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This original model is based on the following paper:

Masoumi, A., Yu, M., Nagurney, A. (2012) A supply chain
generalized network oligopoly model for pharmaceuticals under
brand differentiation and perishability. Transportation Research E
48: pp 762-780.
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Background: The Pharmaceutical Industry

Two of the five most profitable industries in the United States -
the pharmaceuticals industry and the medical device industry - sell
health care. With margins of almost 20 percent, they beat out even
the financial sector for sheer profitability.

Americans pay twice as much for brand-name drugs as most other
industrialized countries. This is a good deal for the rest of the
world, as Americans’ high spending makes medical innovations
more profitable.

But many researchers are skeptical that this is an effective way to
fund medical innovation. The drug companies spend only 12 per-
cent of their revenues on innovation. Some of that money goes to
innovation, but only 12 percent of it (Washington Post, March 2).
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Background: The Pharmaceutical Industry

Although pharmaceutical supply chains have begun to be coupled
with sophisticated technologies in order to improve both the quantity
and the quality of their associated products, despite all the advances
in manufacturing, storage, and distribution methods, pharmaceutical
drug companies are far from effectively satisfying market demands
on a consistent basis.

In fact, it has been argued that pharmaceutical drug supply chains
are in urgent need of efficient optimization techniques in order to
reduce costs and to increase productivity and responsiveness (Shah
(2004) and Papageorgiou (2009)).
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Background: Pharmaceutical Product Perishability

Product perishability is another critical issue in pharmaceutical /
drug supply chains.

In a 2003 survey, the estimated incurred cost due to the
expiration of branded products in supermarkets and drug
stores was over 500 million dollars.

In 2007, in a warehouse belonging to the Health Department
of Chicago, over one million dollars in drugs, vaccines, and
other medical supplies were found spoiled, stolen, or
unaccounted for.

In 2009, CVS pharmacies in California, as a result of a
settlement of a lawsuit filed against the company, had to offer
promotional coupons to customers who had identified expired
drugs, including expired baby formula and children’s
medicines, in more than 42 percent of the stores.
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Background: Product Shortages

Ironically, whereas some drugs may be unsold and unused and / or
past their expiration dates, the number of drugs that were reported
in short supply in the US in the first half of 2011 has risen to 211 –
close to an all-time record – with only 58 in short supply in 2004.
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Background: Product Shortages

According to the Food and Drug Administration (FDA), hospitals
have reported shortages of drugs used in a wide range of
applications, ranging from cancer treatment to surgery, anesthesia,
and intravenous feedings.

All US hospitals have experienced drug shortages, and 82% have
reported delayed care for their patients as a consequence (Szabo
(2011)).

Interestingly, among curative cancer drugs, only the older generic,
yet, less expensive, ones, have experienced shortages.
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Background: Possible Causes of Shortages

Pharmaceutical companies secure notable returns solely in the early
lifetime of a successful drug, before competition takes place. This
competition-free time-span, however, has been observed to be
shortening, from 5 years to only 1-2 years (Shah (2004)).

Hence, pharmaceutical companies are forced to make a difficult de-
cision: whether to lose money by continuing to produce a lifesav-
ing product or to switch to a more profitable drug. Unfortunately,
the FDA cannot force companies to continue to produce low-profit
medicines even if millions of lives rely on them.
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Background: Economic and Financial Pressures

Pharmaceutical companies are expected to suffer a significant de-
crease in their revenues as a result of losing patent protection for ten
of the best-selling drugs by the end of 2012 (De la Garza (2011)).

Lipitor, the most popular brand of cholesterol-lowering drugs and
once the top-selling branded drug in the world, lost its patent rights
in late 2011. This led to a 50% decrease of net income for Pfizer
Inc. in Q4 2011 compared to Q4 2010 (Forbes, February 13).
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Background: Safety Issues

More than 80% of the ingredients of drugs sold in the US are
made overseas, mostly in remote facilities located in China
and India that are rarely – if not ever – visited by government
inspectors.

The amount of counterfeit drugs in the European
pharmaceutical supply chains has considerably increased.
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Background: Waste and Environmental Impacts

Another pressure faced by pharmaceutical firms is the environmental
impact of their medical waste, which includes the perished excess
medicine, and inappropriate disposal on the retailer / consumer end.
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Some Examples of Oligopolies

airlines

freight carriers

automobile manufacturers

oil companies

beer / beverage companies

wireless communications

fast fashion brands

certain food companies.

Masoumi, Yu, and Nagurney Oligopoly Model For Pharmaceuticals Supply Chain Networks



Background Model Cases Observations Summary

A Generalized Network Oligopoly Model for
Pharmaceutical Supply Chains

I pharmaceutical firms are considered, with a typical firm denoted
by i .

The firms compete non-cooperatively, in an oligopolistic manner,
and the consumers can differentiate among the products of the phar-
maceutical firms through their individual product brands.

The supply chain network activities include manufacturing, ship-
ment, storage, and, ultimately, the distribution of the brand name
drugs to the demand markets.
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A Generalized Network Oligopoly Model for
Pharmaceutical Supply Chains

Each pharmaceutical firm i ; i = 1, . . . , I , utilizes ni
M manufacturing

plants and ni
D distribution / storage facilities, and the goal is to

serve nR demand markets consisting of pharmacies, retail stores,
hospitals, and other medical centers.

