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that the former problem can be reformulated as the latter problem through an appropriately
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to then transfer the methodological tools, in particular, algorithms, that have been devel-
oped for transportation network equilibria to the financial network domain. In addition,
this connection provides us with a novel interpretation of the financial network equilibrium
conditions in terms of paths and path flows and a direct existence result. We further show
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1. Introduction

Networks have been increasingly used to abstract and mathematically model complex
decision-making involving multiple decision-makers in today’s linked economies and soci-
eties. Applications have ranged from large-scale transportation network equilibrium prob-
lems, whose rigorous formulation originates with the book by Beckmann, McGuire, and
Winsten (1956) (see also, e. g., Nagurney (1993), Florian and Hearn (1995), and Boyce,
Mahmassani, and Nagurney (2005) and the references therein) and telecommunication net-
works (cf. Resende and Pardalos (2006)) to supply chain networks as well as a spectrum
of financial network optimization and equilibrium problems. For an annotated bibliography
on network optimization for supply chain and financial engineering problems, see Geunes
and Pardalos (2003). For a variety of models and analyses concerning financial engineer-
ing, supply chains, as well as electronic commerce, see the volume edited by Pardalos and
Tsitsiringos (2002).

The network formalism gaphically captures the structure of distinct problems and appli-
cations; enables the identification of possible similarities and differences between networks
underlying distinct applications, and allows for the utilization of network-based algorithms
for efficient and effective computations. Moreover, the identification of novel (re)formulations
of complex, multiple decision-maker problems as network (or supernetwork) problems may
lead to new and previously unavailable interpretations of optimality/equilibrium conditions
for the entire system. For the history of the term “supernetwork,” which is an abstract net-
work, typically, applied to model decision-making on an expanded network, and with origins
in transportation science and computer science, see the book by Nagurney and Dong (2002)
and Nagurney (2006).

For example, recently, Nagurney (2005) proved that a decentralized supply chain network
equilibrium model, due to Nagurney, Dong, and Zhang (2002), in which the decision-makers,
in the form of manufacturers, retailers, and consumers, associated with nodes in the distinct
tiers of the supply chain network, could be reformulated and solved as a transportation
network equilibrium problem with elastic demands originally proposed by Dafermos and
Nagurney (1984). This reformulation, established through a supernetwork equivalence, al-

lowed not only for alternative algorithms to be applied for the determination of the supply



chain product flows and associated prices, but provided for an entirely new interpretation
of the optimality /equilibrium conditions in terms of paths and path flows, which was not

apparent in the original supply chain model.

In this paper, we ask the question as to whether financial network problems with in-
termediation, which possess some of the characteristics of decentralized, multitiered supply
chain network problems, can be reformulated as transportation network equilibrium prob-
lems? General multitiered financial network problems with intermediation were introduced
by Nagurney and Ke (2001) and extended by Nagurney and Ke (2003) to include electronic
transactions. Specifically, Nagurney and Ke (2003) considered decision-makers with fixed
sources of funds; financial intermediaries, as well as consumers, who were associated with
different tiers of the financial network. The decision-makers within one tier of the financial
network were allowed to compete with one another in a noncooperative manner. However,
decision-makers belonging to different tiers needed to cooperate in order to complete the
financial transactions. The authors assumed that the decision-makers with sources of funds
(and located at the top tier of the network) and the financial intermediaries (at the middle
tier) optimized their own objective functions, which consisted of both net revenue maxi-
mization and risk minimization. The consumers, in turn, sought to obtain the financial
products such that the price of the financial products charged by the intermediaries or the
decision-makers with sources of funds (in the case of direct electronic transactions) plus the
respective transaction costs was not greater than the price that consumers were willing to
pay for the financial product. The authors assumed that the demand function at each de-
mand market was known, and then formulated the governing equilibrium conditions as a
variational inequality (see also Nagurney (1993)). Nagurney and Ke (2003) also provided
qualitative analysis as well as an algorithm for computing the equilibrium financial flow and

price pattern.

