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Abstract: Labor is an essential resource in the functionality of supply chains. The COVID-
19 pandemic has demonstrated the varied impacts of disruptions to supply chains because
of labor issues. Shortages of labor continue even now as economies begin to open up with
progress on vaccinations. Investing in labor productivity is a possible mechanism in moder-
ating shortfalls in labor. This paper constructs a supply chain network optimization model,
whose solution yields optimal product path flows to demand markets, the optimal invest-
ments in link labor productivity, as well as labor hours needed, and the optimal wages of the
workers in production, transportation, storage, and distribution. The model includes a bud-
get constraint on the investments, along with maximum bounds on investments on the supply
chain network links. The theoretical framework, which includes Lagrange analysis, and the
computational approach, are based on the theory of variational inequalities. Managerial
insights are provided obtained via the Lagrange analysis and a series of numerical examples,

which demonstrate that such investments can help both the firm and the consumers.

Keywords: labor, productivity, investments, supply chain networks, optimization, varia-
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1. Introduction

Labor is a critical resource in every supply chain network activity. Without labor, prod-
ucts cannot be produced, transported, stored, and distributed. The COVID-19 pandemic
has vividly demonstrated the importance of labor resources, with disruptions to labor, due
to illnesses, deaths, the need for social distancing and other mitigation procedures, and even
certain labor-related trade measures, affecting the availability of products around the globe
as well as product prices (see, e.g., Reiley (2020), Rosane (2020), Russell (2020), Nagurney,
Salarpour, and Dong (2022)). Conerly (2021) emphasizes that the supply chain disruptions

that have been pervasive in the pandemic are due, primarily, to labor shortages.

There are many relevant issues associated with labor in supply chains, which have been
exacerbated in the pandemic. With vaccinations increasing and certain economies rebound-
ing, labor issues continue in the pandemic. Many firms and organizations have had difficulty
in attracting workers (cf. Rosenberg (2021), Morath (2021)). And this is not just a United
States phenomenon. Weber (2021) emphasizes that the labor shortage that is impacting
the U.S. is also coming to Europe, where it could prove even more difficult to repair. The
productivity of labor has also decreased in different sectors, with additional studies being
warranted (see Bloom et al. (2020)). Firms are trying to identify the wages that should be
paid, and whether wages can serve as a mechanism to attract labor during shortages and
shortfalls (cf. Sanandanji et al. (2021), Simon (2021)). In the COVID-19 pandemic, major
electronic commerce retailers, such as Amazon, have also experienced labor shortages, due,
in part, to immense demand for online deliveries and are seeking many new employees (Del

Ray (2020)). They are also increasing the wages that they pay (Herrera (2021)).

Hintzmann, Llads-Masllorens, and Ramos (2021) state that many economies had barely
recovered from the last crisis of 2007-2008, which was financial in nature, and then were
walloped by the COVID-29 pandemic. The authors note that industries in the European
Union are suffering, as many have had to shut down or reduce their production as well as to
decrease their labor force, while under severe financial pressure. Furthermore, the companies
have had to find strategies to survive. In their empirical study, that focused on 18 European
countries between 1995 and 2017, the authors are concerned with labor productivity and

industrial policy. They find that, among the variables considered significant, investments



in advertising and marketing, organizational capital, R&D investment, and design are the
ones that contribute individually the most to productivity growth in European manufactur-
ing, whereas computerized information has a complementary effect with other such assets.
Stundziene and Saboniene (2019) argue that increases in labor productivity is one of the
key drivers of higher welfare in every economy. The goal of their research is to test if the
investment in tangible assets enhances labor productivity in the European manufacturing
sector. Their results show that, with consideration of all European countries, a 1% increase
in gross investment in tangible goods per person employed has a 0.0373% long-run effect on

apparent labor productivity.

Garton (2017) notes that there is a positive cycle between productivity and people with
higher levels of productivity allowing society to reinvest in human capital, and with proper
investments resulting in higher labor productivity. He notes that in the years between 2005
and 2015, labor productivity in the United States, as measured by GDP per labor hour was
less than 1% for 7 of the 10 years, according to the OECD. Furthermore, he believes that
productivity could be improved if we stopped the underinvestment in human capital. Chaney
Cambon (2021) emphasizes that, after a decade of minimal increases in labor productivity,
worker productivity might be about to accelerate, as a consequence of pandemic-induced
technological adoption, which could raise economic growth and wages in coming years while
keeping away inflation pressure. In her article, she highlights a study by McKinsey, wherein
approximately 75% of the respondents at North American and European companies to the
survey conducted in December 2020 expected to speed up investment in new technology in
2020-24, higher than the 55% who said that they increased such investments in 2014-19.
There is a synergistic cycle between productivity and people: Higher levels of productivity
allow society to reinvest in human capital and smart investments result in higher labor

productivity.

Economists have, historically, included labor, along with capital, in the construction of
production functions but their analyses have, typically, not considered supply chains holisti-
cally. It is important to capture the latter since local disruptions can permeate much farther
afield. Furthermore, given the timeliness, it is critical to also identify the possible benefits
of investments in labor productivity. Jorgenson (1991) eloquently argues that investments

in productivity of labor can take many forms from investment in tangible assets, which he



terms “hardware,” to investment in intangible ones, such as R&D, which he refers to as
“software,” as well as investment in human capital through the acquisition of skills and ed-
ucation. And, in the pandemic, investments in health and safety as to work environments,

can reduce stress and enhance workers’ productivity (see Igoe (2021)).

2. Literature Review and Contributions

In this paper, we propose a network optimization approach for identifying investments
in productivity of labor in any/all supply chain network links. We consider a firm that
seeks to determine its profit-maximizing product path flows from production sites to points
of demand, along with the labor required, the wages that should be paid the workers, and
the optimal investments in labor productivity. The model extends some recent optimization
research on the integration of labor into supply chain networks but with a crucial distinction
- that of the optimal allocation of investments, subject to a budget constraint and bounds
on the link productivity investments. In particular, Nagurney (2021a) constructed a supply
chain network optimization model with labor with a focus on a perishable product, specif-
ically, food. Therein there was a bound on labor availability on each of the links. That
work was, subsequently, adapted and extended in Nagurney (2021b) to consider several dis-
tinct sets of constraints on labor. In the latter paper, both fixed demands for the products,
which are relevant in the case of PPEs, for example, as well as elastic demand functions
were considered. That work was then extended using game theory in the case of elastic
demands to multiple competing firms by Nagurney (2021c). In the supply chain network
optimization model introduced in this paper, in contrast, there are no bounds on labor, but
labor availability is wage-dependent. This is relevant since many companies are now looking
at raising wages in order to attract workers. Furthermore, in contrast to the earlier work,
the firm can invest in labor productivity on its supply chain network, subject to a budget
constraint and also a maximum on the investment allowable on each link. The latter is
important since there may be a maximum that a firm may wish to allocate for productivity
enhancement on a link. Plus, there may be a maximum that may be achievable, regardless
of the investment, because of human limitations. Several classical models in economics that
focus on productivity and growth are highlighted in Stiroh (2001). However, none of these

consider a supply chain network perspective. For a recent survey on COVID-19 and supply



chains, see Queiroz et al. (2020).

