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ProjectedProjected  DynamicalDynamical System (PDS) System (PDS)
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TheorTheor. [. [Dupuis-NagurneyDupuis-Nagurney (1993)] (1993)]

CriticalCritical  pointspoints of (PDS) of (PDS) ⇔ solutionssolutions  toto

.,0),(:  Find KK ∈∀≥−∈ yxyxFx

Isac-CojocaruIsac-Cojocaru (2002, 2004) (2002, 2004)::  studystudy of of
PDS in PDS in infinite-dimensionalinfinite-dimensional  HilbertHilbert  spacesspaces
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Lions-StampacchiaLions-Stampacchia (1967), (1967),
BrezisBrezis (1967) (1967)::  introductionintroduction of  of EvolutionaryEvolutionary
Variational Variational InequalitiesInequalities (EVI) (EVI)

SteinbachSteinbach (1998) (1998)::  studystudy of  of obstacleobstacle
problemsproblems  byby  meansmeans of VI of VI

Daniele-Maugeri-OettliDaniele-Maugeri-Oettli (1998) (1998)::
applicationsapplications of EVI  of EVI toto network  network problemsproblems

Cojocaru-Daniele-NagurneyCojocaru-Daniele-Nagurney (2004) (2004)::
connection connection betweenbetween PDS and EVI and  PDS and EVI and introductionintroduction
of of Double-LayeredDouble-Layered  DynamicsDynamics
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GeneralGeneral  FormulationFormulation of the set  of the set KK
forfor  traffictraffic network  network problemsproblems,,

spatialspatial price  price equilibriumequilibrium
problemsproblems, , financialfinancial  equilibriumequilibrium

problemsproblems
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PreliminaryPreliminary  DefinitionsDefinitions
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  TheorTheor. 2:. 2:

Cor. 2:Cor. 2:
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  RemarkRemark 1:  1: Cor. 2 Cor. 2 impliesimplies
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ComputationalComputational Procedure Procedure

( ) [ ]( )
( )( ) ( ) ( ) [ ]

[ ]
( )

{ }

0

0 1 0 1

1

strictly monotone

0,T , uniquesolution to EVI:

, 0, 0,

Partitions of 0, :

, , , ,0

max : 1, , , lim 0.

n n

q

N N
n n n n n n n

j j
n n n n nn

F

u t C

F u t v t u t t T

T

t t t t t t T

k t t j N k

π
−

⇒

∈

− ≥ ∀ ∈

= = < < < =

= − = =

R

K K

K



SIAM Conference on Optimization Stockholm, May 15-19, 2005SIAM Conference on Optimization Stockholm, May 15-19, 2005 1414

( )( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( )

( ) ( )( )( )

1 1 1

1 1 1 1

1

1 1

Finite-dimensional Variational Inequality:

, 0,

where

: ,

Unique solution to critical point of

, , , 0

Interpolatio

j j j
n n n

q
j q j j j

n n n ji i j n
i

j j
n n

F u t v u t v t FDVI

t v t v t v t

FDVI

u t F u t

λ µ ξ ρ

τ τ

− − −

− − − −

=

− −

− ≥ ∀ ∈

 
= ∈ ≤ ≤ = 
 

⇔

Π − =

∑

K

K

K R

( )
( ) ( ) [ ]( )0, ,

n function :

lim 0q

n

n L Tn

u t

u t u t ∞− =
R



SIAM Conference on Optimization Stockholm, May 15-19, 2005SIAM Conference on Optimization Stockholm, May 15-19, 2005 1515

[ ]( ) [ ]( ) ({ }
[ ]( ) [ ]( )

( ( )

( ) [ ]( ) ( ) [ ]{
( ) ( ) }

[ ] [ ]( )
( )

1

1 1

,

1

1,

2

2

0, , 0, , : , 1, ,

Mean value operators : 0, , 0, ,

1

0, , : , a.e. in 0, ,

, , 0

: 0, 0, , linear mapping

,

j j
n n

j
n

j j j
n n n

m m m
n j nt t

m m
n n

t

n j jt t t
n n

m

m

P T v L T v v j N

L T P T

v v s ds
t t

F t L T F t T

F t t

C T L T

C t F t

µ

µ

λ ν

ρ λ ν

−

− −

∞



−


= ∈ = ∈ =

→

=
−

= ∈ ≤ ≤

Φ = ≥

× →

∫

KR R R

R R

K R

K R

( ) ( ) ( ) ( ) ( ) 2, ,A t F t B t A t L B t L∞= + ∈ ∈  



SIAM Conference on Optimization Stockholm, May 15-19, 2005SIAM Conference on Optimization Stockholm, May 15-19, 2005 1616

( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( ) ( )

( )

1

1

0

1

1

Find :

,

, 0,

Find :

, 0,

, ,

jn
n

j
n

j
n

j
n

T

N t

t
j

n
j

t n n n
j j jt

n j j
j n n

H t

A t H t B t F t H t dt

A t H t B t F t H t dt F t

u t

A t H t B t F t H t dt

F t t t t

−

−

=

−

∈

+ − =

+ − ≥ ∀ ∈

∈

+ − ≥

 ∀ ∈ ∀ ∈ 

∫

∑∫

∫

K

K

K

K



SIAM Conference on Optimization Stockholm, May 15-19, 2005SIAM Conference on Optimization Stockholm, May 15-19, 2005 1717
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Finite-dimensional problem:
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 Lemma 1: Lemma 1:

  TheorTheor. 4:. 4:
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  ApplicationApplication  toto  DynamicDynamic  TrafficTraffic Network Network
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ApplicationApplication  toto  SpatialSpatial Price  Price EconomicEconomic  MarketsMarkets
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Direct Direct methodmethod
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DiscretizationDiscretization  methodmethod::
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