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The Supply Chain Network Oligopoly Model (Nagurney
(2008b))
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Figure 5: Supply Chain Network Structure of the Oligopoly
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Assume that the profit functions are concave and continuously
differentiable.

We consider the usual oligopolistic market mechanism in which the
I firms produce and distribute the product in a noncooperative
manner, each one trying to maximize its own profit. We seek to
determine a nonnegative path flow pattern x for which the I firms
will be in a state of equilibrium as defined below.

Definition: Supply Chain Network Cournot-Nash Equilibrium

A product flow pattern x∗ ∈ R
nP0

+ is said to constitute a supply
chain network Cournot-Nash equilibrium if for each firm i;
i = 1, . . . , I :

ui (x
∗
i , x̂∗i ) ≥ ui (xi , x̂

∗
i ), ∀xi ∈ R

n
P0
i

+ ,

where xi ≡ {{xp}|p ∈ P0
i } and x̂∗i ≡ (x∗1 , . . . , x∗i−1, x

∗
i+1, . . . , x

∗
I ).

Anna Nagurney Synergies and Vulnerabilities of Supply Chain Networks



Theorem: Variational Inequality Formulation

Assume that for each firm i; i = 1, . . . , I , the profit function ui (x)
is concave with respect to the variables xp; p ∈ P0

i , and is
continuously differentiable. Then x∗ ∈ R

nP0

+ is a supply chain
network Cournot-Nash equilibrium if and only if it satisfies the
variational inequality:

−
I∑

i=1

∑
p∈P0

i

∂ui (x
∗)

∂xp
× (xp − x∗p ) ≥ 0, ∀x ∈ R

nP0

+ ,
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or, equivalently: determine x∗ ∈ K0 satisfying:

I∑
i=1

nR∑
k=1

∑
p∈P0

Ri
k

∂Ĉp(x
∗)

∂xp
− ρRk

(x∗)−
nR∑
l=1

∂ρRl
(x∗)

∂dRk

∑
p∈P0

Ri
k

x∗p


×[xp − x∗p ] ≥ 0, ∀x ∈ K0,

where K0 ≡ {x |x ∈ R
nP0

+ } and
∂Ĉp(x)

∂xp
≡

∑
b∈L0

i

∑
a∈L0

i

∂ĉb(f )
∂fa

δap for

paths p ∈ P0
i .

Proof: Follows directly from Gabay and Moulin (1982) and
Dafermos and Nagurney (1987). Here we have also utilized the
fact that the demand price functions can be reexpressed directly as
a function of path flows.
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It is interesting to relate this supply chain network oligopoly model
to the spatial oligopoly model proposed by Dafermos and
Nagurney (1987), which is done in the following corollary.

Corollary: Relationship to the Spatial Oligopoly Model

Assume that that are I firms in the supply chain network oligopoly
model and that each firm has a single manufacturing plant and a
single distribution center. Assume also that the distribution costs
from each manufacturing plant to the distribution center and the
storage costs are all equal to zero. Then the resulting model is
isomorphic to the spatial oligopoly model of Dafermos and
Nagurney (1987) whose underlying network structure is given in
Figure 6.

Proof: Follows from Dafermos and Nagurney (1987) and Nagurney
(1993).
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Figure 6: Network Structure of the Spatial Oligopoly
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The relationship between the supply chain network oligopoly model
to the classical Cournot (1838) oligopoly model is now given (see
also Gabay and Moulin (1982) and Nagurney (1993)).

Corollary: Relationship to Classical Oligopoly Model

Assume that there is a single manufacturing plant associated with
each firm in the above model, and a single distribution center.
Assume also that there is a single demand market. Assume also
that the manufacturing cost of each manufacturing firm depends
only upon its own output. Then, if the storage and distribution
cost functions are all identically equal to zero the above model
collapses to the classical oligopoly model in quantity variables.
Furthermore, if I = 2, one then obtains the classical duopoly
model.
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Figure 7: Network Structure of the Classical Oligopoly
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Mergers Through Coalition Formation
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Figure 6: Mergers of the First n1′ Firms and the Next n2′ Firms
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Summary and Conclusions

In this talk we have demonstrated the richness of network concepts
for quantifying synergies as well as vulnerabilities associated with
supply chain networks in the global economy.

The need for performance metrics as well as analytics has never
been more profound nor more feasible.

By focusing on interdisciplinary research and practice we can
better identify which nodes and links in supply chain networks truly
matter and whether or not to participate in any merger based on
potential and predetermined synergies.
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Thank You!

For more information, see http://supernet.som.umass.edu
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