In addition, in this paper, we provide a Lagrange analysis, which yields alternative vari-
ational inequality formulations, along with deeper managerial insights. This is the first time
that such analysis is conducted in a supply chain network optimization model with labor.
One of the variational inequality formulations is then used for computational purposes, since
the proposed algorithm provides us with closed form iterations of the product path flows and
the Lagrange multiplier associated with the investment budget constraint at each iteration.
For Lagrange analysis on other network-based applications, see: Daniele (2001, 2004, 2006),
Barbagallo, Daniele, and Maugeri (2012), Toyasaki et al. (2014), Caruso and Daniele (2018),
Colajanni et al. (2018), Daniele and Sciacca (2021), and Nagurney and Daniele (2021).

This paper is organized as follows. In Section 3, the supply chain network optimization
model is constructed. The model consists of a single firm interested in determining its profit-
maximizing optimal product path flows to the demand markets, along with the optimal
investments in link productivity. The investments are subject to a budget constraint and
upper bounds on each link. The link productivity factors are generalized from those in
Nagurney (2021a,b,c) to allow for investments, and relate the number of labor hours on a link
to the product output on the link, whether the links are production links, or transportation,
storage, or distribution ones. In the optimization model, labor is also wage-dependent, in
that the higher the wage, the greater the labor availability. The solution of the model
yields the optimal product path and link flows, as well as the optimal link productivity
investments, along with the labor hours needed on each link and the wages to be paid
the workers. We provide the variational inequality formulation of the optimal solution and
then, in Section 4, we conduct Lagrange analysis. The analysis enables the construction of
alternative variational inequality formulations, one of which is on the nonnegative orthant,
and very amenable to solution via the algorithm we outline in Section 5. Section 4 also
makes use of the Lagrange analysis to obtain managerial insights of an economics nature.
Section 5 then provides solutions to a series of numerical examples, for which full results are

reported. Section 6 summarizes the results in this paper and presents the conclusions.



3. The Labor Productivity Investment Supply Chain Network Model

We now introduce the optimization model for labor productivity investments in supply
chain networks. Many firms in different industrial sectors, including agriculture and manu-
facturing, are dealing with shortfalls in labor and, hence, enhancing labor productivity may

be an avenue for increasing product availability.

The optimization model considers a supply chain network topology, as depicted in Fig-
ure 1, which can be adapted, depending upon the specific application and circumstances
under study. The top node corresponds to the firm, with the subsequent directed links
corresponding to production in the first tier; to transportation in the second tier; storage
at the distribution centers, and, with the bottom tier of links denoting the distribution to
points of demand, which are represented by the bottom nodes: 1,...,ng, corresponding to

the demand markets.

The supply chain network in Figure 1 is abstracted as the graph G = [N, L], where
N denotes the set of nodes and L denotes the set of links. A path p in the supply chain
network joins the top-tiered node 1, to a bottom-tiered demand market node. The paths are
acyclic and each path consists of a sequence of links representing the supply chain network
activities of production, transportation, storage, and distribution to a demand market. A
demand market may be a business, an organization, a retailer, or even consumers at their
home. We let P denote the set of paths, representing alternative supply chain network
processes, joining the pair of nodes (1, k), with k& denoting a typical demand market node.
P then denotes the set of all paths joining node 1 to the demand market nodes. There are
np paths in the supply chain network and ny links. We denote a typical link in the supply

chain network by a.

The firm is interested in maximizing its profits by identifying its optimal product path

flows plus the investments in labor productivity on the links.

The additional notation for the model is given in Table 1. All vectors are assumed to be

column vectors.

We now provide the constraints and then construct the objective function representing

the profit that the firm wishes to maximize.
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Figure 1: The Supply Chain Network Topology for Optimization of Product Path Flows and
Investments in Labor Productivity



Table 1: Notation for the Supply Chain Network Models with Labor

Notation | Variable Definition
Tp the product flow on path p. We group all the path flows into the vector
r € R
fa the product flow on link a. We group all the link flows into the vector
feRE.
la the labor available for link a activity, Va € L.
dy, the demand for the product at demand market k; &k = 1,...,ng. We
group the demands into the vector d € R}*".
Va the investment in labor productivity on link a, Va € L. We group all the
investments in links into the vector v € R*.
W, the (hourly) wage paid for a unit of labor on link a, Va € L.
Notation | Parameter Definition
Ya positive factor relating wage to labor on link a, Va € L.
e the maximum investment possible in labor productivity on link a, Va €
L.
B the budget of the firm for labor productivity investments.
Notation | Function Definition
¢o(f,va) | the total operational cost associated with link a, excluding the labor
cost, Va € L.
pr(d) the demand price for the product at demand market k; k =1,...,ng.
Qg + Bav, | the link productivity function relating input of labor to product flow on
link a, Va € L. We let 7, = a, + B4, Va € L.

The path flows must be nonnegative, that is,

z, >0, VpelP.

The demand at each demand market must be satisfied by the sum of the product flows

of the firm on paths to each demand market, that is,

Z Ty = dg,

pEPy

(2)

k)zl,...,TLR.

The product flow on each link is equal to the sum of flows on paths that contain that
link:

fa=>_ pbap, Va€L, (3)

peEP



where d,, = 1, if link a is contained in path p, and is 0, otherwise.

Furthermore, since the product output on a link is equal to the labor input on the link
times the productivity on the link, which is no longer fixed as in Nagurney (2021a,b,c), but,

rather, is a function of the investment in productivity on the link, we have that:
fa = (aa + ﬁava)laa Va € La (4)

where
0<wv, <v;*, VaelL. (5)

According to (5), the investment on each link in terms of labor productivity must be
nonnegative and cannot exceed the imposed maximum investment desired on a link by the
firm. Having the constraints in (5) is important since there may be a maximum achievable
productivity for a given link. (4), in turn, is an extension of a linear production function (cf.
Mishra (2007)) to include the labor productivity enhancement due to investment. Such an
investment can be for education, improvement in hardware or technology, or even software

as well as investment in health and safety in the pandemic.

