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KNOWLEDGE NETWORKS

Knowledge networks as noted by Beckmann (1995) is
a concept invented and utilized by Swedish economists
in an atmosphere of growing international competition,
which has led Sweden to focus on high technology in-
dustries which are knowledge intensive.

In today’s Network Economy , the existence of highly
skilled workers is essential for

• innovation;

• research and development;

• and for increasing the competitive position of regions

and nations.
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A Knowledge Network Equilibrium Model

We assume that there are two distinct types of workers,
“knowledge” workers and “goods” workers.

A Firm’s Production Function

Each firm’s production function is composed of the
product of the knowledge production function, denoted
here by gi(Di, G) for firm i and the conventional goods
or commodity production function, denoted by fi(Ki, Li)
for firm i,

qi = gi(Di, G)fi(Ki, Li), (1)

where qi denotes the quantity produced by firm i, Di

represents the capacity of the information systems, G =

(G1, . . . , Gm) ∈ Rm
+ is the column vector of knowledge

workers at the nodes, Ki denotes the amount of capital

held by firm i, and Li denotes the amount of goods

workers at firm i.
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The production function is quite general and can also
incorporate different measures of knowledge accessibil-
ity which depend on the telecommunication and trans-
portation networks.

For example, one may define a telecommunication ac-
cessibility measure, which we denote by TCi for firm i,
and which is defined as follows:

TCi =
m∑

j=1

σ1fij1G
γ1

j , ∀i, (2)

where σ1 and γ1 are parameters, fij1 = e−βdij1, where
β denotes the distance friction associated with knowl-
edge exchange across the telecommunication network
between firms i and j and dij1 is the distance between
firms i and j.

Also, one may define a transportation accessibility mea-
sure, which we denote by TRi for firm i, and which is
defined as:

TRi =
m∑

j=1

(σ2fij2W
γ2

j + σ3fij2G
γ3

j ), ∀i, (3)

where σ2, σ3, γ2, and γ3 are parameters, Wj is the scale

of firm j’s public research & development units, assumed

to be fixed at each node, and fij2 is the distance friction

for knowledge exchange on the transportation network

between firms i and j.
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Transportation distance plays an important role in im-

peding the movement of individuals for purposes of in-

formation and knowledge exchange. Distance, in terms

of knowledge exchange on telecommunication networks,

on the other hand, plays a less critical role.
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We assume that the firms are perfectly competitive in
that they take the price of the good produced as fixed,
which we denote by p̄i for firm i.

Let ωi denote the rent of capital for firm i, θi – the
wage rate for the goods workers at firm i, η – the rent
of information systems, and ζ – the wage rate of the
knowledge workers, which we assume to be uniform in
this economy.

We assume also that the firms compete for the knowl-
edge workers in a noncooperative fashion.

The utility function facing a firm i can be expressed as:

ui(Di, G, Ki, Li) =

p̄igi(Di, G)f(Ki, Li)−ωiKi−θiLi−ηDi−ζGi. (4)

Hence, the objective function facing such a profit-
maximizing firm is:

Maximize ui(Di, G, Ki, Li) (5)

subject to:

Di ≥ 0, Gi ≥ 0, Ki ≥ 0, Li ≥ 0. (6)
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Definition 1 (Knowledge Network Equilibrium)

A knowledge network equilibrium is a vector of informa-
tion system capacities, amounts of knowledge workers,
capital, and goods workers (D∗, G∗, K∗, L∗) ∈ R4m

+ :

ui(D
∗
i , G

∗
i , Ĝ

∗
i , K

∗
i , L∗

i ) ≥ ui(Di, Gi, Ĝ
∗
i , Ki, Li), (7)

∀Di ∈ R+, ∀Gi ∈ R+, ∀Ki ∈ R+, ∀Li ∈ R+, (8)

where Ĝi ≡ (G1, . . . , Gi−1, Gi+1, . . . , Gm).
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Theorem 1 (Variational Inequality Formulation)

Assume that each ui is continously differentiable on
R4

+ and concave with respect to its arguments. Then
(D∗, G∗, K∗, L∗) is a knowledge network equilibrium if and
only if it satisfies the variational inequality problem

m∑

i=1

(η − p̄ifi(K
∗
i , L∗

i )
∂gi(D∗

i , G
∗)

∂Di
) × (Di − D∗

i )

+
m∑

i=1

(ζ − p̄ifi(K
∗
i , L∗

i )
∂gi(D∗

i , G
∗)

∂Gi
) × (Gi − G∗

i )

+
m∑

i=1

(ωi − p̄igi(D
∗
i , G

∗)
∂fi(K∗

i , L∗
i)

∂Ki
) × (Ki − K∗

i )

+
m∑

i=1

(θi − p̄igi(D
∗
i , G

∗)
∂fi(K∗

i , L∗
i )

∂Li
) × (Li − L∗

i ) ≥ 0,

∀(D, G, K, L) ∈ R4m
+ . (9)
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We may put variational inequality (9) into standard form.
Let x ≡ (D, G, K, L), and define F (x) as the column
vector with the first m components consisting of: (η −
p̄ifi(Ki, Li)

∂gi(Di,G)
∂Di

) for i = 1, . . . , m, the second m com-

ponents consisting of the terms: (ζ − p̄ifi(Ki, Li)
∂gi(Di,G)

∂Gi
)

for i = 1, . . . , m, the next m components consisting of
the terms: (ωi − p̄igi(Di, G)∂fi(Ki,Li)

∂Ki
) and, finally, the last

m terms consisting of the terms: (θi− p̄igi(Di, G)∂fi(Ki,Li)
∂Li

)
for i = 1, . . . , m.

