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¢: R_xK—K solving the initial value problem:

é(r, X)=IT, (¢(z', X),—F (4(z, x)))
$(0,x)=x,eK

N

K< R": convex polyhedral set;

F :K—R": Lipschitz continuous function with linear growth;
[T, :RxK—>R": Gateaux directional derivative
x—8F(x))—x

I, (x,—F(X))= lim P

50" o)

P, :R" — K :projection operator P (z)-z|= |yn£

y—-1|;
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K={u(t)el?([0.T],R"): A(t)<u(t)<u(t) ae.in [0,T];
Zq: i Ui (t)=p;(t) ae.in [O,T],éfji 6{0,1}, 1=1...,q, jzl,...,l}

I=1

A, pel’ ([O,T], R ): given functions
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McH=M’={ £eH (£ X)<1, ¥XxeM|
Ccone =C°=C~={ £eH :(£,x)<0, VxeC|

K < H nonempty, closed, convex =

T )= A( = support cone

NK(X):{ EeH :(&,2-x)<0, VZeK}:

normal cone to K at x
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(Te () =N (X) = (T (%))

P (x+Ah)=x+4PR_,, h+0(1)

vx,h,A>0

P (X+Ah)—x

If TT,. (x,h)= lim —

A—>0"

then IT, (x,h)=R ., h

T (x)
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N (X)={v:|v|=1and (v,x-y)<0, VyeK } =

set of unit inward normals to K at x

N (X)=0B(0,1)N—(T (x))’

qiK={xeK:T (X)=H}
gbdry K=K \qgi K

XeghdryK < n, (x)=Z
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XxeqQiK=II (x,h)=h, VheH;
xegbdry K=VveH\T,(x),an (X)en,(X):
B(x)=—(v,n"(x))>0,
I, (x,V)=v+B(x)n ().
N
I (X,V)=P,_y (0)=(v- NK(X))# VveH.

Cor.2 =3 !'n:IT, (X,—F(x))=—F(x)-n

where n, =0 If xeqIK

X
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—~ Cor. 2 implies

dx(t
;(E ) =]1 (X = ( )) P ~F(x)=Ng (x) (O):
{ ve—( )):|v]=,. DY
(dx(t) slow solution to

& X(t)e=(Ne (x(1)+F (x(1)))

x(0)=x,eK x(0)=Xx,



Find uekK: << (u),v— >>>o vveK
where = T

)=, (@
c1>eL2( [0,T], Rq) UELZ([O,T],RQ)
I

FinduekK: <F(u(t)),v(t)—u(t)>20,
vveK,a.e. in [0,T]



Partitions of [0,T |:
7y =(te th ot ), 0=t) <th < <t =T



1 i
tj _tj—l J‘t,{'1 V(S)dS

K={F(t)el*([0,T].R"):A<F(t)<v,ae.in[0,T],
OF(t)=p, 4, v 20|
Clt,F(t)|=A(t)F(t)+B(t),

A(t)eLOO(:O,T],RmZ), B(t)el*([0,T],R")

yam V(tr{-l’tﬂ —







Finite-dimensional Variational Inequality:
HieK, :((AJH+B/,F-H] )20, VFe K,

)7

where
1 I R
Aj :tj _tit _[tg—l A(t)dt’ BJ :tj _ti L{—l B(t)dt'

n N

Nn - -
H, (t)=2z(t"1 t) ) H: piecewise constant
j=1

approximation to the solution of EVI
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A(t) positive definite a.e. in [0, T |=the setU ={H,}

neN

(weakly) compact, with feasible cluster points solutions
to the EVI.