We note that financial systems were first conceptualized as networks in 1758 by Quesnay,
where the circular flow of funds in an economy was considered as a graph/network. Thore
(1969), in turn, introduced networks and utilized linear programming for the study of sys-
tems of linked portfolios (see also Charnes and Cooper (1967)). Thore (1970) then extended
the basic network model to handle holdings of financial reserves in the case of uncertainty.

The approach made use of two-stage linear programs under uncertainty (cf. Ferguson and



Dantzig (1956) and Dantzig and Madansky (1961)). Storoy, Thore, and Boyer (1975) devel-
oped a network model of the interconnection of capital markets and applied decomposition
theory of mathematical programming on the computation of equilibrium. Thore (1980) pre-
sented network models of linked portfolios with financial intermediation and made the use
of decentralization/decomposition theory in the computation. However, the state-of-the-art
of that time was not sufficiently developed to allow for the formulation and computation
of solutions to general financial network problems with intermediation, which may include
competitive behavior in the sense of Nash (1950, 1951), asymmetric functions, etc. More-
over, financial electronic transactions did not even exist in that era. The book by Nagurney
and Siokos (1997) provides an overview of a variety of financial network optimization and

equilibrium models to that date.

In this paper, we first extend the model of Nagurney and Ke (2003) to the case where
the inverse demand (price) functions associated with the demand markets for the finan-
cial products are assumed known and given and present underlying behavioral assumptions,
along with the variational inequality formulation of the governing equilibrium conditions.
We then establish, through the use of a supernetwork equivalence, that this financial net-
work model with intermediation and electronic transactions is equivalent to a transportation
network equilibrium model with fixed demands due to Smith (1979) and Dafermos (1980).
Hence, in contrast to the transportation network equilibrium reformulation of decentralized
supply chain network obtained by Nagurney (2005) which consisted of elastic demands, the
transportation network equivalence obtained for the financial network problem with inter-
mediation is one with fixed travel demands associated with the origin/destination pairs.
Furthermore, the supernetwork structure of the financial network equilibrium problem with
intermediation and electronic transactions is entirely distinct from the one identified for

decentralized supply chain networks.

This paper is organized as follows. In Section 2, we present the financial network model
with intermediation and electronic transactions. In Section 3, we recall the transportation
network equilibrium model with fixed demands due to Smith (1979) and Dafermos (1980). In
Section 4, we establish the supernetwork equivalence of the financial network model proposed
in Section 2, with a special configuration of the fixed demand transportation/traffic network

equilibrium model of Section 3. In particular, we demonstrate that the variational inequal-



ity in link form governing the transportation network model coincides with the variational
inequality formulation of the financial network model with intermediation and electronic
transactions. As a by-product, we also obtain a path flow interpretation of the financial
network equilibrium, which is entirely new and not available in the original models. In ad-
dition, we obtain an existence result directly by utilizing the supernetwork representation of

the financial network equilibrium problem.

In Section 5, we apply the Euler method, proposed by Nagurney and Zhang (1997) for
fixed demand traffic network equilibrium problems, and embedded with the exact equili-
bration algorithm of Dafermos and Sparrow (1969), to compute the equilibrium path flows
and link flows for the supernetwork representation of six numerical financial network exam-
ples. We conclude the paper with Section 6, in which we summarize the results obtained
in this paper and provide suggestions for possible future research. For example, the equiv-
alence established in this paper suggests that international financial network models with
intermediation as described in Nagurney and Cruz (2003a, b) can also be transformed and
solved as fixed demand traffic network equilibrium problems over appropriately constructed

supernetworks.
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Figure 1: The Structure of the Financial Network with Intermediation and with Electronic
Transactions

2. The Financial Network Model with Intermediation and Electronic Transac-

tions

In this Section, we develop the financial network model with intermediation and with
electronic transactions in the case of known inverse demand (price) functions associated
with the consumers of the financial product at the demand markets. We use the financial

network model proposed by Nagurney and Ke (2003) as the foundation.

