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Motivation

= In US: half a trillion dollars worth of net assets

= Consumes almost 40% of domestic primary energy

= Electric power supply chains, provide the foundations for the
functioning of our modern economies and societies.

= Communication, transportation, heating, lighting, cooling,
computers and electronics.

= August 14, 2003, blackout in the Midwest, the Northeastern United
States, and Ontario, Canada.

= Two significant power outages during the month of September
2003 — one in England and one in Switzerland and Italy.

= Deregulation: from vertically integrated to competitive markets
= In US, Europe and many other countries
s Inelastic, seasonal demand.
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Obijectives

The objective of this research was to develop a dynamic electric
power supply chain network equilibrium model with exogenous
time-varying demand

The theory that has originated from the study of transportation
networks was utilized to construct this time-dependent
equilibrium modeling framework for electric power supply chain
networks

The new dynamic electric power supply chain network model
that we developed in this research is also motivated by the
unification of projected dynamical systems theory and
evolutionary (infinite-dimensional) variational inequalities
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Outline

= [he static electric power network model with fixed demands

= The supernetwork equivalence of the electric power supply
chain networks and the transportation networks
= Overview of the transportation network equilibrium models

= The supernetwork equivalence of the transportation networks and
the electric power supply chain networks with fixed demands

= The electric power supply chain network model with time-
varying demands

= Evolutionary variational inequalities and projected dynamical
systems; Applications to transportation network equilibrium

= The computation of the electric power supply chain network
equilibrium model with time-varying demands.
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The Electric Power Supply Chain Network
Equilibrium Model with Fixed Demands

Power Generators

Power Suppliers (1) -~

Transmission Service Providers \

Demand Markets
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The Behavior of Power Generator and Their
Optimality Conditions

= Conservation of flow equations must hold for each generator

=

Z Jgs = g, G = 1.....(. (1)

s=1

= Power generator’s optimization problem

s S
Maximize Y pgetias — fol@Q') =Y oslGas)
s=1 s=1
stihject to:
{[g.-?. _’ U a = 1 ‘e Q

= The optimality conditions of the generators

“ dfgl 21* df'ﬂs'{"l’;s)

>y

g=1s=1 Iys ags

— p{*gs] x [qgs — a5 20, vQ' € RE®.
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The Behavior of Power Suppliers

= Supplier’'s optimization problem

K V [ G K V
T LUk U oo # N \ KU
Maximize Y ) phliai — el Q) = plostos — D Coslags) = D> cilaly)
h=1v=1 g=1 a=1 k=1 v=1
sibject to:
K 1 8
v
Y= 0
k=1 v=1 g=1
Ges = U, g=1,....G (8)

s For notational convenience, we let

G

I EZ_ Ggss S=1,...,5 (13}

=1
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The Optimality Conditions of the Power
Suppliers

= [he optimality conditions of the suppliers

5 e ht) S T Ur; ( q; ) . . b
> oh < [hs =R+ Z Z [ ,;lq - f’)lk] < [ge — dui)
a=1 —res a=l k=1 t=1 sk

o S
FTY [ rffql o r*i@s] g — g 20, HQNLQRB) & K
g=1 s=1 qs

where K* = {(h, Q. QY| (h. Q% QY) & R EF%nd (8) and (13) hold}.
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The Equilibrium Conditions
at the Demand Markets

= Conservation of flow equations must hold

= The vector (Q?*% p,¥) is an equilibrium vector if for each s, k, v
combination:
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Electric Power Supply Chain Network

Equilibrium (For Fixed Demands at the Markets)

Definition: The equilibrium state of the electric power supply

chain network is one where the electric power flows between the
tiers of the network coincide and the electric power flows satisfy

the sum of the optimality conditions of the power generators and
the suppliers, and the equilibrium conditions at the demand

markets.
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Variational Inequality Formulation