Also, we must have that the firm does not exceed the budget that it has allocated for

labor productivity investments. Hence, the following constraint also applies:

ZUGSB. (6)

a€el

We emphasize the flexibility of the model in that a firm can invest in any or all of its
supply chain network links. The solution of the full supply chain network optimization model

will yield which links the firm should invest in and also at what level.

In addition, we assume that the availability of labor is wage-dependent, so that

lo = Yow,, Ya € L. (7)

Note that according to (7), the higher the wage, the greater the labor availability. This is

also reasonable, and higher wages are now being used by many companies to attract workers.



The firm seeks to maximize its profit, with the profit denoted by U, being the difference
between its revenue and the total cost, with the total cost consisting of the sum of the total
operational costs on all the links and the investments in labor productivity on the links plus
the total wages paid. Hence, the profit is expressed as:

U= % pr(d)dy, — Z Ca(f,va) Z Vg — Z Wel,. (8)
k=1

a€l a€l a€l

and the maximization problem is subject to the above constraints.

We now demonstrate that (8) can be expressed solely in terms of product path flows
and link labor productivity investments. Indeed, in view of (3), we can define link total
operational cost ¢,(z,v,) = ¢é,(f,v,), for all links a € L. Also, in view of (2), we can define
demand price function pi(z) = pr(d), for all k. Also, using (4) and (7) and then (3), we
deduce that

2pep T da ? 1
[, = | =R P9 ) Va € L. 9
Hale <(aa ﬁ(ﬂh)) ?a’ ¢ ( )

We now rewrite (8) as:

A . 2peP TpOap ‘1

0= 550 T rp- Xatr) - Tu- T (EE) &
The firm’s goal is to maximize (10) subject to the nonnegativity constraints (1), the
budget constraint (6), and the bounds on the investments on the links (5) (since we have
embedded constraints (2), (3), (4), and (7) into the objective function). We define the fea-
sible set K' = {(x,v)| (1), (5), and (6) hold}. Observe that the feasible set K' is convex.
Also, we assume that the profit function U(z,v) is continuously differentiable and concave.
Then, it follows that an optimal solution to the above network optimization problem coin-
cides with the solution of the following variational inequality problem (cf. Kinderlehrer and

Stampacchia (1980) and Nagurney (1999)): determine (z*,v*) € K such that
Wy

acl

X (Vg —v) >0, Y(r,v) €K', (1la)

or, equivalently, by expanding out (11a), determine (z*,v*) € K, such that

I y U ) 3 EQGP x:;(saq o~ *\ & 8pl(x*) * .
I g [T TR Y e P L C

k=1peP; acL Ta (@0 + Favy =1 a€h

10



-+ Z W +1— Q(Oéa + ﬁaU:)_gﬁ(Z $;5ap)2 X [Ua - U:] > 0’ V({L’,U) € Kl’

a€l @ pepr
(11b)
where
86’ (%b f Ub 8,5;(:13) 8pl(d)
P d = P, Vk. 12
82717 (;/I)EZL afa ap7 vp € r, an azp adk 7VP € kvv ( )

A solution (z*,v*) € K! is guaranteed to the above variational inequalities since the
feasible set is compact and the underlying functions, under our imposed assumptions, are

continuous.

4. Lagrange Analysis and Alternative Variational Inequality Formulations

We now turn to Lagrange analysis, which enables us to construct alternative variational
inequality formulations, one of which we will use for computational purposes in the next

Section. Lagrange analysis also provides us with deeper insights.

By setting
V(z,v)
) 2 qup l‘Z(Saq R nR apl(l’*)
= +3y = Sop — proa) = S 2PRT) -
£ 5[ S g ) B
0¢q(x )

<o =] + 3

a€l

ava

+1—2(aq + @zUZ)_?’@(Z x;(sap)Ql X [va — 0], (13)

a peP

variational inequality (11b) can be rewritten as the following minimization problem:

min V(z,v) = V(z*,v") = 0. (14)

Kl

Given the previous assumptions, all the functions in (14) are convex and continuously
differentiable.

The constraints are reformulated as below in order to construct the Lagrange function,

with the associated Lagrange multipliers stated immediately afterwards.

g:ZUa—BSO, m,

a€el

11



hl = —v, <0, A, va,
h2 = v, — v <0, A2, Va,
ep=—x, <0, pp,Vp. (15)

We now construct the Lagrange function £(z,v,n, A}, A%, 1), where A\! and A\? are, respec-

tively, the vectors of all the Als and A\Zs, and p is the vector of all the s, as follows:

L(z,v,m, AN )

80 (x*,v ) 2 qupx;5aq B R Qpy(2*)

- + - 6& — p ,QT* — _ x*
l;pg;k axp % Ya (aa + ﬁavzxaa + 5111);) Y k( ) lz:; a$p q%;l !

6 (l a * *

[ - } +> ‘ 81} O, vi) +1—2(g + ﬂav;k)_3ﬁ—(z xpéap)2] X [vg — v7]

aGL a a pep
+gn + Z htll)\(ll + Z hi/\z + Z Eplp; (17)
a€l a€l peEP

Vo € RP,Yv € RiF, V> 0,VA!' € R1*,VA* € R,V € R

Since the feasible set K is convex and the Slater condition is satisfied, if (z*,v*) is a
minimal point of (14), there exist n* > 0, A\'* € R}*, \** € R, u* € R}", such that the
vector (x*,v*, n*, A1, A** u*) is a saddle point of the Lagrange function (17):

L@, 0", AN ) < L 0% 0", AN p07) < Lo, AN 00) 0 (18)
and
gn =0
WA =0, Vae L,
W22 =0, Yae L,
eptty =0, Vp e P. (19)
From the right-hand side of (18) it follows that z* € R" and v* € R/* is a minimal point

of L(x,v,n*, A A\** u*) in the whole space and therefore, we have that, for all paths p € P:

65(1*71}*’”*7/\1*,/\2*’”*)
Oz,

12



IC,(z*,v*) 2 >qeP Tylag B 28 Qpy ()
= _— + — (5(1 - x* -
[ oz, % Yo (q + BavF) (g + Bovi) pr(x") ; oz,

and for all links a € L:
8£(x*7 U*v 77*7 )‘1*7 )\2*7 :u*>
ov,

+1—2(a, + ﬁav::)_?’@(z x;éap)Z

@ peP

+ 0 = A A2 =0, (21)

B 0Cq(x*,v})
N ov,

together with conditions (19).