Similar to the financial network model in Nagurney and Ke (2003), our model consists of
m sources of financial funds, n financial intermediaries, and o demand markets, as depicted
in Figure 1. In the financial network model, the financial transactions are denoted by the
links with the transactions representing electronic transactions delineated by hatched links.

The majority of the notation for this model is given in Table 1.



Table 1: Notation for the Financial Network Model

Notation Definition

S m-~dimensional vector of the amounts of funds held by the source agents
with component 7 denoted by S°

i (2n + o)-dimensional vector associated with source agent ;¢ =1,...,m
with components: {g;;;j=1,...,nl=1,2;qu;k=1,...,0}

q; (2m + 20)-dimensional vector associated with intermediary j; j =1,...,n
with components: {g;;;i=1,.... m;l=1,2;qju;k=1,...,0;0 =1,2}

Q! 2mn-dimensional vector of all the financial transactions/flows for all
source agents/intermediaries/modes with component ijl denoted by g;j

Q? mo-dimensional vector of the electronic financial transactions/flows
between the sources of funds and the demand markets with component ¢k
denoted by ;i

Q3 2no-dimensional vector of all the financial transactions/flows for all
intermediaries/demand markets/modes with component jkl denoted by g

g n-dimensional vector of the total financial flows received by the
intermediaries with component j denoted by g;, with g; = S, 37| i1

v n-dimensional vector of shadow prices associated with the intermediaries
with component j denoted by ;

d o-dimensional vector of market demands with component & denoted by dj,

p3k(d) the inverse demand function at demand market k

v the (2n + 0) x (2n + o) dimensional variance-covariance matrix associated
with source agent ¢

Vi the (2m + 20) x (2m + 20) dimensional variance-covariance matrix associated
with intermediary j

ciji(giji) the transaction cost incurred by source agent ¢ in transacting with
intermediary j using mode [ with the marginal transaction cost denoted
b dciji(giji)

0qiji

Cir(Qir) the transaction cost incurred by source agent ¢ in transacting with
demand market k with marginal transaction cost denoted by %(i““)

ciki(Qjrt) the transaction cost incurred by intermediary j in transacting with

demand market k via mode [ with marginal transaction cost denoted
by Ocir(qjxt)

0g;kt

c;(Q") = ¢(9)

conversion/handling cost of intermediary j with marginal handling cost

with respect to g; denoted by g—;; and the marginal handling cost

with respect to g;;; denoted by %%1)
(¥




Notation | Definition
iit(ij) the transaction cost incurred by intermediary j in transacting with

source agent ¢ via mode [ with the marginal transaction
0¢:51(9i51)
9g;j1
¢ir(Q?, Q%) | the unit transaction cost associated with obtaining the product at
demand market k from intermediary j via mode [
¢ir(Q?, Q%) | the unit transaction cost associated with obtaining the product at

demand market k from source agent ¢

cost denoted by

All vectors are assumed to be column vectors. The equilibrium solutions throughout this

paper are denoted by *.

The m agents or sources of funds at the top tier of the financial network in Figure 1 seek
to determine the optimal allocation of their financial resources transacted either physically or
electronically with the intermediaries or electronically with the demand markets. Examples
of source agents include: households and businesses. The financial intermediaries, in turn,
which can include banks, insurance companies, investment companies, etc., in addition to
transacting with the source agents determine how to allocate the incoming financial resources
among the distinct uses or financial products associated with the demand markets, which
correspond to the nodes at the bottom tier of the financial network in Figure 1. Examples
of demand markets are: the markets for real estate loans, household loans, business loans,
etc. The transactions between the financial intermediaries and the demand markets can also

take place physically or electronically via the Internet.

