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Outsourcing is defined as the behavior of moving some of a
firm's responsibilities and /or internal processes, such as
product design or manufacturing, to a third party company
(Chase, Jacobs, and Aquilano (2004)).
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(2011)).
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Nagur : m The US market for outsourced pharmaceutical manufacturing is
° ; expanding at the rate of 10% to 12% annually (Olson and Wu
(2011)).

m Up to 40% of the drugs that Americans take are imported, and more
than 80% of the active ingredients for drugs sold in the United
States are outsourced (Economy In Crisis (2010)).

m Pharmaceutical companies are increasingly farming out activities
other than production, such as research and development activities
(Higgins and Rodriguez (2006)).
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Hooker (2007)).
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Pharmaceutical
SutPP'YkCha_itf; Quality issues in outsourced products must be of paramount
etworks with

Outsourcing concern.

m In 2006, outsourced cold medicine contained a toxic substance
used in antifreeze, which can cause death (Bogdanich and
Hooker (2007)).

m In 2008, fake heparin made by one Chinese manufacturer not
only led to recalls of drugs in over ten European countries
(Payne (2008)), but also caused the deaths of 81 American
citizens (The New York Times (2011)).
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A more comprehensive supply chain network model that
captures

m contractor selection,

m the minimization of the disrepute of the pharmaceutical
firm, as well as

m the competition among contractors,

is an imperative.
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__________________________________________________________________________|
We develop a pharmaceutical supply chain network model which takes into
account the quality concerns in the context of global outsourcing.

m This model captures the behavior of the pharmaceutical firm and its
potential contractors.

m The contractors compete by determining the prices that they charge
the pharmaceutical firm for manufacturing and delivering the product
to the demand markets and the quality levels of the products to
maximize its total profit.

m The pharmaceutical firm seeks to minimize its total cost, which
includes its weighted disrepute cost, which is influenced by the
quality of the product produced by its contractors and the amount of
product that is outsourced.
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m Quality level is defined as the “quality conformance level”, the
degree to which a specific product conforms to a design or
specification (Juran and Gryna (1988)), and it should be within 0
and 100 percent of defects levels.
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m Quality level is defined as the “quality conformance level”, the
degree to which a specific product conforms to a design or
specification (Juran and Gryna (1988)), and it should be within 0

and 100 percent of defects levels.

m Quality costs are defined as “costs incurred in ensuring and assuring
quality as well as the loss incurred when quality is not achieved”
(ASQC (1971) and BS (1990)), which is widely believed to be a
convex function of the quality conformance level (see, e.g., Juran
and Gryna (1988), Campanella (1990), Feigenhaum (1983), Porter
and Rayner (1992), and Shank and Govindarajan (1994)).
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The external failure cost, which is described as following, is defined
and incorporated as the cost of disrepute for the original firm in this
work.

m External failure cost, which is one category of quality related
cost, is the compensation cost incurred when customers are
unsatisfied with the quality of the products.(see, e.g., Crosby
(1979), Harrington (1987), Plunkett and Dale (1988), Juran
and Gryna (1993), and Rapley, Prickett, and Elliot (1999)).
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The game theory supply chain network model developed in this paper is
based on the following assumptions:

Nagur

m The original pharmaceutical firm pays the transaction cost, which
includes the costs of evaluating suppliers and the negotiation costs
(see Picot (1991), Franceschini (2003), Heshmati (2003), and Liu
and Nagurney (2011a)).

The production/distribution costs and the quality cost information of
the contractors are known by the firm through the transaction cost.
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The game theory supply chain network model developed in this paper is
based on the following assumptions:

m The original pharmaceutical firm pays the transaction cost, which
includes the costs of evaluating suppliers and the negotiation costs
(see Picot (1991), Franceschini (2003), Heshmati (2003), and Liu
and Nagurney (2011a)).

