ωa) E(ωa) Marginal Generalized τa(fa) f ∗a ; α = 1; f ∗a ; α = 1;
Total Link Cost gĉ′a σ2 = .1 σ2 = 1

1 ω13f1 + f1 1 α18σ2f1 + 4 f1 + 1 0.00 0.51
2 ω212f2 + 10f2 1 α288σ2f2 + 3 3f2 + 10 0.00 0.51
3 ω3.5f3 + f3 1 α.5σ2f3 + 1.5 f3 + .5 0.00 0.51
4 ω4.4f4 + f4 1 α.32σ2f4 + 1.4 f4 + 1 0.00 0.51
5 ω52f5 + f5 1 α8σ2f5 + 3 0.00 18.84 16.90
6 ω6.1f6 + f6 1 α.02σ2f6 + 1.1 0.00 18.84 16.90
7 ω7f7 + f7 1 α2σ2f7 + 2 0.00 18.84 16.90
8 ω8.5f8 + f8 1 α.5σ2f8 + 1.5 .2f8 + 2 18.84 16.90

In Variants 4 and 5 we explore the impact on the strategies and on the optimal link flows

of increasing the risk aversion factor α. Specifically, in Variant 4 we utilize the Variant 1

data in Table 2 but we increase α to 10 and in Variant 5 we increase α even more to 100.

We report the input data and results for α = 10 and for α = 100 in Table 4.

In Variant 4, the optimal path flow pattern is: x∗p1
= 3.17 and x∗p2

= 8.10, with vR1 =

11.27. In Variant 5, the optimal path flow pattern is: x∗p1
= .68 and x∗p2

= 1.74, with

vR1 = 2.46. As the risk-aversion factor α increases, the flows on the paths decrease and,

hence, also the total relief supply deliveries at the demand point R1 decrease. In Variants 4

and 5 the time target is, again, met and, hence, the values of z∗p1
, z∗p2

and µ∗p1
and µ∗p2

are

again all 0.00.
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Table 4: Link Total Cost, Expected Value of Random Link Cost, Marginal Generalized Link
Total Cost, and Time Completion Functions for Example 1 Variants 4 and 5 and Optimal
Link Flows

Link a ĉa(fa, ωa) E(ωa) Marginal Generalized τa(fa) f ∗a ;α = 10; f ∗a ; α = 100;
Total Link Cost gĉ′a σ2 = 1 σ2 = 1

1 ω13f1 + f1 1 α18σ2f1 + 4 f1 + 1 3.17 .68
2 ω22f2 + f2 1 α8σ2f2 + 3 f2 + 2 3.17 .68
3 ω3.5f3 + f3 1 α.5σ2f3 + 1.5 f3 + .5 3.17 .68
4 ω4.4f4 + f4 1 α.32σ2f4 + 1.4 f4 + 1 3.17 .68
5 ω52f5 + f5 1 α8σ2f5 + 3 0.00 8.10 1.74
6 ω6.1f6 + f6 1 α.02σ2f6 + 1.1 0.00 8.10 1.74
7 ω7f7 + f7 1 α2σ2f7 + 2 0.00 8.10 1.74
8 ω8.5f8 + f8 1 α.5σ2f8 + 1.5 .2f8 + 2 8.10 1.74

Example 2 and Variant

Example 2, and its variant, consider a realistic, larger scenario setting. The supply chain

network topology is as given in Figure 3. Specifically, with the larger Example 2, and its

variant, we focus on Mexico.

According to the United Nations (2011), Mexico is ranked as one of the world’s thirty

most exposed countries to three or more types of natural disasters, notably, storms, hur-

ricanes, floods, as well as earthquakes, and droughts. For example, as reported by The

International Bank for Reconstruction and Development/The World Bank (2012), 41% of

Mexico’s national territory is exposed to storms, hurricanes, and floods; 27% to earthquakes,

and 29% to droughts. The hurricanes can come from the Atlantic or Pacific oceans or the

Caribbean. As noted by de la Fuente (2011), the single most costly disaster in Mexico were

the 1985 earthquakes, followed by the floods in the southern state of Tabasco in 2007, with

damages of more than 3.1 billion U.S. dollars.