= Determine (4" 5" Q" Q%)  K* satisfying

o g o S Sy (S AP a5 Ak
()‘fql,_ r[+ I gl ht | e 93\ o) i gs\ o) |
Z __'} X [qg — q_;] + Z 7 X [hs — h;] + Z Z o =+ o g X [qgs — q;s]
g=1 - qg s=1 Clis g=1 s=1 ¢ Hos C Has
S KV ) _-a:k I: ff?;j ‘ o . . _ | o - N
+3030 3 [ QM) < et — gl 2 0, V(g h QL QP € KT (20)
s=1 k=1 v=l Csk

where K = {(q. h. QY Q%)) (q. h. Q1. Q%) & RHS+GS+VSK

and (1), (8). (13), and (17) 1’.‘.{1.{!!‘.}.
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The Supernetwork Equivalence of Supply Chain
Network Equilibrium
and Transportation Network Equilibrium

= Nagurney, A. (2006), On the Relationship Between Supply
Chain and Transportation Network Equilibria: A Supernetwork
Equivalence with Computations, Transportation Research E
(2006) 42: (2006) pp 293-316

Manufacturers

Demand Markets
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Overview of the Transportation Network
Equilibrium Model with Fixed Demands

Smith, M. J. (1979), Existence, uniqueness, and stability of
traffic equilibria. Transportation Research 13B, 259-304.

Dafermos, S. (1980), Traffic equilibrium and variational
inequalities. Transportation Science 14, 42-54.

In equilibrium, the following conditions must hold for each O/D
pair and each path. { T
Cpla') = Ay, e N '

| y
=0, 1 ,.";.):l:‘. |

Py

A path flow pattern is a transportation network equilibrium if and
only if it satisfies the variational inequality:

Ry 3 . - 06
E E (..pl.,." | [_sp — -!'u] l 1, Taoe K7

well p= P,
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The Supernetwork Equivalence of the Electric
Power Network and the Transportation Network

= The fifth chapter of the Beckmann, McGuire, and Winsten’s
classic book, “Studies in the Economics of Transportation”
(1956), described some “unsolved problems” including a single
commodity network equilibrium problem that the authors intuited
could be generalized to capture electric power networks.

=  We took up this challenge of establishing the relationship and
application of transportation network equilibrium models to
electric power networks.
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Transportation Network Equilibrium
Reformulation of the Electric Power Network
Model with Fixed Demands

Power Generators

. 71N \
Power Suppliers (1) (s)
N

Transmission Service Providers \ #2758

Demand Markets
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Transportation Network Equilibrium
Reformulation of the Electric Power Network
Model with Fixed Demands

= The following conservation of flow equations must hold on the
equivalent transportation network:

s KV
Z ZZZ Tpo g=1,....0G, ()]
=1s'=1 k=1v=1
s K OV
fo,, =33 Y ape . g=1 Gys=1,...,5,
s=1hmtv=1 F
Z K WV
fajzzzzhﬁ . s' =11 SS'
g=lk=1v=1 °
o 8
fakzzz;jpuﬂ s =1 Sho=1,..., Viok=1,..., K
g=1 a=1 7
-5 S V
. ZZ_ Z_.r.'.} b=1,.... I (34
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Transportation Network Equilibrium
Reformulation of the Electric Power Network
Model with Fixed Demands

= We can construct a feasible link flow pattern for the equivalent
transportation network based on the corresponding feasible
electric power flow pattern in the electric power supply chain
network model in the following way:

do = 1 g=1 ( (35)

Ggs = | 1=1.....( =1...... 5, (6]

he = | s'=11 S5 (A7)

Gop. = | =5 =1..... S =1... ., ! =1..... A (3N
sV

. = Z Z {Ir:a-t__. h=1..... I (9]
=1uv=1
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Transportation Network Equilibrium
Reformulation of the Electric Power Network
Model with Fixed Demands

We assign user (travel) costs on the links of the transportation
network as follows:

E+! HZL...,{?, ("H}]I

(o S =24 =2 g=1,...,G;s=1,...,5, (41)

Cag =5 58 =117, 85" (42)
a g
et " ) _ ) R
=—F4+ i ==l Se=ho Vik=1 K (43)
e L




Transportation Network Equilibrium
Reformulation of the Electric Power Network
Model with Fixed Demands

s Path cost

(i.j ,{1 e Q Urzz.‘ﬁq Urf'?q i v 5 _ .
— 2 & sk + r";'k. (44)

(__‘pa.: . = (-ﬂq -I— rﬂqs -l_ (_ﬂ“"[ -I_ ["al-'” = - - = = T
g=s"k ' ' 'k g Uijgs Uijgs Ohs gl