The production/distribution costs and the quality cost information of
the contractors are known by the firm through the transaction cost.

m In-house supply chain activities can ensure a 100% perfect quality
conformance level (see Schneiderman (1986) and Kaya (2011)).
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We develop both a static version of the model (at the
equilibrium state) and also a dynamic one using the theory of

projected dynamical systems (cf. Nagurney and Zhang
(1996)).
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Figure: The Pharmaceutical Supply Chain Network Topology with Outsourcing
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n: n= np + nop, the number of manufacturing plants, whether in-house or
belonging to the contractors’.

Nagurn

Qjx: the nonnegative amount of pharmaceutical product produced at
manufacturing plant j and delivered to demand market k. We group the {Qj}

elements into the vector Q € RTR.

di: the demand for the product at demand market k, assumed known and fixed.

mjk: the price charged by contractor j for producing and delivering a unit of the
product to k. We group the {7} elements for contractor j into the vector

T € RiR and then group all such vectors for all the contractors into the vector
m € RMOMR,

dc(qr): the cost of disrepute, which corresponds to the external failure quality
cost.
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Quality level of contractor j

OSQJSQU, j:]-?"'anOa (1)

where gY is the value representing perfect quality achieved by the
pharmaceutical firm in its in-house manufacturing.

Average quality level of the pharmaceutical firm

g = Dyt ket QieGime + (072 2005 Qi)g”
Dokt d .

()
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The total utility maximization objective of the pharmaceutical firm

v ng Ny Nr
Maximizeq Uo(@, g, T i Z Qjx) Z Cin(Qjx)
j=1 = j=1 k=1
no nr
- Z Z anM+J k — Z t¢; Z QHM-H k wdc(q/). (3)
Jj=1 k=1 Jj=1
subject to:
n
S Qu=di k=1,...,ng, (4)
=1
ijZO, j:l,...,n;k:l,...,nR, (5)

with g/ in (3) as in (2).
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We assume that the utility functions are concave, continuous,,
and continuously differentiable.

Determine Q* € K°, such that:

_ZZWX(Qh/—QZ/)ZO, vQeK®,  (6)
OQn

where K°= {Q|Q € R} with (4) satisfied},
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forh=1,....,ny; I =1,...,ng:

_ 90U, _ {37‘71( o1 Qi) n 0Ch1(Qnr) +w3dC(Q’)]
OQn OQp OQn OQn

_ [afh( o1 Qne) | 0ew(Qu) | Ode(ar)  q” }

OQn OQn oq/ e dk]’

and forh=ny+1,...,n1=1,... ng:

Otch—ny (X pey Qni) 8dc(q/)]
OQhm Tt OQn

U, [w N
oQm | ™!

_ Otch—ny(Pky Que) | 9dc(q’)  an
= |:7Th—nM,l+ 2Qu + w gl ZZR:ldk .
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The Behavior of the Contractors and Their Optimality Conditions

The total utility maximization objective of contractor j

ngr nr
Maximizeq, », Uj(Q,q,7) = Zﬂf"Q:MH’k_Z scin(Q™, 9)—dc;(q)

k=1 k=1
nRr
— > ocik(mx) (7)
k=1
subject to:
ﬂ-ijOa k:1)"'7nR7 (8)

and (1) for each j.

We assume that the utility functions are continuous, continuously
differentiable, and convex.
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m “the loss of potential gain from other alternatives when one
alternative is chosen” (New Oxford American Dictionary
(2010)).

m Opportunity cost functions include both explicit and implicit
costs (Mankiw (2011)).

m Nobel laureate Akerlof (1970): " The Market for Lemons:
Quality Uncertainty and the Market Mechanism”.

m It has been emphasized in pharmaceutical firm competition by
Grabowski and Vernon (1990), Palmer and Raftery (1999), and
Cockburn (2004).

m Gan and Litvinov (2003) also constructed opportunity cost
functions that are functions of prices but for energy.
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¢ K’/= {(qj, 7j)|mj satisfies (8) and g; satisfies (1) for j}, and
e Kl= Hjnil KJ/. They are closed and convex.