Li denotes the set of directed links corresponding to the sequence
of activities associated with firm i . Also, G = [N, L] denotes the
graph composed of the set of nodes N, and the set of links L, where
L contains all sets of Li s: L ≡ ∪i=1,...,IL

i .
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A Generalized Network Oligopoly Model for
Pharmaceutical Supply Chains

There are alternative shipment and distribution links to denote dif-
ferent possible modes of transportation.

Since drugs may require different storage conditions / technologies
before being ultimately shipped to the demand markets, these alter-
natives are also represented through multiple links.

There are direct links connecting manufacturing units with various
demand markets in order to capture the possibility of direct mail
shipments from manufacturers.
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Formulation

Let fa denote the (initial) flow of product on link a with f ′a denoting
the final flow on link a. We have:

f ′a = αafa, ∀a ∈ L. (1)

Associated with waste is a discarding total cost function, ẑa, which
is a function of flow on the link, fa:

ẑa = ẑa(fa), ∀a ∈ L, (3)

and which is assumed to be convex and continuously differentiable.
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Formulation: Path Flows

xp represents the (initial) flow of product on path p joining an origin
node, i , with a destination node, Rk .

The path flows must be nonnegative:

xp ≥ 0, ∀p ∈ P i
k ; i = 1, . . . , I ; k = 1, . . . , nR , (4)

where P i
k is the set of all paths joining the origin node i ; i = 1, . . . , I

with destination node Rk .
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Formulation: Path Throughput Factors

µp denotes the multiplier corresponding to the throughput on path
p, defined as:

µp ≡
∏
a∈p

αa, ∀p ∈ P i
k ; i = 1, . . . , I ; k = 1, . . . , nR . (5)
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Formulation: Link Flows and Path Flows

We define the multiplier, αap as follows:

αap ≡


δap

∏
a′<a

αa′ , if {a′ < a} 6= Ø,

δap, if {a′ < a} = Ø,

(6)

where {a′ < a} denotes the set of the links preceding link a in path
p, and Ø denotes the null set.
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Formulation: Link Flows and Path Flows

The relationship between the link flow, fa, and the path flows, xp,
can be expressed as:

fa =
I∑

i=1

nR∑
k=1

∑
p∈P i

k

xp αap, ∀a ∈ L, (7)

where P i
k is the set of all paths joining the origin node i ; i = 1, . . . , I

with destination node Rk .
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Formulation: Demand

Let dik denote the demand for pharmaceutical firm i ’s brand drug;
i = 1, . . . , I , at demand market Rk ; k = 1, . . . , nR . The consumers
differentiate the products by their brands.

The relationship between the path flows and the demands in the
supply chain network:∑

p∈P i
k

xpµp = dik , i = 1, . . . , I ; k = 1, . . . , nR . (8)

The demands dik are grouped into the nR × I -dimensional vector d .
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Formulation: Demand Price Functions

The demand price function associated with firm i ’s pharmaceutical
at demand market k:

ρik = ρik(d), i = 1, . . . , I ; k = 1, . . . , nR . (9)

The total operational cost on link a is:

ĉa = ĉa(f ), ∀a ∈ L, (10)

where f is the vector of all the link flows. The total cost on each
link is assumed to be convex and continuously differentiable.
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Formulation: Profit Function

Profit function of firm i :

Ui =

nR∑
k=1

ρik(d)
∑
p∈P i

k

µpxp −
∑
a∈Li

ĉa(f )−
∑
a∈Li

ẑa(fa). (11)

Ûi (X ) = Ui is defined for all firms i ; i = 1, . . . , I .
Û: I -dimensional vector of the profits of all the firms:

Û = Û(X ). (12)
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Supply Chain Generalized Network Cournot-Nash
Equilibrium

In the Cournot-Nash oligopolistic market framework, each firm se-
lects its product path flows in a noncooperative manner, seeking to
maximize its own profit, until an equilibrium is achieved.

Definition 1: Supply Chain Generalized Network Cournot-Nash
Equilibrium

A path flow pattern X ∗ ∈ K =
∏I

i=1 Ki constitutes a supply chain
generalized network Cournot-Nash equilibrium if for each firm i;
i = 1, . . . , I :

Ûi (X ∗i , X̂
∗
i ) ≥ Ûi (Xi , X̂

∗
i ), ∀Xi ∈ Ki , (13)

where X̂ ∗i ≡ (X ∗1 , . . . ,X
∗
i−1,X

∗
i+1, . . . ,X

∗
I ) and Ki ≡ {Xi |Xi ∈ R

nPi

+ }.
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The Variational Inequality Formulation

Theorem 1

Assume that, for each pharmaceutical firm i; i = 1, . . . , I , the
profit function Ûi (X ) is concave with respect to the variables in
Xi , and is continuously differentiable. Then X ∗ ∈ K is a supply
chain generalized network Cournot-Nash equilibrium according to
Definition 1 if and only if it satisfies the variational inequality:

−
I∑

i=1

〈∇Xi
Ûi (X ∗)T ,Xi − X ∗i 〉 ≥ 0, ∀X ∈ K , (14)

where 〈·, ·〉 denotes the inner product in the corresponding
Euclidean space and ∇Xi

Ûi (X ) denotes the gradient of Ûi (X ) with
respect to Xi .
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The Variational Inequality Formulation

Variational Inequality (Path Flows)

Determine x∗ ∈ K 1 such that:

I∑
i=1

nR∑
k=1

∑
p∈P i

k

[
(
∑

q∈P Ĉq(x∗))