4.1 Alternative Variational Inequality Formulations

The variational inequalities that we now present are defined on the nonnegative orthant,
which enables the resolution of our proposed computational procedure into steps yielding

closed form expressions in the variables.

Theorem: Alternative Variational Inequality Formulations

Conditions (19), (20), and (21) represent an alternative form of variational inequality (11b)
giwen by: determine x* € R v* € RIF n* >0, \* € RIP, A\ € RYE, u* € R, such that

OC,(x*, v*) 2 > qeP Tylaq ~ WL YME)

— — dap — Pr(z™) — T — | X |, —x
Igg oz, % Yo (Ctq + Bavi) (g + Bavi) ; oz, q;% q Fp [ P p]
600’ ) *\—3/7a * 2 * 1% 2% *

2 | L = 2+ Buv)) (D 0a)® 07— AT AT X e — ]
aclL a Ya pEP
[B Zv] =1+ 3 vax [ = A+ D0 e — ol (A2 = A2 Y @< iy — ] > 0,
a€L a€L acl peP
Vo € R}, v € R \Vn>0,\' € R, \* € R, u € R}”, (22)

or, more simply, determine x* € RY" v% where 0 < vi < o™ Va, and n* > 0, such that

8ép(x*,v*) 2 >qeP Tylaq - < Dpy(x*)
— a5 T2 dap — Pr(T*) — | x|z, — 2
DI e TR VN o T o KL D e D Ll

13



iy [a“”) 1= 2o+ Butl) (3 22600 1| X 00— 7]

acl a’Ua a peP

n B—Zv;:] <7120
acl
Vo € RYP Vv, where 0 < v, < v)" Va,¥n > 0. (23)

Proof: It follows directly from (19), (20), (21) that for * € R}",v* € RE n* > 0, \* €
RV N2 € RYF) u* € RLP satisfying those expressions also satisfies variational inequality

(22). We now prove that such vectors also satisfy variational inequality (11b).

Multiplying (20) by (x, — x}), we obtain:

0C, (", v") 2 2 gep Tq0aq _ o Opu(a”)
o T2 dap — pr(x™) — 2o (e — 2
Oz, % Yo (q + BavE) (g + Bavi) pr(z”) ; o, quPl q (@p — zp)

) (24)
and, since pyz, > 0, for all p, and pyz; = 0, for all p, summation of the left-hand side of

(24) over all paths p, yields:

ICy(z", v 2 10a _ & Apy(x*
> p(z*, V") + 3 2qepP TqOag bup — Pr(a®) =3 pi(x”) 3 z
oz, ) oz,

ver act, Ta (o + Bavy) (e + fav; = =

x(zp —w,) >0, Vre R (25)

Multiplying (21) by (v, — v¥), in turn, yields:

[8éa(x*, vk)

5 +1—2(a + ﬁavZ)_?’&(z x;5ap)2] X (Vg — V)

a peP

= (=" + A" = A) X (va — 7). (26)

Summation, in turn, over all links a € L of (26), and the use of (19), gives us:

Z [M +1—2(aq + ﬁavzr?’@(Z xz%p)?} x (va = ;)

a€L ava a pep

14



=" Va0 B =Y AP+ Y AU+ Y A v, — YA (27)

a€L aclL a€L acL aclL
The first two terms on the right-hand side of (27) result in a nonnegative value, as do the
second two terms. The next to the final term in (27) is also nonnegative, whereas the last

term is equal to zero. Hence, the first conclusion follows.

Furthermore, variational inequality (23) follows from variational inequality (22) since the
feasible set underlying the former captures the nonnegativity assumption on the product path
flows and on the productivity link investments with the latter not exceeding the respective

imposed upper bounds. The proof is complete. O

4.2 Additional Lagrange Analysis with Interpretations

We now utilize the above Lagrange analysis results to obtain deeper insights. Making use
of (20), we consider the case where the optimal product flow on a path p, p € Py, is positive;

that is, 2 > 0, which means that p; = 0. From (20), we then get:

OC,(z*,v") 2 2geP Tgag ~ < Opu(z7)
oz, (; Yo (Qq + Bavi) (g + Bavz) ¥ pr(a’) — Oz, q%;l 4 (28)

Equation (28) has the interpretation that the marginal total costs, which include what
we refer to as the marginal total operational cost on a path and the marginal cost associated
with labor on the path (see also (9) and (10)), are precisely equal to the marginal revenue.

This is a good result in terms of economics.

If the optimal product flow on the path is still positive and if there is a link a on which
the optimal investment on the link is neither at its upper bound nor at its lower bound, and
the budget is not exhausted, then we know, from (21), that:

0¢q (", v*)

a0, +1=2(aq,+ B.0))

w0 5 s (20)

@ pepP

Expression (29) has the interpretation that the marginal cost associated with investing in

the productivity of the link is equal to the marginal return of the investment. On the other

15



hand, if the budget is exhausted, then we can conclude that the marginal cost associated with
investing in productivity on the link is greater than the marginal return of the investment
and that is not a good situation. The Lagrange multiplier n* is then greater than zero, and
its interpretation as a shadow price reflects how much can be gained in terms of the profit
by increasing the budget by a unit. Of course, if the investment on the link is at its upper
bound, and the budget is exhausted, and the path has positive flow at optimality, then the

marginal investment cost on the link exceeds the marginal return by even a greater amount.

Going back to (20), for completeness, we see that if, on the other hand, the optimal
product flow on a path p is zero; that is, x;, = 0, then the marginal total costs on the path
exceed the marginal revenue on the path, so it makes no sense, from a profit-standpoint, to
use that path for product flow. We recall that a path consists of: production, transportation,
storage, and distribution in our basic framework, The framework, as noted earlier, can be
adapted from a supply chain topological standpoint, as need be, and can even incorporate the
option of electronic commerce (or direct sales) as investigated in the context of food supply
chains by Nagurney (2021a). We demonstrate this feature through numerical examples in

the next section.

Also, from (21), one can see that, if the investment on a link a is zero; that is, v} = 0,
and the budget is not exhausted then the marginal costs associated with investing in the

productivity on the link exceeds the marginal return of investing in the link productivity.

5. Computational Procedure and Numerical Examples

All of the above variational inequalities can be put into standard variational inequality
form (cf. Nagurney (1999)), where the finite-dimensional variational inequality problem
VI(F,K), is to determine a vector X* € KL C RV, such that

(F(X*),X - X*) >0, VX €K, (30)

where F is a given continuous function from K to RV, K is a given closed, convex set, and

(+,+) denotes the inner product in N-dimensional Euclidean space.