Definition 1

A quality level and price pattern (q*,7*) € K is said to constitute a
Bertrand-Nash equilibrium if for each contractor j; j =1,...,no

Ui(Q*, qf,qr,mf, ) > Ui(Q*, g5, g, mjmf), Y(gjmy) € K9, (9)

where
G =(at G G2 G (10)

~

T = (T, s M1y M1y o5 Tng)- (11)
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(g%, 7*)€ K is a Bertrand-Nash equilibrium according to Definition
1 if and only if it satisfies the variational inequality.

ou;(Q*, q*, 7 - AU (@, g%, ) i}
-y T (g3 Y HAE T ()
j=1 j=1 k=1
>0

, Y(gm) ek, (12)
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with notice that: for j=1,... np:

Uy K 0sci(Q,q)  9dci(q)
= + , 13
9q; ; dq; 9q; (13)

andforj=1,...,no;k=1,..., ng:

8UJ 80qk(ﬂ'jk)
— = — Qutjk- 14
aﬂ_jk aﬂ—jk Q M+, k ( )
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The equilibrium state of the pharmaceutical supply chain

network with outsourcing is one where both variational
inequalities (6) and (12) hold simultaneously.
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Determine (Q*, g*,7*) € K, such that:

oy ou;
->°3 - ST 0 Z QUG
h=1 [=1

qj_qf)
no nNr
_ZZ(‘?U Qaﬂ'z = X (mxk —my) 20, V(Q,q,m) € K, (15)
=1 k=1

where K = K° x kL.
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Standard Form

Determine X* € KC where X is a vector in RN, F(X) is a continuous
function such that F(X): X — K C RN, and

(F(X*),X =X*) >0, VXeK, (16)
where (-, -) is the inner product in the N-dimensional Euclidean
space, and K is closed and convex.
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g ; We define the vector X = (Q, q,m). Also, N = nng + no + nong.
Note that (16) may be rewritten as:

N
D> F(X*) x (Xi = X7) =0, VX€EK, (17)
i=1

where first nng components of F are given by:

— @9 for h=1,...,n; | =1,..., 0

the next no components of F are given by:
oU;(Q.q, c .

—%,fou =1,...,n0;

and the subsequent nong components of F are given by:
8U;(Q.4, . '
_%' for./:]-a-“yno, k=1,...,nR,
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X = nIC(X,fF(X))a (18)
where, since K is a convex polyhedron, according to Dupuis and

Nagurney (1993), My (X, —F (X)) is the projection, with respect to
IC, of the vector —F(X) at X defined as

Pi(X —0F(X))—X
(X, ~F(x)) = tim X Z0F0) (19)
§—0 1)
with Py denoting the projection map:

P(X) = argmin,cic[| X — 2], (20)
where || - || = (xT,x), and F(X) = -VU(Q, q,T).
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Theorem 4

X* solves the variational inequality problem (15) equivalently,
(16), if and only if it is a stationary point of the ODE (18),
that is,

X =0 = Mi(X*, —F(X*)). (21)
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Existence and Uniqueness Results of the Equilibrium Pattern

Theorem 5

Suppose that F is strongly monotone. Then there exists a

unique solution to variational inequality (16); equivalently, to
variational inequality (15).
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m /f F(X) is monotone, then every supply chain network
and Nag equilibrium, as defined in Definition 2, provided its
existence, is a global monotone attractor for the utility
gradient processes.

Nagurn

m /f F(X) is strictly monotone, then there exists at most
one supply chain network equilibrium. Furthermore, given
existence, the unique equilibrium is a strictly global
monotone attractor for the utility gradient processes.

m /f F(X) is strongly monotone, then the unique supply
chain network equilibrium, which is guaranteed to exist, is
also globally exponentially stable for the utility gradient
processes.
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R The monotonicity of a function F is closely related to the
and Nagurne positive-definiteness of its Jacobian VF (cf. Nagurney (1999)).

