Projected Dynamical
Systems and Applications

Patrizia Daniele
University of Catania - Italy

SIAM Conference on Optimization Stockholm, May 15-19, 2005



Projected Dynamical System (PDS)

P 11, (50, ~F (x(0) (PDS)

K — R": convex polyhedralset;

F :K — R" : Lipschitz continuous function with linear growth;

[T, :Rx K — R": Gateaux directional derivative
Py (x—6 F(x))—x

b

I, (x,— F(x))= lim

50" )

P, :R" — K :projection operator HPK (2)— zH =1inf ‘ y—2z|;

vekK
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Theor. [Dupuis-Nagurney (1993)]

Critical points of (PDS) <= solutions to
Find xe K :<F(x),y—x>20, Vyek.
Isac-Cojocaru (2002, 2004): study of

PDS In infinite-dimensional Hilbert spaces
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Lions-Stampacchia (1967),

Brezis (1 967): introduction of Evolutionary.
Variational Inequalities (EVI)

Steinbach (1 998): study of obstacle

problems by means of VI

Daniele-Maugeri-Oettli (1998):

applications of EVI to network problems

Cojocaru-Daniele-Nagurney (2004):.

connection between PDS and EVI and introduction
of Double-Layered Dynamics
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General Formulation of the set K
for traffic network problems,
spatial price equilibrium
problems, financial equilibrium
problems

K= ] {ueLz([O,T],Rq):/’L(t)Su(t)S u(t) a.e.in [0,T];

te[O,T]

q
;cfﬁ u,(t)=p,(¢) a.e.in [0,T],&,€{0,1}, z':l,...,q,jzl,...,l}

A, pel’ ([O, T| R* ): convex functions
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Preliminary Definitions
, McH=M"={fcH (& x)<], VxeM|

> Ccone =C°=C"={ eH :(£,x)<0, VxeC}

> K c H nonempty, closed, convex —

T (x)= U support cone

- Ny EeH (£,2-x)<0, VzeK )=

normal cone to K at x
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- Prop. 1: (7,(0) =Ny (x) = (T, ()

> TheOI'. 1: PK(x+ﬂ.h)=x+ﬂ,PTK(x)h+0(/t)
Vx,h,A>0

» Cor. 1: If I, (x,h)=lim Pylx+Ah)-x

A—>0" Y

then I, (x,h)=P, . h

Tg(x) """

>
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> nK(x):{v:Hszl and<v,x -y>£0, VyeK }:

set of unit inward normals to K at x

. Prop. 2: n,(x)=0B(0,)N-(T; (x))

> quz{xeK:TK(x)zH}
> qbdry K=K\qi K

> Prop. 3:xeqbdryK < n (x)#
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> Theor. 2:
xeqiK=I1, (x,h)=h, VheH,;

xeqbdryK=Vve H\T, (x),3n (x)en,(x):
A(x)=={v.n"(x))>0,

IT, (x,v)=v+,8(x)n*(x).
>Cor. 2:

I, (=, v):PV_NK(X)(O):(v—NK (x))# VveH.

X

Cor.2 =3 I n: I (x,—F(x))=—F(x)-n

where n_ =0 1f xeqiK
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> Remark 1: Cor. 2 implies

0 PP 11,0

{;E_(F( J+ N (x H ‘ e (FI(?)EI}VK(X)) }
( dx( t)_ : slow solution to
a0 o e (v, () F()
\x(O):xO cK x(O)sz
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T (el )=F (el )P, o) (= F (x(2))

U
rd ;c(t)_ ( slow solution to
dt _HK(X,—F(X)) < <x(t)€PTK(x)(_F(x(t)))
kx(o):xo c K k)C(O):)co
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> Remark 2:

Find ueK: <<F(u),v—u>> >0, VveK

where <<CD,u>> :IOT<CD (¢),u (t)>a’t,
vel*([0,T],R") , uel*([0,T],R")

0
Find ueK: <F(u(t)),v(t)—u(f)>20,
VveK,a.e. in [0,T]
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Computational Procedure

F strictly monotone =

u(t)eC’ ([O, T|,R’ )unique solution to EVI:

(F(u()).v(t)-u(t))20,vte [0,T]

Partitions of [O, T ] ;

Otl

v :(tn, n,...,t,flvn),O:t,?q; <.<tn=T

k. :max{t,{ —t,{_l:jzl,...,Nn},liznkn =0.
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Finite-dimensional Variational Inequality:
<F(u(rg—1)),v—u(t,{—l)> >0, Vve K (/') (FDVI)

where

K(t,gl):{vem A ) <v<u(t) g, vi:pj(t,gl)}
i=1
Unique solution to (FDVI )< critical point of

IT, (u(t,{_l,r),—F(u(t,{_l,r)))zO

Interpolation function u, (¢):

li,?l Hun (t) U (t)HLOO([O,T],Rq) =4
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P.([0,T],R")= {ve[fo ([0,7].R"):v

(44
Mean value operators z, : L ([O,T],R’")—)Pn ([O,T],Rm)
| ty
U V(f,{—l,t,{] =— L,{l v(s)ds

£ —t"

K={F(t)el’([0,T],R"):A<F (t)<v, a.e.in [0,T],
®F(t)=p(t), A, v=0]

C I[O,T]XK > ([O,T],Rm) linear mapping
Clt,F(1)|=A(¢)F(t)+B(t), A(t)eL”,B(1)el’
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FindH(t)eK:
.[oT<A(t)H(t)+B(t)DF(t)—H(f)>dt:
ijjl<A(t)H(f)+B(f),F(t)—H(t)>dt20, ‘V’F(t)eK

j=1
Find uj (t)eK:

7 (A) 1 (0)+ B(0). 7 (1)1 (1)) de 0.