We consider a humanitarian organization such as the Mexican Red Cross, which is in-

terested in preparing for another possible hurricane, and recalls the devastation wrought by

Hurricane Manuel and Hurricane Ingrid, which struck Mexico within a 24 hour period in

September 2013. Ingrid caused 32 deaths, primarily, in eastern Mexico, whereas Manuel

resulted in at least 123 deaths, primarily in western Mexico (NOAA (2014)). According to

Pasch and Zelinsky (2014), the total economic impact of Manuel alone was estimated to be

approximately $4.2 billion (US), with the biggest losses occurring in Guerrero. In particular,
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Figure 3: Disaster Relief Supply Chain Network Topology for Example 2 and its Variant

in Example 2, we assume that the Mexican Red Cross is mainly concerned about the delivery

of relief supplies to the Mexico City area and the Acapulco area. Ingrid affected Mexico City

and Manuel affected the Acapulco area and also points northwest.

The Mexican Red Cross represents the organization in Figure 3 and is denoted by node

1. There are two demand points, R1 and R2, for the ultimate delivery of the relief supplies.

R1 is situated closer to Mexico City and R2 is closer to Acapulco. Nonlocal procurement

is done through two locations in Texas, C1 and C2. Because of good relationships with the

U.S. and the American Red Cross, there are two nonlocal storage facilities that the Mexican

Red Cross can utilize, both located in Texas, and represented by links 5 and 9 emanating

from S1,1 and S2,1, respectively. Local storage, on the other hand, is depicted by the link

emanating from node S3,1, link 19. The Mexican Red Cross can also procure locally (see

C3). Nonlocal procurement, post-disaster, is depicted by link 2, whereas procurement locally,

post-disaster, and direct delivery to R1 and R2 are depicted by links 1 and 21, respectively.

Link 11 is a processing link to reflect processing of the arriving relief supplies from the U.S.

and we assume one portal A1, which is in southcentral Mexico. Link 17 is also a processing

link but that processing is done prior to storage locally and pre-disaster. Such a link is
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needed if the goods are procured nonlocally (link 7). The transport is done via road in the

disaster relief supply chain network in Figure 3.

The demand for the relief items at the demand point R1 (in thousands of units) is assumed

to follow a uniform probability distribution on the interval [20, 40]. The path flows and the

link flows are also in thousands of units. Therefore,

PR1(
∑
p∈P1

xp) =

∑
p∈P1

xp − 20

40− 20
=

∑6
i=1 xpi

− 20

20
.

Also, the demand for the relief item at R2 (in thousands of units) is assumed to follow a

uniform probability distribution on the interval [20, 40]. Hence,

PR2(
∑
p∈P2

xp) =

∑
p∈P1

xp − 20

40− 20
=

∑12
i=7 xpi

− 20

20
.

The time targets for the delivery of supplies at R1 and R2, respectively, in hours, are:

T1 = 48 and T2 = 48. The penalties at the two demand points for shortages are: λ−1 = 10, 000

and λ−2 = 10, 000 and for surpluses: λ+
1 = 100 and λ+

2 = 100. The tardiness penalty function

γR1(z) = 3(
∑

p∈PR1
z2

p) and the tardiness penalty function γR2(z) = 3(
∑

p∈PR2
z2

p).

As in Example 1 and its variants, we assume that, for Example 2, the covariance matrix

associated with the link total cost functions ĉa(fa, ωa), a ∈ L, is a 21 × 21 matrix σ2I. In

Example 2, σ2 = 1 and the risk aversion factor α = 10 since the humanitarian organization

is risk-averse with respect to its costs associated with its operations.

The additional data for Example 2 are given in Table 5, where we also report the computed

optimal link flows via the Euler method, which are calculated from the computed path flows

reported in Table 6. Note that the time completion functions in Table 5, τa(fa), ∀a ∈ L, are

0.00 if the links correspond to procurement, transport, and storage, pre-disaster, since such

supplies are immediately available for shipment once a disaster strikes.

The definitions of the paths joining node 1 with R1 and node 1 with R2, the optimal

path flows, optimal path deviations, and the optimal Lagrange multipliers for Example 2 are

reported in Table 6. Note that there are 6 paths joining node 1, representing the organization

with R1, and 6 paths joining node 1 with R2. The paths represent sequences of decisions

and activities that must be executed for the relief supplies to reach the destinations.