Particularly,

m if VF is positive-semidefinite, F is monotone;
m if VF is positive-definite, F is strictly monotone;
m and, if VF is strongly positive definite, in the sense that the

symmetric part of VF,(VFT 4+ VF)/2, has only positive
eigenvalues, then F is strongly monotone.
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Nagurney, Li, Iteration 7 of the Euler method (see also Nagurney and Zhang
and ey (1996))

XTH = Pe(XT — a,F(XT)), (29)

where Px is the projection on the feasible set IC and F is the
function that enters the variational inequality problem (16).

For convergence of the general iterative scheme, which induces
the Euler method, the sequence {a;} must satisfy:
Yomgar =00, ar >0, ar — 0, as 7 — oo.
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|
We emphasize that this is the first time that this algorithm is
being adapted and applied for the solution of supply chain

network game theory problems under Nash-Bertrand
competition and with outsourcing.
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X7 = Minimizexexe = (X, X) — (X" — a.F(X"), X). (30)

1
2

In order to obtain the values of the product flows at each iteration,
we can apply the exact equilibration algorithm, originated by
Dafermos and Sparrow (1969) and applied to many different
applications of networks with special structure (cf. Nagurney (1999)
and Nagurney and Zhang (1996)).
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L R 0%(Q ) 065
q] 1 = min{qY, max{0, q +a-(— Z Jk(a T) - (’)J )}
k=1 g 9
j:].,...,no, (31)
docik(7,)
T+1 T J Jk v
Ty~ = max{O, Tk + af(—Tjk nM+jJ<)}’

j:].,...,no;k:].,...,nR.

(32)
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In the supply chain network model with outsourcing, let
F(X) = —-VU(Q, g, m) be strongly monotone. Also, assume that F is
uniformly Lipschitz continuous. Then there exists a unique equilibrium
product flow, quality level, and price pattern (Q*,q*,7*) € K and any
sequence generated by the Euler method as given by (29) above, where
{a-} satisfies 3 2 ar =00, ar >0, ar — 0, as T — oo converges to

(Q*,q",7").

Note that convergence also holds if F(X) is monotone (cf. Theorem 8.6 in
Nagurney and Zhang (1996)) provided that the price iterates are bounded.



[llustrative Example

Pharmaceutical
Supply Chain

Networks with
Outsourcing

Nagurney, Li,
and Nagurne

Pharmaceutical Firm

Firm's Plant @ @ Contractor

®)

) . Demand Market )
Figure: Supply Chain Network for an Illustrative Numerical Example
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The demand at demand market R;: 1,000, qU:100, and w=1.
Nagurney, Li,

and Nagurne

The firm's production cost:

f(Qu1) = Q4 + Q.

Total transportation cost:

e11(Qu1) = 504 + Qu1.
Transaction cost:

tc1 (@) = .05Q%, + Q.
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S EIel $c11(Qo1, q1) = Qa1

and

Total quality cost:

gei(g1) = 10(g1 — 100)%.

Opportunity cost:

oc11(m1) = 5(m1 — 10)2

Cost of disrepute:
dc(gr) = 100 — g/,

__ Q191 +Q1:100
where q/==2ItU==
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Nagurney, Li, We set the convergence tolerance to 1073. The Euler method was

and Nagurne initialized with QY, = Q% =500, ¢ =1, and 79, = 0. The sequence
. 11111

{ar} was set to: {1,5,5,3,3,3:---}-

The Euler method converged in 87 iterations and yielded the
following product flow, quality level, and price pattern:

Q= 27050, Q5 =729.50, g =6352, wj; =739.50.

The total cost incurred by the pharmaceutical firm was 677,128.65
with the contractor earning a profit of 213,786.67. The value of g/
was 73.39.
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Ml The Jacobian matrix of F(X) = —VU(Q, g, ), for this example, is

and Nagurne

3 0 0 0
0 .1 -—-.001 1
J(Qu1, @1, 1, m11) = 0 1 0 0
0 -1 0 1

Both the existence and the uniqueness of the solution to
variational inequality (15) with respect to this example are
guaranteed.
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&11(Qu1) = .05Q% + .1Qu1.

