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Throughout history, networks have served as the foun-
dation for connecting humans to one another and their
activities. Roads were laid, bridges built, and waterways
crossed so that humans, be they on foot, on animal,
or vehicle could traverse physical distance. The airways
were conquered through flight.

Communications, in turn, were conducted using the avail-

able means of the period, from smoke signals, drum

beats, and pigeons, to the telegraph, telephone, and

computer networks of today.
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We live in an era in which the freedom to choose
is weighted by the immensity of the number of
choices and possibilities:

Where should one live?

Where should one work? And when?

How should one travel? Or communicate? And with
whom?

Where should one shop? And how?
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Underlying the numerous choices available is the
wealth of information that can be accessed through
computer networks.

How should businesses avail themselves of the new op-
portunities made possible through the Information Age?

How can they effectively compete?

How has the landscape changed for consumers as well?

In this course on Network Economics, we tackle
the questions surrounding decision-making in the
Network Economy today.

Our approach is conceptual, graphical, theoretical, and,

ultimately, analytical.
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In particular, we lay the foundations for economic
systems, as networks, with a focus on decision-
making.

The approach adds a graphic dimension to the under-

standing of the fundamental underlying structure of com-

plex economic systems and their ultimate evolution over

time.
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Networks thread through our lives, and provide the
fabric for our societies and economies and the in-
frastructure for commerce, science and technology,
social systems, and education.

Examples of networks which supply the basic founda-
tion for economic and social activity are: transportation,
communication, energy, and financial networks.

See the Table 1, for some basic, classical networks and

the associated nodes, links, and flows. By classical we

mean that the nodes correspond to physical locations

in space and the links to physical connections between

the nodes.
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Examples of Classical Networks

Network System Nodes Links Flows
Transportation
Urban Intersections, Roads Autos

Homes,
Places of Work

Air Airports Airline Routes Planes
Rail Railyards Railroad Track Trains
Manufacturing Distribution Points Routes Parts,
and Logistics Processing Points Assembly Line Products
Communication Computers Cables Messages

Satellites Radio Messages
Phone Exchanges Cables, Voice,

Microwaves Video
Energy Pumping Stations Pipelines Water

Plants Pipelines Gas, Oil
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Transportation networks give us the means to cross
physical distance in order to conduct our daily activities.

They provide us with access to food as well as to con-
sumer products and come in a myriad of forms: road,
air, rail, or waterway.

According to the U.S. Department of Transportation,

the significance of transportation in dollar value alone

as spent by US consumers, businesses, and governments

was $950 billion in 1998.
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Communication networks, in turn, allow us to com-
municate with friends and colleagues and to conduct the
necessary transactions of life.

They, through such innovations as the Internet, have
transformed the manner in which we live, work, and
conduct business today.

Communication networks allow the transmission of voice,
data/information, and/or video and can involve tele-
phones and computers, as well as satellites and mi-
crowaves.

The trade publication Purchasing reports that corporate

buyers alone spent $517.6 billion on telecommunications

goods and services in 1999.
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Energy networks, in addition, are essential to the very
existence of the Network Economy and help to fuel not
only transportation networks but in many settings also
communication networks.

They provide electricity to run the computers and to
light our businesses, oil and gas to heat our homes and
to power vehicles, and water for our very survival.

In 1995, according to the U.S. Department of Com-

merce, the energy expenditures in the United States

were $515.8 billion.
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The topic of networks and the management thereof
dates to ancient times with such classical examples in-
cluding the publicly provided Roman road network and
the “time of day” chariot policy, whereby chariots were
banned from the ancient city of Rome at particular times
of day.

The formal study of networks, consisting of nodes, links,
and flows involves:

• how to model such applications (as well as numerous
other ones) as mathematical entities,

• how to study the models qualitatively, and

• how to design algorithms to solve the resulting models

effectively.
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The study of networks is necessarily interdisciplinary in
nature due to their breadth of appearance and is based
on scientific techniques from applied mathematics, com-
puter science, and engineering with applications as var-
ied as economics, finance, and even biology.