The largest volumes of relief supplies flow on paths p1 and p6 for R1 and on paths p11 and

p12 for R2. All these paths correspond to local procurement. Paths p6 and p11 correspond

also to local storage. The projected demands are: vR1 = 26.84 and vR2 = 26.76.
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Table 5: Link Total Cost, Expected Value of Random Link Cost, Marginal Generalized Link
Total Cost, and Time Completion Functions for Example 2 and Optimal Link Flows

Link a ĉa(fa, ωa) E(ωa) Marginal Generalized τa(fa) f ∗a ; α = 10;
Total Link Cost gĉ′a σ2 = 1

1 ω16f1 + f1 2 α72σ2f1 + 13 f1 + 15 9.07
2 ω23f2 + f2 2 α18σ2f2 + 7 f2 + 7 2.54
3 ω32f3 + f3 1 α8σ2f3 + 3 0.00 2.57
4 ω43f4 + f4 1 α18σ2f4 + 4 0.00 2.57
5 ω52f5 + f5 1 α8σ2f5 + 3 0.00 2.57
6 ω62f6 + f6 2 α8σ2f6 + 5 2f6 + 10 5.11
7 ω72f7 + f7 1 α8σ2f7 + 3 0.00 8.51
8 ω83f8 + f8 1 α18σ2f8 + 4 0.00 4.36
9 ω92f9 + f9 1 α8σ2f9 + 3 0.00 4.36

10 ω102f10 + f10 1 α8σ2f10 + 3 2f10 + 10 4.36
11 ω11f11 + f11 2 α2σ2f11 + 3 f11 + 2 9.47
12 ω12f12 + f12 2 α2σ2f12 + 3 f12 + 6 17.78
13 ω13f13 + f13 2 α2σ2f13 + 3 f13 + 7 17.64
14 ω14f14 + f14 1 α2σ2f14 + 2 0.00 21.79
15 ω15f15 + f15 1 α2σ2f15 + 2 0.00 21.79
16 ω16f16 + f16 1 α2σ2f16 + 2 0.00 4.15
17 ω17.5f17 + f17 1 ασ2.5f17 + 1.5 0.00 4.15
18 ω18f18 + f18 1 α2σ2f18 + 2 0.00 4.15
19 ω19.5f19 + f19 2 ασ2.5f19 + 1.5 0.00 25.94
20 ω20f20 + f20 2 α2σ2f20 + 2 2f20 + 5 25.94
21 ω216f21 + f21 2 α72σ2f21 + 13 f21 + 14 9.13

Both pre-positioning and procurement post-disaster strategies are optimal and, hence,

used. This makes sense since the organization is interested in risk reduction and, therefore,

utilizes a portfolio of strategies. In fact, in Example 2 all paths have positive flow.
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Table 6: Path Definitions, Target Times, Optimal Path Flows, Optimal Path Time Devia-
tions, and Optimal Lagrange Multipliers for Example 2

Path Definition (Links) x∗p z∗p µ∗p
p1 = (1) 9.07 0.00 0.00
p2 = (2, 6, 11, 12) 1.27 34.75 208.53

PR1 : Set of Paths p3 = (3, 4, 5, 6, 11, 12) 1.29 25.26 151.56
Corresponding to p4 = (7, 8, 9, 10, 11, 12) 2.18 23.78 142.69
Demand Point R1 p5 = (7, 16, 17, 18, 19, 20, 12) 2.98 50.48 302.85

p6 = (14, 15, 19, 20, 12) 10.06 50.48 302.85

p7 = (2, 6, 11, 13) 1.27 35.48 212.88
p8 = (3, 4, 5, 6, 11, 13) 1.29 25.99 155.91

PR2 : Set of Paths p9 = (7, 8, 9, 10, 11, 13) 2.18 24.51 147.04
Corresponding to p10 = (7, 16, 17, 18, 19, 20, 13) 1.17 51.20 307.19
Demand Point R2 p11 = (14, 15, 19, 20, 13) 11.74 51.20 307.19

p12 = (21) 9.13 0.00 0.00

Example 2 - Variant 1

In Variant 1 of Example 2, we kept the data as in Example 2, but now we assumed that the

humanitarian organization has a better forecast for the demand at the two demand points.

The demand for the relief items at the demand point R1 again follows a uniform probability

distribution but on the interval [30, 40] so that:

PR1(
∑
p∈P1

xp) =

∑
p∈P1

xp − 30

40− 30
=

∑6
i=1 xpi

− 30

10
.

Also, the demand for the relief item at R2 follows a uniform probability distribution on

the interval [30, 40] so that:

PR2(
∑
p∈P2

xp) =

∑
p∈P2

xp − 30

40− 30
=

∑12
i=7 xpi

− 30

10
.