We assign the (travel) demands associated with the O/D pairs

as follows:
dp =dp. k=1..... i,

e

= [he (travel) disutilities:

Awy = 03y

Substitute into the equilibrium condition (27)

|
p \* af, Jegs Diys g et Lo , =1, 1if J"p:,qfe = (],
“P My — . 0 0y : 0y Csle = Mk = 11 A
9= " (_.frjg (_.){{gs f_.)rjrgs {_)hs '-){fs}'.' L - 0, iaf ’f-'p;“,;1 = 1.
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Transportation Network Equilibrium
Reformulation of the Electric Power Network
Model with Fixed Demands

Theorem

- / L. L DR : , , . o _
A solution '..fj+~f?+-(a”1 Q7)€ K of the vartational nequality .f:i”." governing the electric
power supply chamn network equilibrium comncides with (via (35) — (13)) the feasible ink flow
pattern for the supernetwork Gs constructed above and satisfies rrn.'!'-.ir'J..*.-.i(J-f;'.r'l..'.? wmequality {20).

Hence, ot @s a transportation network equalitbrium

Theorem

A path flow pattern on the supernetwork in Figure 315 a transportation network equilibrium
if and only af it satisfies the varational mequality problem: determine a . =0, for all
g=s

iy

g.s. s eok and satisfying (34) such that

s 5 VK

&
O B T T = (0,
2.2 2. 2. 2 G ) X gy e 2

a=1s=1 s'=1"v=1 k=1

T 2 0.%g, s, 8 vk and satisfinng (34). (50

g=s'k T
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Finite-Dimentional Variational Inequalities and
Projected Dynamical Systems Literature

= Dupuis, P., Nagurney, A., (1993). Dynamical systems and
variational inequalities. Annals of Operations Research 44, 9-42.

= Nagurney, A., Zhang, D., (1996). Projected Dynamical Systems
and Variational Inequalities with Applications. Kluwer Academic
Publishers, Boston, Massachusetts.

= Nagurney, A., Zhang, D., (1997). Projected dynamical systems
in the formulation, stability analysis, and computation of fixed
demand traffic network equilibria. Transportation Science 31,
147-158.
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More Finite-Dimentional Variational Inequalities
Literature

= Smith, M. J. (1979), Existence, uniqueness, and stability of
traffic equilibria. Transportation Research 13B, 259-304.

= Dafermos, S. (1980), Traffic equilibrium and variational
inequalities. Transportation Science 14, 42-54.

= Nagurney, A. (1999), Network Economics: A Variational
Inequality Approach, Second and Revised Edition, Kluwer
Academic Publishers, Dordrecht, The Netherlands.

= Patriksson, M. (1994), The Traffic Assignment Problem, Models
and Methods, VSP Utrecht.
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The Evolutionary Variational Inequalities and
Projected Dynamical Systems Literature

= Cojocaru, M.-G., Jonker, L. B., (2004). Existence of solutions to
projected differential equations in Hilbert spaces. Proceedings of
the American Mathematical Society 132, 183—193.

= Cojocaru, M.-G., Daniele, P., Nagurney, A., (2005a). Projected
dynamical systems and evolutionary variational inequalities via
Hilbert spaces with applications. Journal of Optimization Theory
and Applications 27, no. 3, 1-15.

= Cojocaru, M.-G., Daniele, P., Nagurney, A., (2005b). Double-
layered dynamics: A unified theory of projected dynamical
systems and evolutionary variational inequalities. European
Journal of Operational Research.
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More Evolutionary Variational Inequalities and

Projected Dynamical Systems Literature

Cojocaru, M.-G., Daniele, P., Nagurney, A. (2005c). Projected
dynamical systems, evolutionary variational inequalities,
applications, and a computational procedure. Pareto Optimality,
Game Theory and Equilibria. A. Migdalas, P. M. Pardalos, and L.
Pitsoulis, editors, Springer Verlag.

Barbagallo, A., (2005). Regularity results for time-dependent
variational and quasivariational inequalities and computational
procedures. To appear in Mathematical Models and Methods in
Applied Sciences.
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More Evolutionary Variational Inequalities and
Projected Dynamical Systems Literature

= Daniele, P., Maugeri, A., Oettli, W., (1998). Variational
inequalities and time-dependent traffic equilibria. Comptes
Rendue Academie des Science, Paris 326, serie |, 10591062.