However, we will be solving variational inequality (23), since the algorithm that we pro-

pose will resolve the problem into a series of subproblems in the variables, for which we

16



give explicit formulae. Hence, for completeness, we now put variational inequality (23)
into standard form (30). We define the vector X = (z,v,n) and the vector F(X) =
(F'(X), F*(X), F*(X)) where the p-th component of F*'(X), F(X), is:

Fl(X) _ aép(x,v) +Z 2 ququéaq
Oz,

~ el 3pl(x)
-~ Oap — Pr(x) — Tyl ;
aer o (Oza - ﬁava)<aa + ﬁav&) : k< =1 a%p q%;z !

the a-th component of F?(X) = [%ﬁ’”) +1—2(ag + 6ava)_3%(2pep Tplap)? + 77], and the

single component of F3(X) = [B—Y,c1v). N =np+np+1and K = {(z,v,n)|zr €
RY? .0 < v, <0 Va,n > 0}.

5.1 Computational Procedure

The steps of the modified projection method, due to Korpelevich (1977), are stated below,
with 7 denoting an iteration counter. The algorithm is guaranteed to converge to a solution
of variational inequality (30) if F'(X) is monotone and Lipschitz continuous, and a solution

exists.

Recall that the function F'(X) is said to be monotone, if
(F(X') - F(X?), X' - X?) >0, VX' X?eK, (31)

and the function F(X) is Lipschitz continuous, if there exists a constant L > 0, known as

the Lipschitz constant, such that

IF(X") ~ F(X)| < L|X* - X7, vX', X* € K. (32)

The Modified Projection Method

Step 0: Initialization

Initialize with X° € K. Set the iteration counter 7 := 1 and let ¢ be a scalar such that

0<(¢< %, where L is the Lipschitz constant.
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Step 1: Computation

Compute X7 by solving the variational inequality subproblem:

(XT+CP(XTH—-X"1 X -X") >0, VX €K (33)

Step 2: Adaptation

Compute X7 by solving the variational inequality subproblem:

(XTH+(F(XT) - XTH X - X") >0, VXeK. (34)

Step 3: Convergence Verification

If | XT— X7!| <, with € > 0, a pre-specified tolerance, then stop; otherwise, set 7 := 7+ 1
and go to Step 1.

The explicit formulae for all the variables for our model for Step 1 above are now provided.

The analogues of Step 2 easily follow.

Explicit Formulae at Iteration 7 for the Product Path Flows in Step 1

Specifically, we have the following closed form expressions for the path flows in Step 1 in the

solution of variational inequality (23):

nRr a~ T7—1
j’; — maX{O,x;_l + C(ﬁk(fT_l) + Z M Z J:;_l

= Oz 4P,

B 5C~Yp(x771, ,UTfl)
Oz,

T—1
Px 50,
Tiw +ﬁq€v Nowt By )b WERE =L e (35)
acl '@ a aVa a aVa

Explicit Formulae at Iteration 7 for the Link Productivity Investments Flows in
Step 1

Also, we have the following closed form expressions for the link productivity investments in

Step 1 in the solution of variational inequality (23):

0Ca(z™ 1 0771
v,

o7 = max{0, min{v;_1+C(2(aa+ﬁavg_l)_3@(Z 2y Oap)’ =

p
a peP

18



Va € L. (36)

Explicit Formula at Iteration 7 for the Lagrange Multiplier in Step 1

Finally, we have the following closed form expression for the Lagrange multiplier in Step 1

at an iteration 7:
7 = masc{0, {7 + (X 78 — B}, (37)
a€Ll
It is straightforward to adapt the above closed form expressions for the special case of

the model without link investment upper bounds and/or without a budget constraint.

5.2 Numerical Examples

The modified projection method was implemented in FORTRAN and a Linux system at
the University of Massachusetts Amherst used for computing solutions to the subsequent
numerical examples. The computational procedure was initialized as follows. All the link
investments and the Lagrange multiplier associated with the budget constraint were set to
0.00. The initial demand at each market was set to 40 with the demand equally distributed
among the paths terminating in each demand market. The convergence tolerance was 1077;
that is, the algorithm was considered to have converged when the absolute value of the
difference between each of the variables at two successive iterations differed by no more
than this value. The parameter ( was set to .01 for each of the numerical examples. The
numerical examples are used as a “proof of concept” and are not focused on a specific
application but, nevertheless, yield broader insights. Specific applications, with particular

features, and parameterized accordingly, can be readily solved using the algorithm.

5.2.1 Examples 1, 2, and 3

The supply chain network topology for Examples 1, 2, and 3 is given in Figure 2. The firm
has two production sites, one distribution center for storage, and sells its product at two
demand markets. Example 1 assumes that there is no investment possible (and, hence, there
is no investment budget and no bounds on the link productivity investments. Example 2
then has the identical data to the data in Example 2 but with the investments added and the
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beta values as given under Example 2 below. Example 3, in turn, has the identical data to
the data in Example 2 but with the addition of bounds on the link productivity investments

as well as a budget.

Firm

Demand Markets
Figure 2: Supply Chain Network Topology for Examples 1, 2, and 3

Example 1 — No Investment Parameters Beta, No Budget Constraint, and No

Bounds on Link Productivity Investments

The total operational link cost functions (since we do not consider investments until the next

examples) are:
calf) =217 a(f)=2f], ¢(f)=5f2 ¢clf) =51,
Ce(f) = f2+2fes &(f) = 5fF, ¢(f) = 5f;.
The demand price functions are:

pl(d) = —5d1 + 800, pg(d) = —5d2 + 850.

The alpha link parameters are:

o, =959, a, =250, «a.=35 «ag=35 «a.=060, aF=38 «a5=30,
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the beta link parameters are:
Ba=0, [=0, B.=0, fa=0, [=0, By=0, p,=0,
and the gamma link parameters are:
Yo=-1, w=.17%=.09 ~v4=.07 7 =.08 ~;=.06, ~,=.08.
The paths are defined as: path p; = (a,c, e, f), path p, = (b,d, e, f), path p3s = (a, ¢, e, g),
and path ps = (b,d, e, g).

The modified projection method yields the following equilibrium product path flow pat-
tern:
i, =19.39, a5 =19.36, xf, =21.66, ), =21.63.

The equilibrium link flows and labor values are reported in Table 2, whereas the equilib-

rium productivity investments and hourly wages are reported in Table 3.

The demand price at the first demand market is 606.27 and at the second demand market
the price is: 633.52, with the corresponding equilibrium demands of: 38.75 and 43.30.

The firm earns a profit of: 33,816.98.