We denote a typical source agent by i; a typical financial intermediary by 7, and a typical
demand market by k. The mode of transaction is denoted by [ with [ = 1 denoting the

physical mode and with [ = 2 denoting the electronic mode.

We now describe the behavior of the decision-makers with sources of funds. We then
discuss the behavior of the financial intermediaries and, finally, the consumers at the demand
markets. Subsequently, we state the financial network equilibrium conditions and derive the

variational inequality formulation governing the equilibrium.



The Behavior of the Source Agents

The behavior of the decision-makers with sources of funds, also referred to as source agents in
this model, is assumed to be the same as that in Nagurney and Ke (2003). For completeness,

it is briefly recalled below.

Since there is the possibility of non-investment allowed, the node n + 1 in the second tier
in Figure 1 represents the “sink” to which the uninvested portion of the financial funds flows
from the particular source agent or source node. We then have the following conservation of

flow equations:
o

n 2
S > g+ Y an < S, i=1,....m, (1)
j=11=1

k=1
that is, the amount of financial funds available at source agent i and given by S° cannot
exceed the amount transacted physically and electronically with the intermediaries plus the
amount transacted electronically with the demand markets. Note that the “slack” associated
with constraint (1) for a particular source agent ¢ is given by g;(,+1) and corresponds to the

uninvested amount.

Let pi;;; denote the price charged by source agent 7 to intermediary j for a transaction via
mode [ and, let py;, denote the price charged by source agent ¢ for the electronic transaction
with demand market k. The py;; and py;, are endogenous variables and their equilibrium
values pj;; and py; e =1,....m;j=1,...,n; [ =1,2,k=1,..., 0 are determined once the
complete financial network model is solved. As noted in the Introduction, we assume that
each source agent seeks to maximize his net revenue and to minimize the risk. We assume
as in Nagurney and Ke (2001, 2003) that the risk for source agent i is represented by the
variance-covariance matrix V* so that the optimization problem faced by source agent i can

be expressed as:

o

2 n 2 o
D Pt + Y Printin — D Y (i) — Y canlaie) — ¢/ Vigi (2)
k=1

Maximize U'(q;) =
=11=1 k=1 j=1i=1

n
1=

subject to:

2
S g+ Y i < S?

1i=1 k=1
qijl 2 07 \V/], lv

J

n

10
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Qi(n+1) > 0.

The first four terms in the objective function (2) represent the net revenue of source agent
1 and the last term is the variance of the return of the portfolio, which represents the risk

associated with the financial transactions.

We assume that the transaction cost functions for each source agent are continuously
differentiable and convex, and that the source agents compete in a noncooperative manner in
the sense of Nash (1950, 1951). The optimality conditions for all decision-makers with source
of funds simultaneously coincide with the solution of the following variational inequality:
determine (Q, Q%) € K° such that:

2 ; 8Ci j q:( * *
Z SN lQVZZjl g + M - pujl] X {Qijl - qijl}

aQijl

- ] aci ;k * *
+Z lQVZ ’ qf + % - ﬂuk} X [Qik - qik] > 0, V(Qla Qz) S Icov (3)

where V denotes the zj-th row of V* and 2j; is defined as the indicator: z; = (I — 1)n +j.

Similarly, VZZ'MM denotes the (29,,%)-th row of V* but with 2o, defined as the 2n + k-th
row, and the feasible set £ = {(Q', Q*)[(Q", Q%) € Ry *™and (1) holds for alli},

The Behavior of the Financial Intermediaries

The behavior of the intermediaries in the model is identical to that in Nagurney and Ke

(2003). For completeness and easy reference, it is recalled below.