= Daniele, P., Maugeri, A., Oettli, W., (1999). Time-dependent
traffic equilibria. Journal of Optimization Theory and its
Applications 103, 543-555.
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Finite-Dimensional Projected Dynamical
Systems

= Finite-Dimensional Projected Dynamical Systems (PDSs)
(Dupuis and Nagurney (1993))

= PDS, describes how the state of the network system approaches an
equilibrium point on the curve of equilibria at time t.

= For almost every moment ‘t" on the equilibria curve, there is a PDS,
associated with it.

= A PDS, is usually applied to study small scale time dynamics, i.e [t,
t+71]
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Finite-Dimensional Projected Dynamical
Systems

1t
Definition: - ;?E; ) = [c(x(t), =F(x(t))).

In this formulation, & is a convex polyhedral set in R®, F' : K — R" 15 a Lipschitz con-
tinuous function with linear growth and Il 1 B < K — R"™ 1s the Gateaux directional

derivative

l_'[.lt:li';['.! _F{QI.':]) = 5]£:Igl+ P":(‘.['. - 5{?—'(:[)) — .U

of the projection operator Fy : ™ — K, given by

|| Pr(z) — =

= ;E{HU —Zz
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Projected Dynamical Systems
and Finite-Dimensional Variational Inequalities

Theorem

The equilibria of a PDS:
drit)
ot

= [ (w(t), —F(x(t)))

that is. ©* < I such that
(e, —F(x")) =0

are solutions to the VI(F, K): find " K such that

(Flz") o —2")y =0, Yrek

and vice versa.
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Infinite-Dimensional Projected Dynamical
Systems

- Le(tor
Definition ") — 11 (s(t. 7). —F(cit. 7). #(t.0) € K, (54)

~—

(1)

<
T
-

Poitu—dFi; V=)
where (g, —F(y)) = lim ey —oftyll—w)

S—0rt A

with the projection operator F.: H — K given by

|Pe(z) = z|| = inf ||y — =z|].

c"_h

The feasible set x is defined as follows

K= J { e LP([0. T R |A(H) < u(t) < pit) ae. in [0, T):

t=[0,7]
';I - - -
Z. fpihi.‘ll = ]{J;*n‘ll a.c. 1 [UT]E;. = {[] 1}! = {1 t}}’} = {1 ..... I}}
i=1
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Evolutionary Variational Inequalities

= Evolutionary Variational Inequalities (EVIs)

= EVI provides a curve of equilibria of the network system over a
finite time interval [0, T]

= An EVIis usually used to model large scale time, i.e, [0, T]

= EVIs have been applied to time-dependent equilibrium problems in
transportation, and in economics and finance.
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Evolutionary Variational Inequalities

Define  ((@. m_f (D(t), x(t))dt (52)

EVI:

determine o € K0 {({Fluo),z—ua)) 20, ¥z ¢

i

(53]

where 1= | {ue L7([0. 7], RY)
t=[0,7]

M) < wlt) < plt) ae in [0.7];

q

Z_ Sault) = piltyae. in [0.T].&; € {01} e 4l ..qb. 0 e {1,.... I}}

i=1
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Projected Dynamical Systems
and Evolutionary Variational Inequalities

= Cojocaru, Daniele, and Nagurney (2005b) showed the following:

Theorem

Assume that K C H s non-empty, closed and conver and F 1 K — H s a pseudo-monaotone
Lipschitz continuous vector ficld, where H @5 o Hilbert space. Then the solutions of EVI (55)
are the same as the critical points of the projected differential equation (54) that s, they ave

the functions v € K such that
H.*C (el(t), —=F{e(t))) =0,

and vice versa.
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Projected Dynamical Systems
and Evolutionary Variational Inequalities

The solutions to the evolutionary variational inequality:

=

. T
determine r £ K: f (F'(z(t)), z(t) — x(t))dt =0, ¥ze kK,

0

are the same as the critical points of the equation:

dr(t, 7)
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A Pictorial of EVIs and PDSs

x(t;,0)




The EVI Formulation of the Transportation
Network Model with Time-Varying Demands

T
Define  ((®,7)) = [ (®(t), 2(t))d
- 0l

EVI Formulation:

determine  r € K2 ({Cla),z—x)) 20, ¥z ek, (61

T

where €' 1s the vector of path costs,

Feasible set

K= {‘r S LA[0.T).RY) 0 < x(t) < pae. in[0,T]; Z rp(t) =dy(t). Tw, ae in|o, T]} .

pEPuw
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The Numerical Solution of Evolutionary

Variational Inequalities
(Cojocaru, Daniele, and Nagurney (2005 a, b, c))

= [he vector field F satisfies the requirement in the preceding
Theorem.