The Euler method again required 87 iterations for convergence and
yielded the following equilibrium solution:

Q;, = 346.86, @ = 653.14, ¢ =67.34, w1, = 663.15.

The pharmaceutical firm's total costs were now 581,840.07 and the
contractor's profits were now 165,230.62. The value of g/ was now
78.67.

The Jacobian of F for the variant is also strongly positive-definite
with the only change in the Jacobian matrix above being that the 3 is
replaced by 2.1.
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Supply Chain . I
prorks wi the pharmaceutical product at Ry in increments of 1,000.
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4000 T T T

Product Flow

0 L L L
1000 2000 3000 4000 5000
Demand at R,

Figure: Equilibrium Product Flows as the Demand Increases for the
[llustrative Example
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Nagurney,

Contractor Price

. . .
1000 2000 3000 4000 5000
Demand at R,

Figure: Equilibrium Contractor Prices as the Demand Increases for
the lllustrative Example
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L
2000

3000
Demand at R,

Figure: Equilibrium Contractor Quality Level and the Average Quality
as the Demand Increases for the Illustrative Example
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Nagurney, Li Pharmaceutical Firm

and Nagurne

Firm's PIants @ @ @ Contractors

Demand Markets
Figure: Supply Chain Network Topology for Example 1



Additional Numerical Examples - Example 1

gl The demand at Ry was 1,000 and it was 500 at R,. ”=100, and w=1.
Networks with

Outsourcing The production cost functions:
Nagurney, Li,

and Nagurne

2
fl(z Quk) = (Qu + Qn)2 +2(Qu1 + Qu2),

k=1

2
fz(z Q) = 1.5(Q + (?22)2 + 2( Q21 + @22).

k=1
The transportation cost functions:

&1(Qu) = 1.5Qf; + 10Qu1, C12(Qr2) = 1Q5, + 25Q2,

en(Qx) = 1Q% +5Qu, &2(Q2) = 2.5Q% + 40Qu.

Transaction cost functions:

te1(@s1 + Q32) = .5(Qs1 + Q32)2 + .1(Qs1 + Q32),
teo( Qa1 + Qu2) = .25(Qa1 + Q42)2 + .2(Qa1 + Qa2).



Additional Numerical Examples - Example 1

Pharmaceutical

z ! The contractors' total cost of production and distribution:
upply Chain
Networks with

Outsourcing

5c11(Q31,q1) = @31q1,  Sc12(@32,q1) = Q3201
Nagurney, Li,
and gurne

5¢21(Qa1, g2) = 2Qu1 G2,

5622(Qa2, g2) = 2Qu2q>.
Total quality cost functions:

ga(q) =5(q1 —100)°,  §ea(gz) = 10(q1 — 100)>.

Opportunity cost functions:
ocii(mi1) = 5(m1 — 10)%,  ocia(m12) = (w12 — 10),
0c1 (1) = (m21 — 5)?,

00 (T2) = .5(mn — 20)2.
Cost of disrepute:

dc(qr) = 100 — ¢/

where q/= Q3191+ Q3291+ Qa1 G2+ Qu2g2+ Q111004+ Q12100+ @21 100+ Q22100




Additional Numerical Examples - Example 1

Pharmaceutical
Supply Chain
Networks with

Outeuche The Euler method converged in 153 iterations and yielded the
Nagurney, Li, following equilibrium solution.

and Nagurne

Qi =9577, @, =8551, Q; =118.82, @, =20.27,

Q@3 =213.59, @3, =22459, Q@ =571.83, Q;, =169.63.
q; =56.18, g5 = 25.85,
7 = 22357, wf,=122.30, w =290.92, w5, = 189.61.