The computed path flows are reported in Table 7.

The projected demands are: vR1 = 31.84 and vR2 = 31.79. The greatest percentage

increase in path flow volumes occurs on paths p1 and p6 for demand point R1 and on paths

p11 and p12 for demand point R2, reinforcing the results obtained for Example 2.

For both Example 2 and its variant the time targets are met for paths p1 and p2 since µ∗p1

and µ∗p2
= 0.00 for both examples. Hence, direct local procurement post-disaster is effective

time-wise, and cost-wise. Mexico is a large country and this result is quite reasonable.
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Table 7: Path Definitions, Target Times, Optimal Path Flows, Optimal Path Time Devia-
tions, and Optimal Lagrange Multipliers for Variant 1 of Example 2

Path Definition (Links) x∗p z∗p µ∗p
p1 = (1) 11.30 0.00 0.00
p2 = (2, 6, 11, 12) 1.37 43.13 258.78

PR1 : Set of Paths p3 = (3, 4, 5, 6, 11, 12) 1.49 33.42 200.49
Corresponding to p4 = (7, 8, 9, 10, 11, 12) 2.58 32.28 193.69
Demand Point R1 p5 = (7, 16, 17, 18, 19, 20, 12) 2.81 64.37 386.19

p6 = (14, 15, 19, 20, 12) 12.29 64.37 386.19

p7 = (2, 6, 11, 13) 1.37 43.92 263.49
p8 = (3, 4, 5, 6, 11, 13) 1.49 34.20 205.20

PR2 : Set of Paths p9 = (7, 8, 9, 10, 11, 13) 2.57 33.07 198.40
Corresponding to p10 = (7, 16, 17, 18, 19, 20, 13) 1.96 65.15 390.90
Demand Point R2 p11 = (14, 15, 19, 20, 13) 13.04 65.15 390.90

p12 = (21) 11.36 0.00 0.00

4. Summary and Conclusions

In this paper, we developed a mean-variance disaster relief supply chain network model

for risk reduction with stochastic link costs, uncertain demands for the relief supplies and

time targets associated with the demand points. The humanitarian organization seeks to

minimize the expected value of the total operational costs and the weighted variance of these

costs in the supply chain network plus the penalized expected shortages and surpluses as

well as the deviations from the time targets. Each link has an associated time completion

function and the decision-maker determines his risk-aversion. This framework handles, in

an integrated manner, both the pre-positioning of supplies, which can be local or nonlocal,

as well as the procurement of supplies, both local and nonlocal, post-disaster. The model

allows for the investigation of the optimal strategies associated with the paths which are

composed of links comprising the necessary activities from procurement to ultimate delivery

of the relief supplies to the victims at the demand points.

We presented the optimization model, along with its variational inequality formulation,

which enables computation via the Euler method, which, in turn, yields closed form expres-

sions for the path variables at each iteration. Through a series of numerical examples, we

illustrated the concepts and computational procedure. Specifically, we presented a series of

smaller examples and then construct a set of larger examples, based on a study focusing on

Mexico, in the case of hurricanes. We find that, in the case of the Mexico study, although

all strategies are used, in that all the path flows are positive, the most highly recommended
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strategies, in terms of path flow volumes, are those with local procurement, whether with

storage pre-disaster, or direct procurement, post-disaster.

The model extends the model of Nagurney, Masoumi, and Yu (2015) in several dimensions:

1. It considers stochastic link costs, which are relevant given uncertainty in disaster relief

supply chain network operations.

2. The objective function includes the minimization of the expected costs as well as the

variance with an associated weight for the latter to denote the humanitarian organization’s

value of risk reduction.

3. The supply chain network topology allows for the procurement and pre-positioning of

supplies locally and is more general than that in earlier literature.

4. The generality of the framework allows for numerous sensitivity analysis exercises to

evaluate risk-aversion, the assessment of the impacts of the size of penalties on shortages

and supplies, as well as modifications to the cost and time completion functions.

The framework consolidates decision-making associated with two phases of disaster man-

agement: preparedness and response, incorporates uncertainty in costs and demands and

includes the critical time element. Future research may include extending this framework to

assess synergies associated with horizontal cooperation among humanitarian organizations

in relief operations. In addition, it would be interesting to consider multiple supplies with

different associated priorities as well as to include transportation time uncertainty in future

work.
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