= We first discretize time horizon T. (Barbagallo, A., (2005) )

= At each fixed time point, we solve the associated finite
dimensional projected dynamical system PDS,

s We use the Euler method to solve the finite dimensional
projected dynamical system PDS..
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The Euler Method

Step (O Initialization

Set X" € K and set T'= 0. T is an iteration connter which may also be interpreted as a
time period.

Step 1: Computation
Compute X7+ by solving the variational inequality problem:
X' = P XY —arF(XT)),

where {ap} 1s a sequence of positive scalers satisfving: 7 ap = >, ap — 0as T — ~.
and Fy- 1s the projection of X on the set A defined as:

y=FpX =arg 1}7._1{1 | X — =

Step 2: Convergence Verification

If || X — X7 ||< ¢, for some ¢ = 0, a prespecified tolerance, then stop; else, set T = T+ 1,
and go to Step 1.
The Virtual Center for

Supernetworks
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The EVI Formulation of the Electric Power
Network Model with Time-Varying Demands

We know that the electric power supply chain network
equilibrium problem with fixed demands can be reformulated as
a fixed demand transportation network equilibrium problem in
path flows over the equivalent transportation network.

Evolutionary variational inequality (61) provides us with a
dynamic version of the electric power supply chain network
problem in which the demands vary over time, where the path
costs are given by (44) but these are functions of path flows that
now vary with time.

Evolutionary variational inequality (61) is a dynamic (and infinite-
dimensional) version of variational inequality (50) with the path
costs defined in (44).

r for

& 'ﬂ""',r_ Eugene M The Virtual Cente
B - S en erg Supernetworks
N5 School of Management http:/ /supernet.

som.umass.edu



Solving Electric Power Supply Chain Network
Model with Time-Varying Demands

= First, construct the equivalent transportation network equilibrium
model

= Solve the transportation network equilibrium model with time-
varying demands

= Convert the solution of the transportation network into the time-
dependent electric power supply chain network equilibrium
model
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Dynamic Electric Power Supply Chain Network
Examples with Computations

= Example 1

Power Generators

Power Suppliers

Transmission
Service Provider




Numerical Example 1

Power Generators

Power Suppliers

Transmission
Service Provider

Demand Market

Corresponding Supernetwork
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Numerical Example 1

= Generating cost functions

Fila(t) = 2.5(@ () + 2q(t).
= Transaction cost functions of the products
cilan(t)) = 5lqu(t)) +35q1(t),  ciz{qz(t)) = Slq(t)) +2.5q12(t),

cralqualt)) = Slqalt) 2+ 1.5galt).
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Numerical Example 1

= Operating cost functions of the suppliers
QN = Blgi(t)?, e QY1) = Blga(t))® ea(QYE)) = Blags(t)).

= Unit transaction cost between the suppliers and the demand
markets

QR = ah () + 1, & (Q%H) = aay () +5, &3, (Q% () = g3, (¢) + 10.
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Numerical Example 1

= Three paths

pr={ar.an, a1y arn ), p2 = a1 a2, 020, a1 ), p3 = (a1, 413, 43y, a1 ).