Example 2 — Positive Investment Parameters Beta, No Budget Constraint, and

No Bounds on Link Productivity Investments
Example 2 has the same data as Example 1, but now we include investments (but no bounds).

The total operational costs are as in Example 1 in terms of the link flow dependence, but

they are now extended to have an investment component as follows:
éa(fa Ua) = 2f3+'05r027 éb(fu Ub) = 2fb2+1vl?v éc(fa Uc) = 5fc2+05vga éd(fa Ud) = 5f3+057j§7

ée(fave):fg—i_zfe‘i“lvz? éf(fvvf):'5f]%+'1vj2‘7 ég(f,@g):5f5+11}§

The (s are no longer equal to zero, as they were in Example 1, but are, now, as given

below:

ﬁa = 107 61) = 1()’ /BC = 2()’ ﬁd = 207 /86 = 107 ﬁf = 10’ ﬁg = 10.
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The link productivity functions (cf. Table 1) are, thus, of the form 7, = «a, + (,v,, for all
links a € L with the alpha terms as in Example 1.

The modified projection method yields the following equilibrium product path flow pat-
tern:
r, =19.38, x, =19.36, =z, =21.66, =z, =21.63.
The equilibrium link flows and labor values for Example 2 are reported in Table 2, whereas

the equilibrium productivity investments and hourly wages are reported in Table 3.

The demand price at the first demand market is 606.28 and at the second demand market
the price is: 633.54, with the corresponding equilibrium demands of: 38.74 and 43.29.

The firm earns a profit of: 33,868.11. The total investment outlay of the firm is: 17.72.
Note that there is a good return on investment, since the profit in Example 1 is 33,816.98,
whereas now the profit is: 33,868.11.

We also, for completeness, report the values of the link productivity functions at the

equilibrium:

T = 67.00, m =64.03, w.=284.36, mw;=09088, w =9837, 7wr=6790, mw,=066.32.

Note that since the (s are all equal to zero in Example 1, the 7,s there are not investment-

dependent and collapse to the corresponding o on the link.

The labor hours needed on each link decrease, as compared to the respective result in

Example 1, and the wage on each link also decreases.

Example 2 demonstrates the benefits for the firm of investing in link productivity. Note
that the total operational link cost does depend on the investment on the link since there may
be, for example, some maintenance and other related costs associated with the investment

encumbered.
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Example 3 — Positive Investment Parameters Beta, Budget Constraint, and

Bounds on Link Productivity Investments

The data for Example 3 are as that in Example 2 with the budget B = 15 and v]'** =

mat — 3. The path flows remain essentially as in Example 2 since the demand price

coo =y
functions are not functions of the investments. The equilibrium link flows and labor values
are reported in Table 2 with the equilibrium link productivity investments and the hourly
wages reported in Table 3. Wages are now higher, in order to attract labor since more is
needed due to a decrease in productivity as compared to that in Example 2. The investment
on link e is at the upper bound. The total investment outlay is now 15, so the budget is

exhausted with the Lagrange multiplier being positive and with a value of n* = .29.

The link productivity functions evaluated at the computed equilibrium link investments

are Nnow:

To = 62.70, m =60.69, m =79.14, m;=285.41, m =90.00, m;=64.93, m,=63.41.

The profit of the firm is: 33,867.59. Under the imposed budget constraint and the
maximum bounds on investment links, the profit of the firm decreases from 33,868.11 in
Example 2 to 33,867.59 in Example 3.

23



Table 3: Equilibrium Link Productivity Investments and Hourly Wages for Examples 1, 2,

and 3

Notation Equilibrium Value
Example 1 | Example 2 | Example 3

fr 41.05 41.04 41.05
Y 40.99 41.00 41.01
1 41.05 41.04 41.05
M 40.99 41.00 41.01
1 82.04 82.04 82.06
/7 38.75 38.74 38.75
/5 43.30 43.29 43.30
l: 0.75 0.61 0.65
l; 0.82 0.64 0.68
L 1.17 0.49 0.52
l; 1.17 0.45 0.48
l: 1.37 0.83 0.91
Iy 1.02 0.57 0.60
l* 1.20 0.65 0.68

Table 2: Equilibrium Link Flows and Labor Values for Examples 1, 2, 3

Notation Equilibrium Value
Example 1 | Example 2 | Example 3
v - 1.20 0.77
vy - 1.40 1.07
vk - 2.47 2.21
vy - 2.79 2.52
vl - 3.84 3.00
v} - 2.99 2.69
v, - 3.03 2.74
wy 7.46 6.13 6.55
wy 8.20 6.40 6.76
wr 13.03 5.41 5.76
wy 16.73 6.44 6.86
w; 17.09 10.42 11.40
wi 16.99 9.51 9.95
wy 15.03 8.16 8.54
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5.2.2: Examples 4, 5, and 6

In the second series of examples we consider a supply chain network topology as depicted
in Figure 3. There is now an additional production site available to the firm, but it still has
a single distribution center and serves two demand markets. These examples follow a similar
pattern to that of Examples 1, 2, and 3. Example 1 considers no investments so the (s are
all zero. Example 7 then allows for investment but has no budget and no upper bounds
on the link productivity investments and, finally, Example 9 introduces both a budget and

investment bounds on the links.

Demand Markets
Figure 3: Supply Chain Network Topology for Examples 4, 5, and 6

Example 4: No Investment Parameters Beta, No Budget Constraint, and No

Bounds on Link Productivity Investments

Example 4 has the identical data to that in Example 1 but with the additional data for links

h and 7 as follows:
éh(f? Uh) = fl% + '05Ul2w éz(fv Ui) = 5fz2 + '05U1L27

ap, =45, «a; =30, v, =.1, v = .08,
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and
Bh = 07 6@ = 07

since in this example, as we did in Example 1, we consider the case that there are no

investments in link productivity.
We also have two new paths: path ps = (h, 1, ¢, f), and path pg = (h,i,e,g).

The modified projection method converges to the following equilibrium product path flow
pattern:

v, =1191, =z, =11.89, =

vi =1341, 2

=20.20, ), =13.43,
= 21.77.

s
o

The original paths have much lower volumes of product flow than they had in Example 1,
with the two new paths having the largest volume of product flow. The profit is: 38,138.79.
The profit increases substantially with the introduction of a new production site, by more
than 4,000.

The demand price at the first demand market is 580.02 and at the second demand mar-
ket the price is: 607.26, with the corresponding equilibrium demands of: 44.00 and 48.55.
Consumers also benefit since the prices at the demand markets decrease. The computed equi-
librium link flows and labor values are given in Table 4 and the equilibrium link productivity

investments and the hourly wages are reported in Table 5.