Let the endogenous variable psji; denote the product price charged by intermediary j
with p5;, denoting the equilibrium price, where j = 1,...,n; k = 1,...,0, and [ = 1,2.
We assume that each financial intermediary also seeks to maximize his net revenue while
minimizing the risk. Note that a financial intermediary, by definition, may transact either
with decision-makers in the top tier of the financial network as well as with consumers
associated with the demand markets in the bottom tier. Noting the conversion/handling

cost as well as the various transaction costs faced by a financial intermediary and recalling

11



that the variance-covariance matrix associated with financial intermediary j is given by V7

(cf. Table 1), we have that the financial intermediary is faced with the following optimization

problem:
o 2 m 2 o 2
Maximize UJ (g;) = Z szjqujk}l - Cj(Ql) - ZZ Ciji(qijt) Z Z ciri(qjm)
k=11=1 i=1 =1 k=1l=1
m 2
* TYyrj
- Z Z Prijidijt — 4; Vg, (4)
i=11=1
subject to:
o 2 m 2
Z%kl < qulﬂl’ (5>
k=11=1 i=11=1
qijl > 07 VZ, lu
gir >0, Vk, L.

The first five terms in the objective function (4) denote the net revenue, whereas the last
term is the variance of the return of the financial allocations, which represents the risk.
Constraint (5) guarantees that an intermediary cannot reallocate more of its financial funds

among the demand markets then it has available.

Let ~; be the Lagrangian multiplier associated with constraint (5) for intermediary j.
We assume that the cost functions are continuously differentiable and convex, and that the
intermediaries compete in a noncooperative manner. Hence, the optimality conditions for
all intermediaries simultaneously can be expressed as the following variational inequality:
determine (Q, Q**,~v*) € R2mnH2notn gatisfying:

m
)3

=1

D

2
=1

o
||M:
5

o~

dc; (Q™) 0¢i1(q3)
VI gt N g TN s g —
[ Zil 8Qijl plzjl aQijl 7] [q U q@]l}

+

n o]

D

2 80 ikl (q*kl) * * *
> QVZJM T+ — LR P2kl T %] {%kl qjkl}
j

k=11=1 I

—_

o

n m 2
Z [ZZQZ}I - Zq;*kz] x [y =] 20, VQ', Q%) € RAmete, (6)

i=11=1 k=11=1
where Vjﬂ denotes the z;-th row of V7 where z; is defined as the indictor: zy; = (I —1)m+1.
Similarly, V7 denotes the zy-th row of V7 and z is the indicator: zy = 2m + (I — 1)o + k.

12



Additional background on risk management in finance can be found in Nagurney and Siokos
(1997); see also the book by Rustem and Howe (2002).

The Consumers at the Demand Markets and the Equilibrium Conditions

Unlike the models of Nagurney and Ke (2001, 2003), we now assume, as given, the inverse
demand functions psi(d); k = 1,..., 0, associated with the demand markets at the bottom
tier of the financial network. Recall that the demand markets correspond to distinct financial
products. Of course, if the demand functions are invertible, then one may obtain the price

functions simply by inversion.

The following conservation of flow equations must hold:

m

n 2
dk:ZZ%’kl“‘ZQika k=1,...,0. (7)
Jj=l1i=1 i=1

Equations (7) state that the demand for the financial product at each demand market
is equal to the financial transactions from the intermediaries to that demand market plus

those from the source agents.

The equilibrium condition for the consumers at demand market k are as follows: for each

intermediary j; j = 1,...,n and mode of transaction [; [ = 1, 2:
. = ), if ¢ >0
AR 2>»<7 3% p3k( i} v Zkkl 8
it (@@ { TP ezl )
In addition, we must have that, in equilibrium, for each source of funds ;i =1,...,m:
* . 2% 3% = p3k(d*)> if q;kk >0
Prie + (@™, Q™) { > par(d), if g, = 0. (9)

Condition (8) states that, in equilibrium, if consumers at demand market k& purchase
the product from intermediary j via mode [, then the price the consumers pay is exactly
equal to the price charged by the intermediary plus the unit transaction cost via that mode.
However, if the sum of price charged by the intermediary and the unit transaction cost is

greater than the price the consumers are willing to pay at the demand market, there will

13



be no transaction between this intermediary/demand market pair via that mode. Condition

(9) states the analogue but for the case of electronic transactions with the source agents.