∂xp
+

(
∑

q∈P Ẑq(x∗))

∂xp
− ρik(x∗)µp−

nR∑
l=1

∂ρil(x∗)

∂dik
µp

∑
p∈P i

l

µpx∗p

× [xp − x∗p ] ≥ 0, ∀x ∈ K 1, (15)

where K 1 ≡ {x |x ∈ RnP
+ }.
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The Variational Inequality Formulation

Variational Inequality (Link Flows)

Determine the vector of equilibrium link flows and the vector of
equilibrium demands (f ∗, d∗) ∈ K 2, such that:

I∑
i=1

∑
a∈Li

∑
b∈Li

∂ĉb(f ∗)

∂fa
+
∂ẑa(f ∗a )

∂fa

× [fa − f ∗a ]

+
I∑

i=1

nR∑
k=1

[
−ρik(d∗)−

nR∑
l=1

∂ρil(d∗)

∂dik
d∗il

]
× [dik − d∗ik ] ≥ 0,

∀(f , d) ∈ K 2, (17)

where K 2 ≡ {(f , d)|x ≥ 0, and (7), and (8) hold}.
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The Projected Dynamical System (PDS) Model

Recall the ordinary differential equation:

ẋ = ΠK(x ,−F (x)), x(0) = x0 ∈ K, (23)

where, since K is a convex polyhedron, according to Dupuis and
Nagurney (1993), ΠK(X ,−F (X )) is the projection, with respect to
K, of the vector −F (X ) at X defined as

ΠK(X ,−F (X )) = lim
δ→0

PK(X − δF (X ))− X

δ
(24)

with PK denoting the projection map:

P(X ) = argminx∈K‖Q − x‖, (25)

and where ‖ · ‖ = 〈xT , x〉.
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The Projected Dynamical System (PDS) Model

The projected dynamical system, in the context of a classical oligopoly
model, can be expressed as:

q̇ = ΠK(q,
∂U(q)

∂q
), q(0) = q0 ∈ K, (26)

where ∂U(q)
∂q ≡ (∂U1(q)

∂q1
, · · · , ∂Um(q)

∂qm
), and K = Rm

+ .
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The Projected Dynamical System (PDS) Model

The adjustment process in (26) can be re-expressed as:

PDS Model

q̇i =


∂Ûi (q)
∂q , if qi > 0

max{0, ∂Ûi (q)
∂q }, if qi = 0.

(27)
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The Projected Dynamical System (PDS) Model

Now we present a dynamic adjustment process for the evolution of
the pharmaceutical firms’ strategies.

Substituting the utility function (27) with its equivalent functions,
our PDS model can now be rewritten in terms of path flows. For
each path p, we have:

PDS Model

ẋp =


∂Ûi
∂xp

, if xp > 0

max{0, ∂Ûi
∂xp
}, if xp = 0.

(28)

Where:

∂Ûi

∂xp
= ρik(d)µp+

nR∑
l=1

∂ρil(d)

∂dik
µpdil−

∑
a∈Li

∑
b∈Li

∂ĉb(f )

∂fa
αap−

∑
a∈Li

∂ẑa(fa)

∂fa
αap.
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Theorem 2: Equilibrium Condition

From Dupuis and Nagurney (1993), the equilibrium points of the
PDS coincide with the solution of its corresponding VI(F ,K),
provided that K is a convex polyhedron.

Thus, X ∗ which is a Cournot-Nash equilibrium solution to VI (15)
is also a stationary point of the adjustment process defined in (28).
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Corollaries

Corollary 1: Homogeneous Drug

Let dk and ρk denote the demand for the homogeneous drug and
its demand price at demand market Rk , respectively. One can
derive:

I∑
i=1

∑
p∈P i

k

xpµp = dk , k = 1, . . . , nR . (30)

Then, the profit function (11) can be rewritten as:

Ui =

nR∑
k=1

ρk(d)
∑
p∈P i

k

µpxp −
∑
a∈Li

ĉa(f )−
∑
a∈Li

ẑa(fa). (31)
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Corollaries

Corollary 1 (cont’d): Homogeneous Drug

The corresponding variational inequality (15) in terms of path
flows can be rewritten as: determine x∗ ∈ K 1 such that:

I∑
i=1

nR∑
k=1

∑
p∈P i

k

[
∂(
∑

q∈P Ĉq(x∗))

∂xp
+
∂(
∑

q∈P Ẑq(x∗))

∂xp
− ρk(x∗)µp

−
nR∑
l=1

∂ρl(x∗)

∂dk
µp

∑
p∈P i

l

µpx∗p

× [xp − x∗p ] ≥ 0, ∀x ∈ K 1. (32)
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Corollaries

Corollary 2: Fixed Demand

Assume that the demand dik for firm i’s pharmaceutical is fixed.
Then, the demand price of this product at demand market Rk will
then also be fixed. One can derive:

Ui =

nR∑
k=1

ρ̄ikdik −
∑
a∈Li

ĉa(f )−
∑
a∈Li

ẑa(fa), (33)
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Corollaries

Corollary 2 (cont’d): Fixed Demand

Therefore, the corresponding variational inequality (15) in terms of
path flows simplifies, in this case, to: determine x∗ ∈ K 3 such that:

I∑
i=1

nR∑
k=1

∑
p∈P i

k

[
∂(
∑

q∈P Ĉq(x∗))