Network models and tools are widely used by businesses

and industries, as well as governments today (cf. Ahuja,

Magnanti, and Orlin (1993), Nagurney and Siokos (1997),

Nagurney (1999, 2000), Nagurney and Dong (2002),

and the references therein).
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Basic examples of network problems are:

the shortest path problem, in which one seeks to de-
termine the most efficient path from an origin node to
a destination node;

the maximum flow problem, in which one wishes to
determine the maximum flow that one can send from an
origin node to a destination node, given that there are
capacities on the links that cannot be exceeded, and

the minimum cost flow problem, where there are

both costs and capacities associated with the links and

one must satisfy the demands at the destination nodes,

given supplies at the origin nodes, at minimal total cost

associated with shipping the flows, and subject to not

exceeding the arc capacities.
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Applications of the Shortest Path Problem:

• arise in transportation and telecommunications.

Other applications include:

• simple building evacuation models

• DNA sequence alignment

• dynamic lot-sizing with backorders

• assembly line balancing

• compact book storage in libraries.
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Applications of the Maximum Flow Problem:

• machine scheduling

• network reliability testing

• building evacuation.
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Applications of the Minimum Cost Flow Problem:

• warehousing and distribution

• vehicle fleet planning

• cash management

• automatic shromosome classification

• satellite scheduling.
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Network problems also arise in other surprising and
fascinating ways for problems, which at first glance
and on the surface, may not appear to involve net-
works at all.

Hence, the study of networks is not limited to only phys-
ical networks but also to abstract networks in which
nodes do not coincide to locations in space.

The advantages of a network formalism:

• many present-day problems are concerned with flows
(material, human, capital, informational, etc.) over
space and time and, hence, ideally suited as an applica-
tion domain for network theory;

• provides a graphical or visual depiction of different
problems;

• helps to identify similarities and differences in distinct
problems through their underlying network structure;

• enables the application of efficient network algorithms;

allows for the study of disparate problems through a

unifying methodology.
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One of the primary purposes of scholarly and scientific
investigation is to structure the world around us and to
discover patterns that cut across boundaries and, hence,
help to unify diverse applications.

Network theory provides us with a powerful method-

ology to establish connections with different disci-

plines and to break down boundaries.
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Early Networks in Economics

The concept of a network in economics was implicit as
early as the classical work of Cournot (1838), who not
only seems to have first explicitly stated that a com-
petitive price is determined by the intersection of supply
and demand curves, but had done so in the context
of two spatially separated markets in which the cost of
transporting the good between markets was considered.

Pigou (1920) also studied a network system in the set-
ting of a transportation network consisting of two routes
and noted that the “system-optimized” solution was dis-
tinct from the “user-optimized” solution.

Nevertheless, the first instance of an abstract network or

supernetwork in the context of economic applications,

was actually due to Quesnay (1758), who visualized the

circular flow of funds in an economy as a network.
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Since that very early contribution there have been nu-
merous economic and financial models that have been
constructed over abstract networks.

In particular, we note the work of Dafermos and Nagur-
ney (1985) who identified the isomorphism between traf-
fic network equilibrium problems and spatial price equi-
librium problems, whose development had been origi-
nated by Samuelson (1952) (who, interestingly, focused
on the bipartite network structure of the spatial price
equilibrium problem) and Takayama and Judge (1971).

Zhao (1989) (see also Zhao and Dafermos (1991) and
Zhao and Nagurney (1993)) identified the general eco-
nomic equilibrium problem known as Walrasian price
equilibrium as a network equilibrium problem over an
abstract network with very simple structure. The struc-
ture consisted of a single origin/destination pair of nodes
and single links joining the two nodes. This structure
was then exploited for computational purposes.

Nagurney (1989), in turn, proposed a migration equilib-

rium problem over an abstract network with an identical

structure. A variety of abstract networks in economics

were studied in the book by Nagurney (1999), which

also contains extensive references to the subject.
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Characteristics of Many of Today’s Networks

The characteristics of today’s networks include:

• large-scale nature and complexity of network topology;

• congestion; alternative behavior of users of the net-
work, which may lead to paradoxical phenomena; and

• the interactions among networks themselves such as
in transportation versus telecommunications networks.