The total cost of the pharmaceutical firm was 610,643.26 and the
profits of the contractors’ were: 5,733.83 and 9,294.44. The value of
g/ was 50.55.
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Pharmaceutical
Supply Chain
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Outsourcing

The Jacobian matrix of F(X) = -VU(Q,q,7) is

J(Q11, Qu2, @21, @22, @31, @32, Qa1 Qa2, 91, G2, 711, T12, 721, T22)

5 2 0 0 0 0 0 0 0 0 0O 0 0 O
2 4 0 O 0 0 0 0 0 0 0O 0 0 o0
0o 0 5 3 0 0 0 0 0 0 0O 0 0 o0
0o 0 3 8 0 0 0 0 0 0 0o 0 0 O
0O 0 0 O 1 1 0 0 —6.67 x 107* 0 1 0 0 O
0O 0 0 O 1 1 0 0 —6.67 x 107* 0 0o 1 0 O
_ 0o 0 0 O 0 0 0.5 0.5 0 —667x107*% 0 0 1 0
0o 0 0 O 0 0 0.5 0.5 0 —6.67x107*% 0 0 0 1
0o 0 0 O 0 0 0 0 10 0 0o 0 0 O
0O 0 0 O 0 0 2 2 0 20 0O 0 0 O
o 0 o0 0 -1 0 0 0 0 0 1 0 0 O
0o 0 0 O 0 -1 0 0 0 0 0o 2 0 0
0 0 0 O 0 0 -1 0 0 0 0o 0 2 0
0o 0 0 O 0 0 0 -1 0 0 0o 0 0 1



Additional Numerical Examples - Example 1 - Sensitivity Analysis
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Supply Chain
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Figure: Equilibrium Product Flows as the Demand Increases for
Example 1
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Figure: Equilibrium Contractor Prices as the Demand Increases for
Example 1
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Figure: Equilibrium Quality Levels as the Demand Increases for
Example 1
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We considered the following disruption. The data were as in
Example 1 but contractor O, was not able to provide any production
and distribution services. This could arise due to a natural disaster,

adulteration in its production process, and/or an inability to procure
an ingredient.
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Figure: Supply Chain Network Topology for Example 2
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Pharmaceutical
Supply Chain
Networks with

Outsourcing The Euler method converged in 73 iterations and yielded the
ey, L following new equilibrium solution.

and Nagurne

Qi =218.06, Qi,=141.79, Q, =260.20, Q}, = 25.96,

Q31 = 521.74, Q3 = 332.25.
q; = 14.60,
75 =531.74, w}, = 176.12.

The new average quality level was q/=51.38. The total cost of the
pharmaceutical firm was now 1,123,226.62 whereas the profit of the
first contractor was now 123,460.67.




Summary and Conclusions

Pharmaceutical
Supply Chain

Networks with
Outsourcing

Nagurney, Li,

and

We developed a supply chain network game theory model, in both
equilibrium and dynamic versions, to capture contractor selection,
based on the competition among the contractors in the prices that

they charge as well as the quality levels of the pharmaceutical
products that they produce.
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m We utilized variational inequality theory for the formulation of
the equilibrium conditions.

m We provided stability analysis results as well as an algorithm
that can be interpreted as a discretization of the
continuous-time adjustment processes.



Summary and Conclusions

Pharmaceutical
Supply Chain

Networks with
Outsourcing

We introduced a disrepute cost associated with the average
Nagur .
. quality at the demand markets.

m We utilized variational inequality theory for the formulation of
the equilibrium conditions.

m We provided stability analysis results as well as an algorithm
that can be interpreted as a discretization of the
continuous-time adjustment processes.

m Our numerical studies included sensitivity analysis results as
well as a disruption to the supply chain network in that a
contractor is no longer available for production and distribution.



Summary and Conclusions
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Nagurney, Li,

and Nagurne

This paper is a contribution to the literature on outsourcing with a
focus on quality with an emphasis on the pharmaceutical industry
which is a prime example of an industry where the quality of a
product is paramount. It also is an interesting application of game
theory and associated methodologies.

The ideas in this paper may be adapted, with appropriate
modifications, to other industries.
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