∂xp
+
∂(
∑

q∈P Ẑq(x∗))

∂xp

]
×[xp−x∗p ] ≥ 0,

∀x ∈ K 3, (34)

where

K 3 ≡ {x |x ≥ 0, and (8) is satisfied with the diks known and fixed, ∀i , k .}
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Corollaries

Corollary 3: Homogeneous Drug and Fixed Demand

Assume that the firms produce a homogeneous drug for which the
demand dk at market Rk is fixed, as well as the demand price ρ̄k . One
has:

Ui =

nR∑
k=1

ρ̄k
∑
p∈P i

k

µpxp −
∑
a∈Li

ĉa(f )−
∑
a∈Li

ẑa(fa). (37)

The corresponding variational inequality is: determine x∗ ∈ K 5 such
that:

I∑
i=1

nR∑
k=1

∑
p∈P i

k

[
∂(

∑
q∈P Ĉq(x∗))

∂xp
+

∂(
∑

q∈P Ẑq(x∗))

∂xp

]
× [xp − x∗p ] ≥ 0, ∀x ∈ K 5,

(38)

where K 5 ≡ {x |x ≥ 0, and (36) is satisfied with the dks known and fixed, ∀k.}.
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Solution Algorithm

Iteration τ of the Euler method (see also Nagurney and Zhang
(1996)) is given by:

X τ+1 = PK(X τ − aτF (X τ )), (42)

where PK is the projection on the feasible set K and F is the function
that enters the variational inequality problem (15).
The sequence {aτ} must satisfy:

∑∞
τ=0 aτ = ∞, aτ > 0, aτ → 0,

as τ →∞.
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Solution Algorithm

Explicit Formulae for the Euler Method Applied to the Supply
Chain Generalized Network Oligopoly Variational Inequality (15)

For all the path flows p ∈ P i
k ,∀i , k, one has:

xτ+1
p = max{0, xτp + aτ (ρik(xτ )µp +

nR∑
l=1

∂ρil(xτ )

∂dik
µp

∑
p∈P i

l

µpxτp

−
∂(
∑

q∈P Ĉq(xτ ))

∂xp
−
∂(
∑

q∈P Ẑq(xτ ))

∂xp
)}. (43)
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Computational Details

The Euler method for the solution of variational inequality (15) was
implemented in Matlab on a Microsoft Windows 7 System with a
Dell PC at the University of Massachusetts Amherst.

We set the sequence aτ = .1(1, 12 ,
1
2 , · · · ), and the convergence tol-

erance was 10−6. In other words, the absolute value of the difference
between each path flow in two consecutive iterations was less than
or equal to this tolerance.

We initialized the algorithm by setting the path flows equal to 10.
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Numerical Cases
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Case I

This case is assumed occur in the third quarter of 2011 prior to the
expiration of the patent for Lipitor.

Firm 1 represents a multinational pharmaceutical giant, hypothet-
ically, Pfizer, Inc., which still possesses the patent for Lipitor, the
most popular brand of cholesterol-lowering drug.

Firm 2, on the other hand, which might represent, for example,
Merck & Co., Inc., been producing Zocor, another cholesterol regu-
lating brand, whose patent expired in 2006.
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The Pharmaceutical Supply Chain Network Topology for Case I
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Case I (cont’d)

The demand price functions were as follows:

ρ11(d) = −1.1d11−0.9d21 +275; ρ21(d) = −1.2d21−0.7d11 +210;

ρ12(d) = −0.9d12−0.8d22 +255; ρ22(d) = −1.0d22−0.5d12 +200;

ρ13(d) = −1.4d13−1.0d23 +265; ρ23(d) = −1.5d23−0.4d13 +186.

The Euler method for the solution of variational inequality was im-
plemented in Matlab. The results can be seen in the following tables.
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Link Multipliers, Total Cost Functions and Link Flow Solution for Case I

Link a αa ĉa(fa) ẑa(fa) f ∗a
1 .95 5f 21 + 8f1 .5f 21 13.73
2 .97 7f 22 + 3f2 .4f 22 10.77
3 .96 6.5f 23 + 4f3 .3f 23 8.42
4 .98 5f 24 + 7f4 .35f 24 10.55
5 1.00 .7f 25 + f5 .5f 25 5.21
6 .99 .9f 26 + 2f6 .5f 26 3.36
7 1.00 .5f 27 + f7 .5f 27 4.47
8 .99 f 28 + 2f8 .6f 28 3.02
9 1.00 .7f 29 + 3f9 .6f 29 3.92
10 1.00 .6f 210 + 1.5f10 .6f 210 3.50
11 .99 .8f 211 + 2f11 .4f 211 3.10
12 .99 .8f 212 + 5f12 .4f 212 2.36
13 .98 .9f 213 + 4f13 .4f 213 2.63
14 1.00 .8f 214 + 2f14 .5f 214 3.79
15 .99 .9f 215 + 3f15 .5f 215 3.12
16 1.00 1.1f 216 + 3f16 .6f 216 3.43
17 .98 2f 217 + 3f17 .45f 217 8.20
18 .99 2.5f 218 + f18 .55f 218 7.25
19 .98 2.4f 219 + 1.5f19 .5f 219 7.97
20 .98 1.8f 220 + 3f20 .3f 220 6.85
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Link Multipliers, Total Cost Functions and Solution for Case I (cont’d)