In equilibrium, conditions (8) and (9) must hold for all demand markets. We can also

express these equilibrium conditions using the following variational inequality: determine
(Q*,Q%,d*) € K, such that
o

i i [p2]kl + Cjkl Q2*, Qg*)} X [ijl - q;kl} + i Z [phk + Czk Q2* Qg*)} X [%k - q;kk]
i=1 k=1

j=1lk=11=1

o

- Z pa(d) x [dy, — di] >0, Y(Q*,Q°,d) € K, (10)
k=1

where K' = {(Q* Q%,d)|(Q?, Q*,d) € RZ™+° and (7) holds.}

The Equilibrium Conditions for Financial Network with Electronic Transactions

In equilibrium, the optimality conditions for all decision-makers with source of funds, the
optimality conditions for all the intermediaries, and the equilibrium conditions for all the
demand markets must be simultaneously satisfied so that no decision-maker has incentive to
alter his or her transactions. We now formally state the equilibrium condition for the entire

financial network with intermediation and electronic transactions as follows.

Definition 1: Financial Network Equilibrium with Intermediation and with Elec-

tronic Transactions

The equilibrium state of the financial network with intermediation is one where the financial

flows between tiers coincide and the financial flows and prices satisfy the sum of conditions

(3), (6), and (10).
We now define the feasible set:

K?={(Q",Q* Q7. d|(Q",Q* Q°,v,d) € RIFm+2netmoto and (1) and (7) hold}

and state the following theorem.

14



Theorem 1: Variational Inequality Formulation

The equilibrium conditions governing the financial network model with intermediation are
equivalent to the solution to the variational inequality problem given by:
determine (QU, Q%' Q' v, d") € K? satisfying:

0Cijz(qu1) n 8cj(Q1*) . 8@']’1(%;1) _ 7*1 o {Q“l _ q%'}
9qiji 9qiji 9qiji ! R

m n 2
> PVZﬂ g 2V g

1i=1

=17

Uil i * 80@"6((];k ) A * * *
+Z [QVZ%M g + 4 ea(Q7, Q%) | X [k — i)

i=1 k=1 g
n o 2 ) § Oc kl(q* ) . . . . .
2.0 lm% g+ Jaijkl + Eu(Q%, Q%) + 7]1 X [qy'kl - qjkl}
j=lk=11=1 ikl
n m n 2 o
+3 [zzq;;l -y Zq;k,] x [y =] = > par(d) x [di — dj] >0,
j=1 Li=11=1 k=11=1 k=1

Proof: We first prove that an equilibrium according to Definition 1 satisfies variational

inequality (11). Summation of (3), (6), and (10), after algebraic simplifications, yields (11).

We now prove the converse, that is, that a solution to variational inequality (11) satisfies
the sum of conditions (3), (6), and (10), and is, therefore, a financial network equilibrium
pattern. First, we add the term: —pj,; + p;;; to the term in the first set of brackets in (11).
Then, we add the term: —pi,; + pi; to the term before the second multiplication sign, and,
finally, we add the term —p3;;; + p3;1; to the term preceding the third multiplication sign in
(11). Note that these terms are identically equal to zero and do not change the variational

inequality. We obtain, hence, the following inequality:

2 i : deii(a)  0c;(QY)  Bcijulqs
Do12VE, a2V g+ g(q”)+ ]a(Q )+ g(qﬂ)
11=1 diji Qiji qij1