Example 5 — Positive Investment Parameters Beta, No Budget Constraint, and

No Bounds on Link Productivity Investments

Example 5 has the same data as Example 4 with the beta parameters now being positive

and as in Example 2, with the addition of the following ones on the added two links:

ﬁh = 15, ﬁz — 15

As in Example 2, there are no bounds on the link productivity investments and no budget.

The modified projection method now converges to the following equilibrium product path
flow pattern:
r, =11.88, x, =11.87, z; =20.24, =z, =13.40,
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i, =13.39, a7 = 21.76.

The additional equilibrium results are reported in Tables 4 and 5.
The firm invests a total amount of: 19.74.

The demand price at the first demand market is: 580.01 and at the second: 607.26 with
equilibrium demands of: 44.00 and 48.55, respectively.

The firm earns a profit of 38,202.74. The firm gains in profit by investing in productivity
in the supply chain links. In Example 4, the profit is 38,138.79, whereas now, with an
investment of only 19.74, the profit has risen to: 38,202.74.

The values of the link productivity functions at the equilibrium, where recall that 7, =
Qg + Bave, Ya € L, are:

Tq = 55.00, m =50.26, =w.=6293, wgz=06791, w =104.32, my=7254, m,=7041,

T = T75.98, m; =T79.26.

Example 6 — Positive Investment Parameters Beta, Budget Constraint, and

Bounds on Link Productivity Investments

Example 6 is constructed from Example 5 and has the same data but with the addition of
the same budget and link investment bounds as in Example 3. Hence, the budget is 15 and

all the v"*s are equal to 3, including on the two added links.

The modified projection method now converges to the following equilibrium product path
flow pattern:
r, =11.88, x, =11.88, =z, =20.25 x, =13.40,

ri =13.39, i =2LTT.

The additional equilibrium results are reported in Tables 4 and 5.

The firm invests a total amount of: 15.00 and the Lagrange multiplier n* = .64.
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Notation Equilibrium Value
Example 4 | Example 5 | Example 6

I 25.33 25.28 25.29
Y 25.30 25.26 25.27
M 25.33 25.28 25.29
3 25.30 25.26 25.27
1 92.54 92.55 92.58
/7 44.00 44.00 44.02
/s 48.55 48.55 48.56
4 41.91 42.00 42.02
1 41.91 42.00 42.02
l: 0.46 0.46 0.46
l; 0.51 0.50 0.51
l: 0.72 0.40 0.46
l; 0.72 0.37 0.43
l: 1.54 0.89 1.03
Iy 1.16 0.61 0.66
Ly 1.35 0.69 0.75
Iy 0.93 0.55 0.63
I} 1.40 0.53 0.60

Table 4: Equilibrium Link Flows and Labor Values for Examples 4, 5, and 6

The demand price at the first demand market is: 579.92 and at the second: 607.18 with
equilibrium demands of: 44.02 and 48.56, respectively.

The firm now earns a profit of: 38,200.93, a decrease, but not a significant one, from the

profit in Example 5.

The values of the link productivity functions at the equilibrium, where recall that 7, =
Qg + Bave, Ya € L, are:

T, = 55.00, m, =50.00, m.=54.67, mwy=259.17, m.=90.00, m;=66.38, w;=64.39,

mn = 66.70, m; = 70.26.

The investment on link a is at the imposed upper bound.
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Notation Equilibrium Value
Example 4 | Example 5 | Example 6
vk - 0.00 0.00
v - 0.03 0.00
vk - 1.40 0.98
vy — 1.65 1.21
vl - 4.43 3.00
v} - 3.45 2.84
vy - 3.44 2.84
vy - 2.07 1.45
vf - 3.28 2.68
w 4.61 4.60 4.60
wy 5.06 5.03 5.05
wr 8.04 4.46 5.14
wy 10.33 5.31 6.10
w 19.28 11.09 12.86
wi 19.30 10.11 11.05
w; 16.86 8.62 9.43
wy, 9.31 5.53 6.30
w; 17.46 6.62 7.48

Table 5: Equilibrium Link Productivity Investments and Hourly Wages for Examples 4, 5,
and 6
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5.2.3: Examples 7, 8, and 9: Introduction of E-Commerce

In our third, and final series of numerical examples, we consider the impact of electronic
commerce. Specifically, to the supply chain network topology in Figure 3 we now add direct
links j and k to demand markets 1 and 2, respectively, from nodes M; and M3 and consider

numerical examples with the supply chain network topology in Figure 4.

Example 7 - Positive Investment Parameters Beta, No Budget Constraint, and

No Bounds on Link Productivity Investments

From the previous numerical examples, it was clear that allowing for investments in link
productivity could raise profits of the firm. Example 7 serves as the baseline from which we
then construct in this series Examples 8 and 9. Hence, Example 7 (unlike Examples 1 and

4) has positive beta parameters on all of its links.

Example 7 has the identical data to that in Example 5 but with the additional data for

links j and k as follows:
¢i(fvy) = 15f7 +.0505, &l f ve) =2f7 + .1u3,
ay = 55, A = 60, Vi = .17 Ve = .1,
and
B; =20, B =20.
We also have two new paths: path p; = (a,j), and path ps = (h, k).
There is no budget and no v]*** on all links a € L.

The modified projection method converges to the following equilibrium product path flow

pattern:
I;l = 000, {23';2 = 1180, $;3 = 8777 ;L';M — 000’

ry, = 14.09, =z, =11.06, =z, =34.93, x, = 34.88.

The additional equilibrium results are reported in Tables 6 and 7.
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Demand Markets
Figure 4: Supply Chain Network Topology for Examples 7, 8, and 9

One can see that the paths with the electronic commerce links have the highest product
path flows and that both paths p; and ps are not even used (in contrast to the results in

Example 5) and, hence, have zero flow.

The demand price at the first demand market is: 522.51 and at the second: 549.82 with
equilibrium demands of: 55.50 and 60.04, respectively.

The firm earns a profit of: 47,685.11. The profit is higher than in Example 5 by more
than 8,000. Electronic commerce benefits the firm in terms of profit and consumers, in terms

of demand market prices, which are now lower.