Link a αa ĉa(fa) ẑa(fa) f ∗a
21 .98 2.1f 221 + 3f21 .35f 221 5.42
22 .99 1.9f 222 + 2.5f22 .5f 222 6.00
23 1.00 .5f 223 + 2f23 .6f 223 3.56
24 1.00 .7f 224 + f24 .6f 224 1.66
25 .99 .5f 225 + .8f25 .6f 225 2.82
26 .99 .6f 226 + f26 .45f 226 3.34
27 .99 .7f 227 + .8f27 .4f 227 1.24
28 .98 .4f 228 + .8f28 .45f 228 2.59
29 1.00 .3f 229 + 3f29 .55f 229 3.45
30 1.00 .75f 230 + f30 .55f 230 1.28
31 1.00 .65f 231 + f31 .55f 231 3.09
32 .99 .5f 232 + 2f32 .3f 232 2.54
33 .99 .4f 233 + 3f33 .3f 233 3.43
34 1.00 .5f 234 + 3.5f34 .4f 234 0.75
35 .98 .4f 235 + 2f35 .55f 235 1.72
36 .98 .3f 236 + 2.5f36 .55f 236 2.64
37 .99 .55f 237 + 2f37 .55f 237 0.95
38 1.00 .35f 238 + 2f38 .4f 238 3.47
39 1.00 .4f 239 + 5f39 .4f 239 2.47
40 .98 .55f 240 + 2f40 .6f 240 0.00
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Case I: Result Analysis

The computed equilibrium demands for each of the two brands were:

d∗11 = 10.32, d∗21 = 7.66,

d∗12 = 4.17, d∗22 = 8.46,

d∗13 = 8.41, d∗23 = 1.69.

The incurred equilibrium prices associated with the branded drugs
at each demand market were as follows:

ρ11(d∗) = 256.75, ρ21(d∗) = 193.58,

ρ12(d∗) = 244.48, ρ22(d∗) = 189.46,

ρ13(d∗) = 251.52, ρ23(d∗) = 180.09.
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Case I: Result Analysis

Firm 1, which produces the top-selling product, captures the
majority of the market share at demand markets 1 and 3, despite
the higher price. In fact, it has almost entirely seized demand
market 3 forcing several links connecting Firm 2 to demand market
3 to have insignificant flows including link 40 with a flow equal to
zero.

Firm 2 dominates demand market 2, due to the consumers’
willingness to lean towards this product there, perhaps as a
consequence of the lower price, or the perception of quality, etc.

The profits of the two firms are:

U1(X ∗) = 2, 936.52 and U2(X ∗) = 1, 675.89.
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Case II

Firm 1 has just lost the exclusive patent right of its highly popular
cholesterol regulator. A manufacturer of generic drugs, say, Ranbaxy
Laboratories, here denoted by Firm 3, has recently introduced a
generic substitute for Lipitor by reproducing its active ingredients.

The demand price functions for the products of Firm 1 and 2 will stay
the same as in Case I. The demand price functions corresponding to
the product of Firm 3 are as follows:

ρ31(d) = −0.9d31 − 0.6d11 − 0.8d21 + 150;

ρ32(d) = −0.8d32 − 0.5d12 − 0.6d22 + 130;

ρ33(d) = −0.9d33 − 0.7d13 − 0.5d23 + 133.
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The Pharmaceutical Supply Chain Network Topology for Cases II and III
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Link a αa ĉa(fa) ẑa(fa) f ∗a
1 .95 5f 21 + 8f1 .5f 21 13.73

2 .97 7f 22 + 3f2 .4f 22 10.77

3 .96 6.5f 23 + 4f3 .3f 23 8.42

4 .98 5f 24 + 7f4 .35f 24 10.55

5 1.00 .7f 25 + f5 .5f 25 5.21

6 .99 .9f 26 + 2f6 .5f 26 3.36

7 1.00 .5f 27 + f7 .5f 27 4.47

8 .99 f 28 + 2f8 .6f 28 3.02

9 1.00 .7f 29 + 3f9 .6f 29 3.92

10 1.00 .6f 210 + 1.5f10 .6f 210 3.50

11 .99 .8f 211 + 2f11 .4f 211 3.10

12 .99 .8f 212 + 5f12 .4f 212 2.36

13 .98 .9f 213 + 4f13 .4f 213 2.63

14 1.00 .8f 214 + 2f14 .5f 214 3.79

15 .99 .9f 215 + 3f15 .5f 215 3.12

16 1.00 1.1f 216 + 3f16 .6f 216 3.43

17 .98 2f 217 + 3f17 .45f 217 8.20

18 .99 2.5f 218 + f18 .55f 218 7.25

19 .98 2.4f 219 + 1.5f19 .5f 219 7.97

20 .98 1.8f 220 + 3f20 .3f 220 6.85

21 .98 2.1f 221 + 3f21 .35f 221 5.42

22 .99 1.9f 222 + 2.5f22 .5f 222 6.00

23 1.00 .5f 223 + 2f23 .6f 223 3.56

24 1.00 .7f 224 + f24 .6f 224 1.66

25 .99 .5f 225 + .8f25 .6f 225 2.82

26 .99 .6f 226 + f26 .45f 226 3.34

27 .99 .7f 227 + .8f27 .4f 227 1.24

Link Multipliers,
Total Cost Functions

and Link Flow Solution
for Case II
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Link a αa ĉa(fa) ẑa(fa) f ∗a
28 .98 .4f 228 + .8f28 .45f 228 2.59