Moreover, policies surrounding networks today may have

a major impact not only economically but also socially.
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Large-Scale Nature and Complexity

Many of today’s networks are characterized by both
a large-scale nature and complexity of the underlying
network topology. For example, in Chicago’s Regional
Transportation Network, there are 12,982 nodes, 39,018
links, and 2,297,945 origin/destination (O/D) pairs (see
Bar-Gera (1999)), whereas in the Southern California
Association of Governments’ model there are 3,217 ori-
gins and/or destinations, 25,428 nodes, and 99,240 links,
plus 6 distinct classes of users (cf. Wu, Florian, and He
(2000)).

In terms of the size of existing telecommunications net-

works, AT&T’s domestic network has 100,000 origin/-

destination pairs (cf. Resende (2000)), whereas in their

detail graph applications in which nodes are phone num-

bers and edges are calls, there are 300 million nodes

and 4 billion edges (cf. Abello, Pardalos, and Resende

(1999)).
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Congestion

Congestion is playing an increasing role in not only trans-
portation networks but also in telecommunication net-
works. For example, in the case of transportation net-
works in the United States alone, congestion results in
$100 billion in lost productivity, whereas the figure in
Europe is estimated to be $150 billion. The number of
cars is expected to increase by 50 percent by 2010 and
to double by 2030 (see Nagurney (2000)).

In terms of the Internet, with 275 million present users,
the Federal Communications Commission reports that
the volume of traffic is doubling every 100 days, which
is remarkable given that telephone traffic has typically
increased only by about 5 percent a year (cf. Labaton
(2000)).

As individuals increasingly access the Internet through

wireless communication such as through handheld com-

puters and cellular phones, experts fear that the heavy

use of airwaves will create additional bottlenecks and

congestion that could impede the further development

of the technology.
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System-Optimization versus User-Optimization

In many of today’s networks, not only is congestion a
characteristic feature leading to nonlinearities, but the
behavior of the users of the networks themselves may
be that of noncooperation.

For example, in the case of urban transportation net-
works, travelers select their routes of travel from an ori-
gin to a destination so as to minimize their own travel
cost or travel time, which although “optimal” from an
individual’s perspective (user-optimization) may not be
optimal from a societal one (system-optimization) where
one has control over the flows on the network and, in
contrast, seeks to minimize the total cost in the network
and, hence, the total loss of productivity. Consequently,
in making any kind of policy decisions in such networks
one must take into consideration the users of the par-
ticular network.

Indeed, this point is vividly illustrated through a famous

example known as Braess’s paradox, in which it is as-

sumed that the underlying behavioral principle is that

of user-optimization. In the Braess (1968) network, the

addition of a new road with no change in the travel de-

mand results in all travelers in the network incurring a

higher travel cost and, hence, being worse off.
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The Braess Paradox

We now present the Braess’s paradox example. For easy
reference, see the two networks depicted in the Figure.

Assume a network as the first network depicted in the
Figure in which there are 4 links: a, b, c, d; 4 nodes:
1,2,3,4; and a single O/D pair w1 = (1,4). There are,
hence, 2 paths available to travelers between this O/D
pair: p1 = (a, c) and p2 = (b, d).

The link travel cost functions are:

ca(fa) = 10fa cb(fb) = fb + 50

cc(fc) = fc + 50 cd(fd) = 10fd.

Assume a fixed travel demand dw1 = 6.

It is easy to verify that the equilibrium path flows are:

x∗
p1

= 3 x∗
p2

= 3;

the equilibrium link flows are:

f∗
a = 3 f∗

b = 3 f∗
c = 3 f∗

d = 3;

with associated equilibrium path travel costs:

Cp1 = 83 Cp2 = 83.
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Assume now that, as depicted in the Figure, a new link
“e,” joining node 2 to node 3, is added to the original
network, with user cost ce(fe) = fe+10. The addition of
this link creates a new path p3 = (a, e, d) that is available
to the travelers. Assume that the travel demand dw1

remains at 6 units of flow. Note that the original flow
distribution pattern xp1 = 3 and xp2 = 3 is no longer an
equilibrium pattern, since at this level of flow the cost
on path p3, Cp3 = 70. Hence, users from paths p1 and
p2 would switch to path p3.

The equilibrium flow pattern on the new network is:

x∗
p1

= 2 x∗
p2

= 2 x∗
p3

= 2;

with equilibrium link flows:

f∗
a = 4 f∗

b = 2 f∗
c = 2 f∗

e = 2 f∗
d = 4;

and with associated equilibrium path travel costs:

Cp1 = 92 Cp2 = 92.