VF(t)ekK, Vie| /1]

n 2°n
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Finite-dimensional problem:
Find H e K, c R"
(4] H}+B),F —H!)20,VF/ €K,

where
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n %"n

Nl’l
H, ()= x(t".t/)H! YneN
I=

piecewise constant approximations to solutions to
oT

| (A(e)H (e)+B(1),F (t)-H(t))de=0, VF(t)eK? (a)

> Theor. 3:

A(t)positive definite a.e.in [0,7|=U ={H,}
weakly compact; its cluster points are feasible.

If H weak cluster point forU = H solution to (a)
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Time-dependent convex set:

K={F(t)e *([0,T],R"):A(t)<F (t)<v(t),ae. in[0,T],

A(t),v(2)20,® F(t)=p(t),a.e. in[O,T]}

K" ={F( Je ([O T], Rm) piecewise constant:

Ain <F, (1)< Vin, a.€. 1n(tj_1,tj),

O F(t)= p]n,ae 1n(t]._1,tj)}

where

Ain=t;, A(1), Vi =11, v (1), ;j,n =1, P(1)
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> Lemma 1:

The set sequence K" =1 K" converges to K

> Theor. 4:

A(t)positive definite a.e. in [0,7|= the sequence

n %°n

Nn
H" (t) = Z ;((tj L )H ; admits weak cluster points.
i=1

Each weak cluster point 1s feasible and solves (a).
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» Application to Dynamic Traffic Network

0
Cost functions:
C,(H(1))=H,(r)+1
C,(H (1))=H,(1)+2
D

K-=] { F(t)el’ ([0,2],1{2): 0<E ()< t,OSFZ(t)S%t a.e.in [0,2];

F (t)+F,(t)=t a.e.in [0,2]}
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Vector field:
F:LZ([O,z],R2) *([0,2],R?)
Q)

) (H,(¢)+1,H,(1)+2).

t, € {kzk =0,..., 8}:> sequence of PDS defined by:

~F(H,(t,).H,(%))=(-H,(t)-1,- H,(t)-2) on

K, ={{[O,to]x[0,%to}}ﬂ{x+y=t0}}

SIAMI Conference on Optimization Stockholm, May: 15-19, 2005

22



Unique equilibrium at 7,

(H,(%).H,(t,))eR?*:=F (H,(1,),H, (%)) =1 (H,(%).H,(1,))

Equilibria:
a0} z0) Gl 33} 3 6E3)

Explicit formulae:
l
2

t—1
H, (t ) P

|
if 1<¢<2.
] 2

if 0<t<]; 3

{H«t)— H(1)=
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> Application to Spatial Price Economic Markets

P+ P-

&(p(1))=pi (1) +h(1): 2. (p(1))=ps (1) + K (2);
ACIGIEIORAGE
e (% ()=, (1)¢2 (x(8)) =2 () +1;

Qi

K:{ ()=(p().4(¢).x(¢)) <2 [[o,ﬂ,m]xzf qoﬂR s ({oﬂkj

0<p (t)<h(t)+k(t)+L0<p,(t)<h(t)+k(t )+1 0<q1(t)£h( )+k(1)+1,
0<x, (¢)<h(t)+k(t)+1,0<x, (7)< )+1}
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> Direct method  [p(t)-x,(¢)+h(1)=0
()= g, () +x, (1) +x,, (£)=k(2)=0
{u(j)(e)l)( : = pl(t)+x11(f)—ql(t)=0 — O
Xy (¢ —ql(t)+1:0
u t)eK

3h(t)+k(t)+1=0
—h(1)+2k(t)=320

KN{p. -0} |

pl(f)=_3h(t);k( )+1; P, (1)=0;¢, (t)=—

Cll(x(t)): s ;Czl<x(t))=_ t - dii 35, (1)= t 5 &
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> Discretization method:

1

|2(A(e)u (6)+b(1)u()

1 0 0 -1 O

O 1 0 0 -1
A(t)=|0 0 1 1 1|, b(t)=

1 0 -1 1 )
01 -1 0 1. ]
[O,l}:O<L<...<j_l< ook
2 2n 2n  2n 2
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k(1
k(
0
1

N N N’

)

é, 10

—u (t)>dt20, Vu(t)eK

=t+—



K’ ={u;1 (t):(pj1 (1), P, (1), 45 (¢),x, (2), X, (t))piecewise constant:

n . w2073 15 .\ _6j-3 15
ngjl(t)g - + - ,()Spjz(t)ﬁ - + 7 90qul(t)£ 87 * 77’
N 673 15 . 6j=3 15
0<x}, (1)< ]8n 7 0= (1)< én * 7}

Variational Inequality:

(A(0) (] (0)) 8 ()} (1) =(u; (1)) )20 V] (1)K (o)

271
3n
2]—1+§
4n 7
_2j-1 8

4n 7
0

|

where b7 (1)=
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A0 @=0
u' (1)eK’
A(t)u” (t)+b7 (t)=0
ke g, ()=o) | A0 TE=0
P}, (2)=0
[ -2j+1 3 ,n 6j-3 6
P (t)= aon 7 P (1)=0; ¢} (1)= o0 T
0 (22i7l 30 6j-3 1
<xj11(t): 107 "‘7: szl(t): 407 _7,
n 2j-1 3 2j-1 8 . 14j-7 2.
gﬂ(P(t)): 107 +7,gj2(p(t))_ » +7, fﬂ(CI(t))— o +7’
: 2j-1,3. . _6j-3 6
\Cf“(x(t)): 10n 7 i (x(1))= 100 7
Excess: 57, (1)= 12](')_7 +g;
n
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Solution on K” :mKﬁ :

S

_ J=1 Jj .
un(t)_jzlz )7 ,271 uj (t)
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