* >k %
=Y — P T Pt

m n

i=1j

X {Qijl - q;}z}

15



o 7 * aclk(qz ) ~ * * * * *
+Z: lQVZ%H cq; + Wkk +En(Q%, Q%) — Pl + prir| X g — @3]

k
2 1 * ac'kl(qﬂfkl) ~ * * * * * *
Z [2VZJM gt %g[ikj + Cjkl(Q2 ,Q™) + Vi~ P2kl T Pojr| X [qﬂcl - qjkl}
J

j=1k=11=1
n m n 2
+Z[ZZQZ1—ZZQ§M]X[ } ZP% X [dp — d}] >
7=1 Li=11=1 k=11=1
V(@' Q% Q% v,d) € K7, (12)

e ; * 801” q;k * *
Z Z [2‘/,%1 "q; + Oeildlu) _ Puﬂ] X {Qijl - qijl}

8%‘]‘1

G I * aclk(q;k) * *
+ Z 1 lQanM g + Tkk — Prae | X [air — @3]

+ZZZ [QVZJH g+ M + priji M - %’] X {qijl - qijl}

i=1j=11=1 941 9giju
+20. > [2‘/;“ g+ ]Oq kj — Pojr T V5| X {ijl - q]‘kl}
j=1k=11=1 j

SIS B

<
Il
—
ES
Il
,_.
—
Il
,_.

202 [+ Eal(@% Q%)) x [ — aiy] — Zpgk x [dx — di] > 0,
V(Q Q% Qv d) € K. (13)

Obviously, the solution to inequality (13) satisfies the sum of the conditions (3), (6), and
(10). The proof is complete. O

The variables in the variational inequality problem (11) are: the uninvested portion of

funds, Q°; the financial flows from the source agents to the intermediaries, Q'; the direct

16



financial flows via electronic transaction from the source agents to the demand markets, Q?;
the financial flows from the intermediaries to the demand markets, Q?; the shadow prices
associated with handling the product by the intermediaries, v, and the demands at demand
markets d. The solution to the variational inequality problem (11), (Q°", Q", Q*", Q*",~v*, d*),

coincides with the equilibrium financial flow and price pattern according to Definition 1.

Variational inequality (11) is distinct from the variational inequality derived in Nagurney

and Ke (2003) in which the demand functions at the markets were assumed known and given.

We now state and prove two corollaries and derive variational inequality formulations
alternative to (11) which we will utilize in Section 4 to construct the supernetwork equivalence
of the financial network equilibrium model to a properly configured transportation network

equilibrium model with fixed demand.

Corollary 1
The market for the financial flows clears for each intermediary at the equilibrium.

Proof: We will show that in equilibrium, for each intermediary, the total amount of fi-

nancial inflows is equal to the total amount of financial outflows, that is, 37, 327 | Gy =
2 *
Dohe1 2= k-

From the fourth term of (11), we can clearly see that if 75 > 0, then 17, Y2 @Gy =
Yn_1 Yiey ¢ must hold.

Let us now consider the case where 77 = 0 for some intermediary j. Since we have
assumed that the transaction cost functions and handling cost functions are convex, it is
reasonable to further assume that, in equilibrium, either the marginal transaction costs or
the marginal handling cost for each source agent/intermediary /mode combination is strictly

. . aci» * C * 861 x .
positive. Then, we have that 2V} -q¢f +2VJ - ¢t + ”(_q_”l) 9 ](Q_l ) 4 Jl(_%l) > (0, which

Zjl g Zil J 8‘11jl 8‘123l 8‘123l
implies that ¢;;; = 0, and this holds for all 7, j, I. It follows from the fourth term of (11) that

2 _ 2 _
1 21 q:jl = > h=1 201 q;kl =0.

Therefore, the market of financial flows clears at each intermediary in equilibrium. The

proof is complete. O
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Since we are interested in determining the equilibrium flow and price pattern, it is rea-

sonable and convenient to convert the constraint (5) into the following equality form:

o 2 m 2
DD G =D digts (14)
k=11=1 i=11=1

and to define the feasible set

K2 ={(Q, Q% Q% d)|(Q', Q% Q°,d) € RT+?mntmot2no+o 4nq (1), (7), and (14) hold}.