We further define the feasible set K ≡ R4m
+ . Then varia-

tional inequality (9) may be expressed in standard form
as:

Determine x∗ ∈ K, such that

〈F (x∗)T , x − x∗〉 ≥ 0, ∀x ∈ K. (10)
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We now provide an existence result. In particular, we
have the following:

Theorem 2 (Existence)

Assume that the negative of the gradient of the utility
function of each firm is coercive. Then there exists a
solution to variational inequality (9).

We now state a uniqueness result.
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Theorem 3 (Uniqueness)

Assume that the negative of the gradient of the util-
ity functions is strictly monotone. Then there exists a
unique equilibrium pattern (D∗, G∗, K∗, L∗).

Proof: Assume that there are two distinct solutions
to variational inequality (9), denoted by (D1, G1, K1, L1)
and (D2, G2, K2, L2), that is, we have that

m∑

i=1

(η − p̄ifi(K
1
i , L1

i )
∂gi(D1

i , G1)

∂Di
) × (Di − D1

i )

+
m∑

i=1

(ζ − p̄ifi(K
1
i , L1

i )
∂gi(D1

i , G1)

∂Gi
) × (Gi − G1

i )

+
m∑

i=1

(ωi − p̄igi(D
1
i , G1)

∂fi(K1
i , L1

i )

∂Ki
) × (Ki − K1

i )

+
m∑

i=1

(θi − p̄igi(D
1
i , G1)

∂fi(K1
i , L1

i )

∂Li
)× (Li −L1

i ) ≥ 0, (11)

∀(D, G, K, L) ∈ R4m
+
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and
m∑

i=1

(η − p̄ifi(K
2
i , L2

i )
∂gi(D2

i , G2)

∂Di
) × (Di − D2

i )

+
m∑

i=1

(ζ − p̄ifi(K
2
i , L2

i )
∂gi(D2

i , G2)

∂Gi
) × (Gi − G2

i )

+
m∑

i=1

(ωi − p̄igi(D
2
i , G2)

∂fi(K2
i , L2

i )

∂Ki
) × (Ki − K2

i )

+
m∑

i=1

(θi − p̄igi(D
2
i , G2)

∂fi(K2
i , L2

i )

∂Li
)× (Li −L2

i ) ≥ 0, (12)

∀(D, G, K, L) ∈ R4m
+ .

12



Let (D, G, K, L) = (D2, G2, K2, L2) and substitute into
(11). Similarly, let (D, G, K, L) = (D1, G1, K1, L1) and
substitute into (12). Adding the two resulting inequali-
ties yields:

m∑

i=1

(p̄ifi(K
1
i , L1

i )
∂gi(D1

i , G1)

∂Di
− p̄ifi(K

2
i , l2i )

∂gi(D2
i , G2)

∂D2
)

×(D1
i − D2

i )

+
m∑

i=1

(p̄ifi(K
1
i , L1

i )
∂gi(D1

i , G1)

∂Gi
− p̄ifi(K

2
i , L2

i )
∂gi(D2

i , G2)

∂Gi
)

×(G1
i − G2

i )

+
m∑

i=1

(p̄igi(D
1
i , G1)

∂fi(K1
i , L1

i )

∂Ki
− p̄iGi(D

2
i , G2)

∂fi(K2
i , L2

i )

∂Ki
)

×(K1
i − K2

i )

+
m∑

i=1

(p̄igi(D
1
i , G1)

∂fi(K1
i , L1

i )

∂Li
− p̄igi(D

2
i , G2)

∂fi(K2
i , L2

i )

∂Li
)

×(L1
i − L2

i ) ≥ 0, (13)

which is in contradiction to the assumption of strict

monotonicity of the negative of the gradient of the util-

ity functions.
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Hence, we must have that

(D1, G1, K1, L1) = (D2, G2, K2, L2)

We now provide some sensitivity analysis results.

Theorem 4

Assume that the negative of the gradient of the utility
functions is monotone.

Consider a change ∆ωi to the rent of capital for firm i,
keeping all other data as before. Let ∆Ki denote the
subsequent change in the equilibrium amount of capital
held by firm i. Then

∆ωi × ∆Ki ≤ 0.

Similarly, consider a change ∆θi to the wage rate for
the goods workers at firm i, keeping all other data as
before. Let ∆Li denote the subsequent change in the
equilibrium amount of goods workers at firm i. Then

∆θi × ∆Li ≤ 0.

From these inequalities we have that if the rent of cap-

ital for firm i increases (decreases) then the amount of

capital for firm i can not increase (decrease). Analo-

gously, we have that if the wage rate for goods workers

at firm i increases (decreases) then the amount of goods

workers can not increase (decrease).
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Theorem 5

Assume that the negative of the gradient of the utility
functions is monotone.

Consider a change ∆η to the rent of information sys-
tems, keeping all other data as before. Let ∆Di denote
the subsequent change in the equilibrium capacity of
information. Then

∆η ×
m∑

i=1

∆Di ≤ 0.

Similarly, consider a change ∆ζ to the wage rate of
knowledge workers, keeping all other data as before.
Let ∆Gi denote the subsequent change in equilibrium
amounts of knowledge workers. Then

∆ζ ×
m∑

i=1

∆Gi ≤ 0.

Hence: If the rent of information systems increases (de-

creases) then the total capacity of information in the

network economy can not increase (decrease). If the

wage rate of knowledge workers increases (decreases)

then the total number of knowledge workers in the net-

work economy can not increase (decrease).
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For additional background on this subject, see Kobayashi

(1995). This topic of application is relatively new and

we can expect more research in this area in the future.

Additional references are included below to further re-

search on this topic.
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