29 1.00 .3f 229 + 3f29 .55f 229 3.45

30 1.00 .75f 230 + f30 .55f 230 1.28

31 1.00 .65f 231 + f31 .55f 231 3.09

32 .99 .5f 232 + 2f32 .3f 232 2.54

33 .99 .4f 233 + 3f33 .3f 233 3.43

34 1.00 .5f 234 + 3.5f34 .4f 234 0.75

35 .98 .4f 235 + 2f35 .55f 235 1.72

36 .98 .3f 236 + 2.5f36 .55f 236 2.64

37 .99 .55f 237 + 2f37 .55f 237 0.95

38 1.00 .35f 238 + 2f38 .4f 238 3.47

39 1.00 .4f 239 + 5f39 .4f 239 2.47

40 .98 .55f 240 + 2f40 .6f 240 0.00

41 .97 3f 241 + 12f41 .3f 241 6.17

42 .96 2.7f 242 + 10f42 .4f 242 6.23

43 .98 1.1f 243 + 6f43 .45f 243 3.23

44 .98 .9f 244 + 5f44 .45f 244 2.75

45 .97 1.3f 245 + 6f45 .5f 245 3.60

46 .99 1.5f 246 + 7f46 .55f 246 2.38

47 .98 1.5f 247 + 4f47 .4f 247 6.66

48 .98 2.1f 248 + 6f48 .45f 248 5.05

49 .99 .6f 249 + 3f49 .55f 249 3.79

50 1.00 .7f 250 + 2f50 .7f 250 1.94

51 .98 .6f 251 + 7f51 .45f 251 0.79

52 .99 .9f 252 + 9f52 .5f 252 1.43

53 1.00 .55f 253 + 6f53 .55f 253 1.23

54 .98 .8f 254 + 4f54 .5f 254 2.28

Link Multipliers,
Total Cost Functions

and Solution for Case II
(cont’d)
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Case II: Result Analysis

The equilibrium product flows of Firms 1 and 2 on links 1 through
40 are identical to the corresponding values in Case I.

When the new product produced by Firm 3 is just introduced, the
manufacturers of the two existing products will not experience an
immediate impact on their respective demands of branded drugs.

The equilibrium computed demands for the products of Firms 1 and
2 at the demand markets will remain as in Case I, and the equilibrium
amounts of demand for the new product of Firm 3 at each demand
market is equal to:

d∗31 = 5.17, d∗32 = 3.18, and d∗33 = 3.01.
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Case II: Result Analysis

The equilibrium prices associated with the branded drugs 1 and 2 at
the demand markets will not change, whereas the incurred equilib-
rium prices of generic drug 3 are as follows:

ρ31(d∗) = 133.02, ρ32(d∗) = 120.30, and ρ33(d∗) = 123.55,

which is significantly lower than the respective prices of its competi-
tors in all the demand markets.

Thus, the profit that Firm 3 derived from manufacturing and deliv-
ering the new generic substitute to these 3 markets is:

U3(X ∗) = 637.38,

while the profits of Firms 1 and 2 remain unchanged.

Masoumi, Yu, and Nagurney Oligopoly Model For Pharmaceuticals Supply Chain Networks



Background Model Cases Observations Summary

Case III

The generic product of Firm 3 has now been well-established, and
has affected the behavior of the consumers through the demand
price functions of the relatively more recognized products of Firms
1 and 2. The demand price functions associated are now given by:

Firm 1: ρ11(d) = −1.1d11 − 0.9d21 − 1.0d31 + 192;

ρ21(d) = −1.2d21 − 0.7d11 − 0.8d31 + 176;

ρ31 = −0.9d31 − 0.6d11 − 0.8d21 + 170;

Firm 2: ρ12(d) = −0.9d12 − 0.8d22 − 0.7d32 + 166;

ρ22(d) = −1.0d22 − 0.5d12 − 0.8d32 + 146;

ρ32(d) = −0.8d32 − 0.5d12 − 0.6d22 + 153;

Firm 3: ρ13(d) = −1.4d13 − 1.0d23 − 0.5d33 + 173;

ρ23(d) = −1.5d23 − 0.4d13 − 0.7d33 + 164;

ρ33(d) = −0.9d33 − 0.7d13 − 0.5d23 + 157.
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Link a αa ĉa(fa) ẑa(fa) f ∗a
1 .95 5f 21 + 8f1 .5f 21 8.42