The values of the link productivity functions at the equilibrium, where recall that 7, =
Qg + Bav,, Ya € L, are:

T, = 61.25, m, =50.89, m.=35.00, mwg=6893, mw =7414, mw;=48.77, m,=49.85,

m =86.81, m =50.61, m =76.13, m = 75.06.
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Example 8 — Positive Investment Parameters Beta, Budget Constraint, Bounds

on Link Productivity Investments, and Demand Price Function Changes

In Example 8, we retain the budget of 15, as in earlier examples with a budget, and also we
have that v"* = 3 for all links that are not e-commerce links (as in previous examples with

bounds) but we now add the following bounds on the electronic commerce links:

m(l(E:4 mar:4
9 .

v; vy,

Also, we now consider the case that consumers at the demand markets are grateful to
for the e-commerce option and are willing to pay higher prices. The demand price function
intercept terms are changed from 800 to 850 for the first demand market and from 850 to

900 for the second demand market.

The modified projection method now converges to the following equilibrium product path
flow pattern:
x, =0.00, =z, =1257, =z, =937, x, =0.00,

i, =14.89, af =11.69, z% =37.06, ) = 36.96.

Additional equilibrium results are reported in Tables 6 and 7.

One can see that the paths with the electronic commerce links, as in Example 7, have
the highest product path flows and that both paths p; and ps have zero flow, as they did in
Example 7.

The demand price at the first demand market is: 554.97 and at the second: 582.31 with
equilibrium demands of: 59.01 and 63.54, respectively.

The firm earns a profit of: 53,640.90, which is higher than the profit in Example 7. This
shows the potential benefit of having consumers being willing to pay higher prices and firms

can achieve this through marketing, for example.

The values of the link productivity functions at the equilibrium are:

Tq = 63.30, m, =52.40, =w.=35.00, mwg=7143, =w =76.29, my=>5046, m,=51.33,
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m, = 90.00, m =52.50, m; =7888, m,=T77.48.
The total investments are: 13.87. The investment on link A is at the upper bound of 3.

Example 9 — Positive Investment Parameters Beta, Budget Constraint, Bounds

on Link Productivity Investments, and Increase in Production Costs

Example 9 has the same data as Example 8 but we now consider a production disruption

with the total costs on links a and b increasing to the following, respectively:

Ca(f,va) = 32 +.0502, & (f, ) = 3f2 + .10}

The modified projection method now converges to the following equilibrium product path
flow pattern:

zi =000, af, =1151, a5 =13.70, a7, =0.00,

* *
D2 p3

zi, =10.83, a5, =13.02, zf =31.44, a = 37.96.
The additional equilibrium results are reported in Tables 6 and 7.

The demand price at the first demand market is: 566.71 and at the second: 590.97 with
equilibrium demands of: 56.66 and 61.81, respectively.

The firm earns a profit of: 51,863.57. With higher costs at two of the three production

sites, the profit now decreases.

The values of the link productivity functions at the equilibrium, where recall that 7, =
Qg + BaVa, Ya € L, are:

Ta = 57.74, m, = 50.00, m.=35.00, my=063.02, =, =76.70, m;=>50.28, m,= 4846,

m, = 90.00, m; =60.58, m;=7149, m = T78.61.

The total investments are: 13.01. The investment on link A remains at the upper bound
of 3.
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Notation Equilibrium Value
Example 7 | Example 8 | Example 9

I 34.93 37.06 3.44
Y 25.89 27.46 22.35
I 0.00 0.00 0.00
7 25.89 27.46 22.35
1 45.72 48.52 49.07
I7 20.56 21.94 25.22
Iy 25.16 26.58 23.85
4 54.71 58.02 64.67
fr 19.83 21.06 26.72
I3 34.93 37.06 31.44
A 34.88 36.95 37.96
l: 0.57 0.59 0.54
ly 0.51 0.52 0.45
Ik 0.00 0.00 0.00
Iy 0.38 0.38 0.35
l: 0.62 0.64 0.64
[y 0.42 0.42 0.46
ly 0.50 0.52 0.49
ly 0.62 0.64 0.72
I} 0.39 0.40 0.44
[ 0.46 0.47 0.44
l;; 0.46 0.48 0.48

Table 6: Equilibrium Link Flows and Labor Values for Examples 7, 8, and 9
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Notation Equilibrium Value
Example 7 | Example 8 | Example 9
vl 0.62 0.83 0.27
v 0.09 0.24 0.00
vl 0.00 0.00 0.00
vy 1.70 1.82 1.40
vl 1.41 1.63 1.67
v} 1.08 1.25 1.63
v, 1.39 1.53 1.25
vy 2.91 3.00 3.00
vf 1.37 1.50 2.04
U3 1.06 1.19 0.82
v 0.75 0.87 0.93
wy 5.70 5.85 5.45
wy 5.09 5.24 4.47
wi 0.00 0.00 0.00
wy 5.37 5.49 5.07
wr 7.71 7.95 8.00
wy 7.03 7.25 7.74
wy 6.31 6.47 6.15
wy, 6.17 6.45 7.19
w; 4.0 5.02 5.51
wy 4.59 4.70 4.40
wy, 4.65 4.77 4.83

Table 7: Equilibrium Link Productivity Investments and Hourly Wages for Examples 7, 8,
and 9
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6. Summary and Conclusions

Disruptions to labor in the COVID-19 pandemic have been deep and widespread, affect-
ing agriculture and manufacturing as well as freight service provision, among many other
economic sectors. And now, with progress on vaccinations, many firms are dealing with
difficulty in attracting labor, as economies start to rebound. The pandemic has also affected
the productivity of labor with investments in productivity being a possible avenue to enable

enhanced output.

In this paper, we construct an optimization model for supply chain networks that includes
labor as a resource, allows for wage-dependent labor, as well as investments in supply chain
link productivity. The investments are subject to a budget constraint and also to a bound
on the investment on each link. The solution of the model yields the optimal product path
flows from the firm to the demand markets, the optimal link productivity investments, as
well as the labor hours needed on the supply chain network links, and the wages that should
be paid to the workers on the links, which consist of production, transportation, storage,

and distribution links.

We provide alternative variational inequality formulations of the optimal solution, and
conduct Lagrange analysis. The proposed algorithmic scheme has nice features for implemen-
tation since it resolves the variational inequality formulation that we utilize into subproblems
which yield closed form expressions in the product path flows and the Lagrange multiplier
associated with the budget constraint. We apply the algorithm to compute solutions to
three sets of numerical examples, including a set with electronic commerce, and report the
full solutions, including the labor hours and the wages that should be paid. We find that
investments of link productivity can enhance profits for the firm, and reduce the product
price at the demand markets for the consumers. Also, adding a production site can enhance
profits as well as taking advantage of electronic commerce. Firms, however, should be careful
in moderating their operational costs since increases can have a big impact on the bottom

line.

This work adds to the still nascent literature on the synthesis of operations research and
economics for addressing fundamental questions and issues surrounding labor and supply

chains.
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