= The time-varying demand function

duy (1) = dy (1) = 41 4 10¢.
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The Solution of Numerical Example 1

= Explicit Solution

= Path flows
}ml{f:l = 3.33t + 14.75,

b, (1) = 333t + 13.78,
rp, (1) = 3.33t 4 12.45,

= Travel disutility
,\_;,1 (11 = 60 + 255.83,  for ¢«

iTi

0. 7.
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Time-Dependent Equilibrium Path Flows for
Numerical Example 1

y Equilibrium

Path Flows
;1:;1 (f) = 3.33t + 34.44
;r;;g (f) = 3.33t + 33.44
;r:;3 (f) = 3.33t + 32.12
I = fline
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The Solution of Numerical Example 1

Power Generators

Power Suppliers

Transmission
Service Provider

Demand Market
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The Solution of Numerical Example 1

t=1/2

Power Generators

Power Suppliers

Transmission
Service Provider

Demand Market

Corresponding Supernetwork
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The Solution of Numerical Example 1

=1 |

Power Generators

Power Suppliers

Transmission
Service Provider

Demand Market

Corresponding Supernetwork
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Numerical Example 2

s The network structure and the cost functions are the same as
the first example.

= The demand function is the step function:
00 i e f et = L
41 = { 100 _lt. J <t < "1 5

10, if #H<t<to=T=1

= The explicit solution:

P e e[ (34.44,33.44,32.12), if O <t <t ==,
THE) = (g (£), gy (£) gy (1)) —{ (37.77.36.77.35.45). if t, <t<tp=1=T.
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Time-Dependent Equilibrium Path Flows for
Numerical Example 2

- Equilibrinm

Path Flows

ro ) AT.TT

,.$_1|f¢ 36,77

_'; '.3'{.‘ - 3545
34.44 ap (1]
33.44 Ty (1)
32.12 ,1;3 (1]

= ftime
() % t=1T=1
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Numerical Example 3

Power Generators

Transmission {tn

Service Provider _
11 19

Demand Markets

< @

Corresponding Supernetwork
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Numerical Example 3

= Generating cost functions

Flgt)y) =250 ()7 + (g () + 2q0(t). falg(t)) = 2.5(g () + qa(t)q(t) + 2qa(t).

= Transaction cost functions of the products

el (t)) = Slgua(t))* + 3.5q11(t),  carlgoa(t)) = 5lgar(t))?* + 1.5ga1(t).
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Numerical Example 3

= Operating cost function of the suppliers

b

ci(Q(1)) = Slqu(t)).

= Unit transaction costs between the suppliers and the demand
markets

Q) = gl () + 1, E(Q% (1) = ala(t) + 1,
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Numerical Example 3

= Four paths

(. a1 a1, a1 ). 2 = (dadag. iy, aq ).

m

JER] l .1y ti1ye. E'n'.l-."-_g::l. gy = I:H.-_g. (a1, .ty

= The time-varying demand functions

duwy (1) = di(t) = 100+ 5¢,  dun(t) = da(t) = 80 + 4t

TthIth

(v)Is¢nberg =

http://su p t som.umass.edu




The Solution of Numerical Example 3

=  Numerical Solution
] t=0
{;1 — —lgﬂ'ﬂ, P 5{]10. ;};;3 = 39[}(}‘ ;};;4 = 4().10).

Dz

M (ts) = 91550 A% (o) = 895.50.

= 1=1/2
= 51.15, .JT;__, =51.35, ., = 40.90, ,r_‘.;i = 41.10).

m 2
Au, (t1) = 93825, A} (f1) = 017.75
s =1
wp, = 0240, wp, =52.60, a,, =41.90, a) =42.10.

A (T) =961.00, A (T) = 040.00.
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The Solution of Numerical Example 3

:O a1 {19

Power Generators

Power Supplier « 111

Transmission n
Service Provider

a1y (172
Demand Markets (1) (=2)
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The Solution of Numerical Example 3

t=1/2 a i)

Power Generators

Power Supplier « 11

Transmission n
Service Provider

ayry (112
Demand Markets (1) (=2)
N 7

Corresponding Supernetwork
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The Solution of Numerical Example 3

Power Generators

Power Supplier _ « B

Transmission n
Service Provider

a1 12
Demand Markets N o)
(“1) (2)

Corresponding Supernetwork
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Conclusions

We established the supernetwork equivalence of the electric
power supply chain networks with transportation networks
with fixed demands.

This identification provided a new interpretation of
equilibrium in electric power supply chain networks in terms
of path flows.

We utilized this isomorphism in the computation of the
electric power supply chain network equilibrium with time-
varying demands.
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Thank You!

For more information, please see:
The Virtual Center for Supernetworks
http://[supernet.som.umass.edu
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