2 .97 7f 22 + 3f2 .4f 22 6.72

3 .96 6.5f 23 + 4f3 .3f 23 6.42

4 .98 5f 24 + 7f4 .35f 24 8.01

5 1.00 .7f 25 + f5 .5f 25 3.20

6 .99 .9f 26 + 2f6 .5f 26 2.07

7 1.00 .5f 27 + f7 .5f 27 2.73

8 .99 f 28 + 2f8 .6f 28 1.85

9 1.00 .7f 29 + 3f9 .6f 29 2.44

10 1.00 .6f 210 + 1.5f10 .6f 210 2.23

11 .99 .8f 211 + 2f11 .4f 211 2.42

12 .99 .8f 212 + 5f12 .4f 212 1.75

13 .98 .9f 213 + 4f13 .4f 213 2.00

14 1.00 .8f 214 + 2f14 .5f 214 2.84

15 .99 .9f 215 + 3f15 .5f 215 2.40

16 1.00 1.1f 216 + 3f16 .6f 216 2.60

17 .98 2f 217 + 3f17 .45f 217 5.02

18 .99 2.5f 218 + f18 .55f 218 4.49

19 .98 2.4f 219 + 1.5f19 .5f 219 4.96

20 .98 1.8f 220 + 3f20 .3f 220 5.23

21 .98 2.1f 221 + 3f21 .35f 221 4.11

22 .99 1.9f 222 + 2.5f22 .5f 222 4.56

23 1.00 .5f 223 + 2f23 .6f 223 2.44

24 1.00 .7f 224 + f24 .6f 224 1.47

25 .99 .5f 225 + .8f25 .6f 225 1.02

26 .99 .6f 226 + f26 .45f 226 2.48

27 .99 .7f 227 + .8f27 .4f 227 1.31

Link Multipliers,
Total Cost Functions

and Link Flow Solution
for Case III
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Link a αa ĉa(fa) ẑa(fa) f ∗a
28 .98 .4f 228 + .8f28 .45f 228 0.66

29 1.00 .3f 229 + 3f29 .55f 229 2.29

30 1.00 .75f 230 + f30 .55f 230 1.29

31 1.00 .65f 231 + f31 .55f 231 1.28

32 .99 .5f 232 + 2f32 .3f 232 2.74

33 .99 .4f 233 + 3f33 .3f 233 0.00

34 1.00 .5f 234 + 3.5f34 .4f 234 2.39

35 .98 .4f 235 + 2f35 .55f 235 1.82

36 .98 .3f 236 + 2.5f36 .55f 236 0.00

37 .99 .55f 237 + 2f37 .55f 237 2.21

38 1.00 .35f 238 + 2f38 .4f 238 3.46

39 1.00 .4f 239 + 5f39 .4f 239 0.00

40 .98 .55f 240 + 2f40 .6f 240 1.05

41 .97 3f 241 + 12f41 .3f 241 8.08

42 .96 2.7f 242 + 10f42 .4f 242 8.13

43 .98 1.1f 243 + 6f43 .45f 243 4.21

44 .98 .9f 244 + 5f44 .45f 244 3.63

45 .97 1.3f 245 + 6f45 .5f 245 4.62

46 .99 1.5f 246 + 7f46 .55f 246 3.19

47 .98 1.5f 247 + 4f47 .4f 247 8.60

48 .98 2.1f 248 + 6f48 .45f 248 6.72

49 .99 .6f 249 + 3f49 .55f 249 3.63

50 1.00 .7f 250 + 2f50 .7f 250 3.39

51 .98 .6f 251 + 7f51 .45f 251 1.41

52 .99 .9f 252 + 9f52 .5f 252 1.12

53 1.00 .55f 253 + 6f53 .55f 253 2.86

54 .98 .8f 254 + 4f54 .5f 254 2.60

Link Multipliers,
Total Cost Functions

and Solution for Case III
(cont’d)
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Case III: Results

The computed equilibrium demands and sales prices for the products
of Firms 1, 2, and 3 are as follows:

d∗11 = 7.18, d∗21 = 7.96, d∗31 = 4.70,

d∗12 = 4.06, d∗22 = 0.00, d∗32 = 6.25,

d∗13 = 2.93, d∗23 = 5.60, and d∗33 = 3.93.

ρ11(d∗) = 172.24, ρ21(d∗) = 157.66, ρ31(d∗) = 155.09,

ρ12(d∗) = 157.97, ρ22(d∗) = 138.97, ρ32(d∗) = 145.97,

ρ13(d∗) = 161.33, ρ23(d∗) = 151.67, and ρ33(d∗) = 148.61.

The computed amounts of firms’ profits:

U1(X ∗) = 1, 199.87, U2(X ∗) = 1, 062.73, and U3(X ∗) = 980.83.
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Case III: Result Analysis

As a result of the consumers’ growing inclination towards the
generic substitute of the previously popular Lipitor, Firm 2 has lost
its entire share of market 2 to its competitors, resulting in zero
flows on several links. Similarly, Firm 1 now has declining sales of
its brand in demand markets 1 and 3.

As expected, the introduction of the generic substitute has also
caused remarkable drops in the prices of the existing brands. In-
terestingly, the decrease in the price of Lipitor in demand markets 2
and 3 exceeds 35%.

Note that simultaneous declines in the amounts of demand and
sales price has caused a severe reduction in the profits of Firms 1
and 2. This decline for Firm 1 is observed to be as high as 60%.
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Validation of Results: Observations

As noted by Johnson (2011), the market share of a branded drug
may decrease by as much as 40%-80% after the introduction of its
generic rival. Thus, the model captures the observed decrease in the
US market share.

The reduction in demand and price due to the patent expiration has
been observed in the market sales. The US sales of Lipitor have
dropped over 75% (Forbes (2012) and Firecepharma (2012)).
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Validation of Results: Observations

As noted by Johnson (2011), the market share of a branded drug
may decrease by as much as 40%-80% after the introduction of its
generic rival. Thus, the model captures the observed decrease in the
US market share.