Indeed, one can verify that any reallocation of the path
flows would yield a higher travel cost on a path.

Note that the travel cost increased for every user of the

network from 83 to 92!
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The increase in travel cost on the paths is due, in part,
to the fact that in this network two links are shared by
distinct paths and these links incur an increase in flow
and associated cost. Hence, Braess’s paradox is related
to the underlying topology of the networks. One may
show, however, that the addition of a path connecting
an O/D pair that shares no links with the original O/D
pair will never result in Braess’s paradox for that O/D
pair.

Interestingly, as reported in the New York Times by

Kolata (1990), this phenomenon has been observed in

practice in the case of New York City when in 1990, 42nd

Street was closed for Earth Day and the traffic flow ac-

tually improved. Just to show that it is not a purely New

York or US phenomena concerning drivers and their be-

havior an analogous situation was observed in Stuttgart

where a new road was added to the downtown but the

traffic flow worsened and following complaints, the new

road was torn down (see Bass (1992)).
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This phenomenon is also relevant to telecommunica-

tions networks (see Korilis, Lazar, and Orda (1999))

and, in particular, to the Internet which is another ex-

ample of a “noncooperative network” and, therefore,

network tools have wide application in this setting as

well, especially in terms of congestion management and

network design (see also Cohen and Kelly (1990)).
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Network Interactions

Clearly, one of the principal facets of the Network Econ-
omy is the interaction among the networks themselves.
For example, the increasing use of e-commerce espe-
cially in business to business transactions is changing
not only the utilization and structure of the underlying
logistical networks but is also revolutionizing how busi-
ness itself is transacted and the structure of firms and
industries.

Cellular phones are being using as vehicles move dynam-
ically over transportation networks resulting in dynamic
evolutions of the topologies themselves.

This course also, under “advanced topics” explores the

network interactions among such networks as transporta-

tion networks and telecommunication networks, as well

as financial networks.
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For a general background on networks and network
systems, see:

Ahuja, R. K., Magnanti, T. L., and Orlin, J. B. (1993),
Network Flows: Theory, Algorithms, and Applica-
tions, Prentice Hall, Upper Saddle River, New Jersey.

Nagurney, A. (1999), Network Economics: A Vari-
ational Inequality Approach, second and revised edi-
tion, Kluwer Academic Publishers, Dordrecht, The Nether-
lands.

For background on networks and their interactions
in the Information Age, as well as networks as crit-
ical infrastructure:

Nagurney, A., and Dong, J. (2002), Supernetworks:
Decision-Making for the Information Age, Edward
Elgar Publishers, Cheltenham, England.

For references to transportation networks used in
the preparation of this lecture, see:

Bar-Gera, H. (1999), “Origin-Based Algorithms for Trans-
portation Network Modeling,” National Institute of Sta-
tistical Sciences, Technical Report # 103, PO Box 14006,
Research Triangle Park, North Carolina 27709.

Bass, T. (1992), “Road to Ruin,” Discover , May, 56-
61.

Beckmann, M. J., McGuire, C. B., and Winsten, C, B.

(1956), Studies in the Economics of Transporta-

tion, Yale University Press, New Haven, Connecticut.

30



Braess, D. (1968), “Uber ein Paradoxon der Verkehrs-
planung,” Unternehmenforschung 12, 258-268.

Dafermos, S., and Nagurney, A. (1984), “On Some
Traffic Equilibrium Theory Paradoxes,” Transportation
Research 18B, 101-110.

Dafermos, S. C., and Sparrow, F. T. (1969), “The Traf-
fic Assignment Problem for a General Network,” Journal
of Research of the National Bureau of Standards 73B,
91-118.

Kolata, G. (1990), “What if They Closed 42d Street and
Nobody Noticed?” The New York Times, December 25,
1990.

Nagurney, A. (2000), Sustainable Transportation Net-
works, Edward Elgar Publishers, Cheltenham, England.

Wu, J. H., Florian, M., and He, S. G. (2000), “EMME/2

Implementation of the SCAG-II Model: Data Structure,

System Analysis and Computation,” submitted to the

Southern California Association of Governments, INRO

Solutions Internal Report, Montreal, Quebec, Canada.