% :{ F(t)€L2 ([O,T], Rm): A <F({)<v(t) a.e.in [O,T],
A(t), v(t) 20, ®F (t)=p(t) ae.in [0,T]}
K" :{ Fj eR™: zj,nSFj S;j,n a.e.in (tj—l’tj);

n PN
OF=p;, aein (t,t)l
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K,=NK">K
J

Initial problem:
H (t)eK(t)

[ (C[tH()].F(t)-H(t))dt=0 VF(t)eK(t)

A(t) positive definitea.e. in [0,T|=H, (t Zl(t’ 1 t,)Hn

has (weakly) cluster points solutions to the |n|t|al problem.
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D

2

O<=<—<..<(j-1)=<j=<...<(n-1)=<

N

4
n

2+t 0 {i
<F (1)

()47 <t>= e

[0 2]}




<A;‘ H+B' F.”—Hp>zo VF'eK’

17
2j-1 2j-1
n n 2. n n n n _
KjZ{FjER O<Fis——, 0<F;<3 Fi+Fp=— }

Kz+ Zjn_lj Hg‘l—g}(Fﬁ—H;‘m(H;‘Z -1)(F,—H},)20 VF/eK]

2j-1
N

21_1 n 3 21_1 n n n
Hu - jHjl—E— - +Hj1+1}(Fj1—Hjl)zo

n _ N =il
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2]-1 1
If 1< j<—| 1+
n J ( 2+\/_j
HY =1
41—2+n 1
: If j>—
2(3n+2j-1) 2+\f
0 If 1<J<E 1+
2+f
Hi, =1 .
-n*+4(2j-1)n+2(2j-1) 1
_ If j>— 1+
2n(3n+2j-1) 2+\f
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(2+)H, ()3 [RO-H 0] [H.0-L[R.()-

VF (t)eK={F (t)e *([0,2],R?): 0<F(t)<t;
0<F,(t)<3, R +F,(t)=t, ae. in [0,2]}

F,(t)=t-F(t) = K={F(t)el*([0,2],R):0< F,(t)<t|

—~~

[3(z+t)Hl(t)_t_ﬂ[a(t)_Hl(t)]zo VE (1)K

H, (t)] 20
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t If OStS?—l

AE if§i§—1<t£2

|21 +6 2
0 1i Ogtgg—l
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m . households, domestic business, banks,
financial institutions, state and local governments,

N : mortgages, mutual funds,
savings deposits, money market funds, ...

m g (7): held by sector 7 at time
7
B (/) amount of insttument 7 held as an i

SeCtor 74 potittolio

By (7): amount of instrument ;7 held as a in
sector 7' porttolio
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Asset
Subproblems @

Liability
Subproblems D
s1(1)

Sectors




Q'(t)=

r T

{(x(t) y;(t))e Lz([OT R*" ) Zx (t)=s(t),

i yij (t) =3 (t), Xij (t) >0, yij (t) >0,a.e.In [O,T ]} ;

QL) QLM |
Q1) Q)|
X (1) ]
MO

Q'(t)

at time 7

at time 7



(X' (1), (1).r (t))eli_:[ pxL*([0,T],R")

evolutionary financial equilibrium
X {i[Z[QL(t)]T 6§ (0+2[Q (0] ¥ (01 () <3 (0 ()]
+32[@L (0] % ()+2[Q O] ¥ () +r° () 3 ()-¥; (1]
(6 0)-y; ()< [r (0 (1] jar=o
Y(x(0).y(t).r ()] [P ([0T]RY)
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Asset
Subproblems

y21(t)

Liability
Subproblems

Sectors
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o u = >V
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P={(04(8), % (1), Y (8), Vs (0,1 (1), (D) L2 ([0.1], Rﬁ)r
0<%, (1)<t, 0S¥y, (1)t 05, (1)<2,05y, (1)<2
4+2t<r(t)<8, 0<r,(t)
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n(t)=r (t) e r,(t)=r, ()




Flzo@xfl(t):2t2+8t_(t;2(t21*(t)—rz*(t))
R G (U mAC)

I e (- 2 ASHE Q)
S e G ({URAC)

(3 (1) (1) ¥ (£), ¥ (1)1 (1), 15 (1)) P

(D)=t %, (1)=2, ¥3 (6)=0, v, (£)=0



(t+2)(n (e )—ff(t))—
t

V 4+2t<r (1)<

r(t)=r, (t) =(t+2)(r(t)-1"(t))=0 V 4+2t<r(t)<8
U
WELE¥A
n(t)=r"(t) =-(t+2)(r,(t)-1 (1))20 v 0<r, (t)<t



Final Solution:

( *x

(t)

X12

(t)=t,

Xll

Vo (t)

(t)=4+2t, 1, (t)=t.

I
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