The reduction in demand and price due to the patent expiration has
been observed in the market sales. The US sales of Lipitor have
dropped over 75% (Forbes (2012) and Firecepharma (2012)).
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Paths Definition and Optimal Path Flow Pattern for Case III - Firm 1

Path Definition Path Flow
p1 = (1, 5, 17, 23) x∗p1 = 1.87
p2 = (1, 6, 18, 26) x∗p2 = 1.46

O/D Pair p3 = (1, 7, 19, 29) x∗p3 = 1.57
(1,R1) p4 = (2, 8, 17, 23) x∗p4 = 0.73

p5 = (2, 9, 18, 26) x∗p5 = 1.17
p6 = (2, 10, 19, 29) x∗p6 = 0.87

p7 = (1, 5, 17, 24) x∗p7 = 0.89
p8 = (1, 6, 18, 27) x∗p8 = 0.57

O/D Pair p9 = (1, 7, 19, 30) x∗p9 = 0.66
(1,R2) p10 = (2, 8, 17, 24) x∗p10 = 0.68

p11 = (2, 9, 18, 27) x∗p11 = 0.82
p12 = (2, 10, 19, 30) x∗p12 = 0.71

p13 = (1, 5, 17, 25) x∗p13 = 0.60
p14 = (1, 6, 18, 28) x∗p14 = 0.16

O/D Pair p15 = (1, 7, 19, 31) x∗p15 = 0.64
(1,R3) p16 = (2, 8, 17, 25) x∗p16 = 0.49

p17 = (2, 9, 18, 28) x∗p17 = 0.53
p18 = (2, 10, 19, 31) x∗p18 = 0.72
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Paths Definition and Optimal Path Flow Pattern for Case III - Firm 2

Path Definition Path Flow
p19 = (3, 11, 20, 32) x∗p19 = 1.26
p20 = (3, 12, 21, 35) x∗p20 = 0.77

O/D Pair p21 = (3, 13, 22, 38) x∗p21 = 1.51
(2,R1) p22 = (4, 14, 20, 32) x∗p22 = 1.63

p23 = (4, 15, 21, 35) x∗p23 = 1.16
p24 = (4, 16, 22, 38) x∗p24 = 2.12

p25 = (3, 11, 20, 33) x∗p25 = 0.00
p26 = (3, 12, 21, 36) x∗p26 = 0.00

O/D Pair p27 = (3, 13, 22, 39) x∗p27 = 0.00
(2,R2) p28 = (4, 14, 20, 33) x∗p28 = 0.00

p29 = (4, 15, 21, 36) x∗p29 = 0.00
p30 = (4, 16, 22, 39) x∗p30 = 0.00

p31 = (3, 11, 20, 34) x∗p31 = 1.26
p32 = (3, 12, 21, 37) x∗p32 = 1.05

O/D Pair p33 = (3, 13, 22, 40) x∗p33 = 0.57
(2,R3) p34 = (4, 14, 20, 34) x∗p34 = 1.26

p35 = (4, 15, 21, 37) x∗p35 = 1.29
p36 = (4, 16, 22, 40) x∗p36 = 0.54
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Paths Definition and Optimal Path Flow Pattern for Case III - Firm 3

Path Definition Path Flow
p37 = (41, 43, 47, 49) x∗p37 = 1.87

O/D Pair p38 = (41, 44, 48, 52) x∗p38 = 1.78
(3,R1) p39 = (42, 45, 47, 49) x∗p39 = 0.70

p40 = (42, 46, 48, 52) x∗p40 = 0.68

p41 = (41, 43, 47, 50) x∗p41 = 1.61
O/D Pair p42 = (41, 44, 48, 53) x∗p42 = 1.46

(3,R2) p43 = (42, 45, 47, 50) x∗p43 = 2.07
p44 = (42, 46, 48, 53) x∗p44 = 1.90

p45 = (41, 43, 47, 51) x∗p45 = 0.84
O/D Pair p46 = (41, 44, 48, 54) x∗p46 = 0.53

(3,R3) p47 = (42, 45, 47, 51) x∗p47 = 1.46
p48 = (42, 46, 48, 54) x∗p48 = 1.33
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Path Flow Trajectories

The Trajectories of Product Flows on Paths p1 − p6 for Case III
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Path Flow Trajectories

The Trajectories of Product Flows on Paths p7 − p12 for Case III
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Path Flow Trajectories

The Trajectories of Product Flows on Paths p13 − p18 for Case III
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Path Flow Trajectories

The Trajectories of Product Flows on Paths p19 − p24 for Case III
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Path Flow Trajectories

The Trajectories of Product Flows on Paths p25 − p30 for Case III
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Path Flow Trajectories

The Trajectories of Product Flows on Paths p31 − p36 for Case III
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Path Flow Trajectories

The Trajectories of Product Flows on Paths p37 − p42 for Case III
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Path Flow Trajectories

The Trajectories of Product Flows on Paths p43 − p48 for Case III
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Comparison of Convergence in Numerical Cases

With the convergence tolerance being set at 10−6, the oligopoly
problem in:

Case I (two firms): converged in 36 iterations.

Case II (three firms): converged in 36 iterations.

Case III (three firms): converged in 33 iterations.
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Summary and Conclusions

A supply chain network model was developed for the study of oligopolis-
tic competition among the producers of a perishable product – that
of medication drugs. The model:

handles the perishability / waste / loss of the pharmaceutical
product through the introduction of arc multipliers;

enables each firm to minimize the discarding cost of waste /
perished medicine;

captures product differentiation under oligopolistic
competition through the branding of drugs, which can also
include generics as distinct brands.

allows analyzing the impact of substitution of a popular
branded drug by a generic one on market demands, as a result
of the patent rights expiration of the brand.
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Thank You!

For more information, see: http://supernet.isenberg.umass.edu
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