31



References to telecommunications used in the
preparation of this lecture:

Abello, J., Pardalos, P. M., and Resende, M. G. C.
(1999), “On Maximum Clique Problems in Very Large
Graphs,” in External Memory Algorithms, J. Abello
and J. Vitter, editors, AMS-DIMACS Series on Discrete
Mathematics and Theoretical Computer Science 50.

Cohen, J. E., and Kelly, F. P. (1990), “A Paradox of
Congestion in a Queuing Network,” Journal of Applied
Proability 27, 730-734.

Korilis, Y., Lazar, A. A., and Orda, A. (1999), “Avoid-
ing the Braess Paradox in Non-Cooperative Networks,”
Journal of Applied Probability 36, 211-222.

Labaton, S. (2000), “F.C.C. to Promote a Trading Sys-

tem to Sell AirWaves,” The New York Times, March 13,

2000.

32



References to networks in economics and in finance
and additional background are:

Copeland, M. A. (1952), A Study of Moneyflows in
the United States, National Bureau of Economic Re-
search, New York.

Cournot, A. A. (1838), Researches into the Mathe-
matical Principles of the Theory of Wealth, 1838,
English translation, MacMillan, London, England, 1897.

Dafermos, S., and Nagurney, A. (1985), “Isomorphism
Between Spatial Price and Traffic Network Equilibrium
Models,” LCDS #85-17, Lefschetz Center for Dynam-
ical Systems, Brown University, Providence, Rhode Is-
land.

Markowitz, H. M. (1952), “Portfolio Selection,” The
Journal of Finance 7, 77-91.

Mulvey, J. M. (1987), “Nonlinear Networks in Finance,”
in Advances in Mathematical Programming and Finan-
cial Planning 1, 253-271.

Nagurney, A. (1989), “Migrationa Equilibrium and Vari-
ational Inequalities,” Economic Letters 31, 109-112.

Nagurney, A. (1999), Network Economic: A Varia-
tional Inequality Approach, second and revised edi-
tion, Kluwer Academic Publishers, Dordrecht, The
Netherlands.

33



Nagurney, A., and Siokos (1997), Financial Networks:
Statics and Dynamics, Springer-Verlag, Heidelberg,
Germany,

Nagurney, A., and Siokos, S. (1998), “Dynamics of
International Financial Networks: Modeling, Stability
Analysis, and Computation,” in Networks and Knowl-
edge in a Dynamic Economy, M. J. Beckmann, B.
Johansson, F. Snickars, and R. Thord, editors, Springer-
Verlag, Heidelberg, Germany, pp. 119-150.

Pigou, A. C. (1920), The Economics of Welfare,
MacMillan, London, England.

Quesnay, F. (1758), Tableau Economique, reproduced
in facsimile with an introduction by H. Higgs by the
British Economic Society, 1895.

Samuelson, P. A. (1952), “Spatial Price Equilibrium and
Linear Programming,” American Economic Review 42,
283-303.

Takayama, T., and Judge, G. G. (1971), Spatial and
Temproal Price and Allocation Models, North-Holland,
Amsterdam, The Netherlands.

Zhao, L., and Dafermos, S. (1991), “General Economic
Equilibrium and Variational Inequalities,” Operations Re-
search Letters 10, 369-376.



Zhao, L., and Nagurney, A. (1993), “A Network Formal-
ism for Pure Exchange Economic Equilibria,” in Net-
work Optimization Problems: Algorithms, Com-
plexity, and Applications, pp. 363-386, D. Z. Du and
P. M. Pardalos, editors, World Scientific Press, Singa-
pore.

The data used in this lecture was culled from a
variety of sources including:

Labaton, S. (2000), “F.C.C. to Promote a Trading Sys-
tem to Sell AirWaves,” The New York Times, March 13,
2000.

Purchasing (2000), “Corporate Buyers Spent $517.6
Billion on Telecommunication,” 128, 110.

Resende, M. G. C. (2000), personal communication.

US Department of Commerce (2000), Statistical Ab-
stract of the United States, Bureau of the Census, Wash-
ington, DC.

US Department of Transportation (1999), Guide to Trans-

portation, Bureau of Transportation Statistics, BTS99-

06, Washington, DC.

34