In addition, for notational convenience, we let

m

2
ng Zqiﬂ’ 221,,’)71 (15)

i=1[=1

As defined in Table 1, the conversion/handling cost of intermediary j, ¢;, is a function of

the total financial inflows of intermediary j:

(@) = ¢(9). (16)
Hence, its marginal cost with respect to g¢;;; is equal to the marginal cost with respect to g;.

9c;(Q") _ dc;(g)
aqz’jl N agj ' (17)

Corollary 2 then follows immediately:

Corollary 2
A solution (Q, Q*, Q% ,d*) € K3 to the variational inequality problem:

802-]-1(61231) 4 6cj(Q1*) 4 3%1(612}1)
aQijl a%’jl aQijl

m n 2
S [ovi,cai vy, + | ¢ o= i
=11l=1

=17

mn 2 i . Oc(q A * ()3* *
33 [+ ) 02,00 ol

2 ] * 8Cjkl (q*kl> A 2% 3k *
> FV!M q; + Tﬂj + G (Q7, Q )] X [ijl - qj-kz}
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- Z pan(d?) x [dr — dZ] >0, V(Q',Q% Q% d) € k¥ (18a)

equivalently, a solution (QY*,Q*, Q% g*,d*) € K* to

ZZZ |?V;jl .q:—|—2VZJZ_l -q;—i— C]l(QJl) I CJl(Q]l)‘| % [Qijl_qz‘kjl}

i=1j=11=1 aC.Iz'jl aQijl

e i * aci QZ* ~ * * *
+2 [V;zn+k-qi+ M) @0 )]x[qm—qik]

i=1 k=1 i
n o 2 ) . 80. q* ) . » .
Zm “2; [2‘@]“ gt % + Cjkl(Q2 ,Q° )] X [ijl - qjkl}
]: = =
n 80' * . o .
+ % x (g5 =] = 3 pal(d®) x [d — d] >0, W(Q", Q% Q% g.d) €K', (18b)
j=1 J k=1

IC4 = {(Ql, Q2’ Q3’g’ d)|(Q1, Q2’ Q3’g’ d) c RT—|—2mn+m0+2no+n+o
and (1), (7), (14), and (15) hold}

satisfies variational inequality (11).

Proof: We prove the result by contradiction. In particular, we show that if a financial flow
pattern is not a solution of (11), then it is not a solution of (18a). Thus, we assume that
there exists some (Q', Q?, Q*,d) € K* and v € R such that the left-hand side of (11) is less

than zero, which implies that:

m n 2 ) . aci.l(q’.*.l) 60(@1*) 3@”1(61*»1)

2VE a2V )+ I e 1>< G — @,

;;;l ! L 9451 9g3j1 91 |9 = 4
Ocinlaf)

+i ] [2Vi q; + + ¢ (Q, Q3*)] X gk — ¢,

&Jm

2 : ¢ (@)
* Jkl A 2% 3% *
Z lQVZJkl “q; + Tgkl + Cjkl(Q ,Q )] X [ijl - q]'kl}

- Z psr(d™) X [dy — dy]
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<§:zn:zi:”y X [ngl q;jl] +i

i=1 j=11=1

XZ: liiqzz Zn: i:qjm] X hj - Vﬂ : (19)

i=11=1 k=11=1

After the use of Corollary 1 and algebraic simplification, we obtain the result that the

right-hand side of (19) is equal to zero. Hence, (18a) cannot hold, and the conclusion follows.

To show that (18a) and (18b) are equivalent, we utilize (15) and (17), which upon sub-
stitution into (18a), after algebraic simplification, and the use of (7), yields (18b). O
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3. The Transportation Network Equilibrium Model with Fixed Demands

In this Section, we review a transportation network equilibrium model with fixed demands
due to Smith (1979) and Dafermos (1980). In the model, travelers, also referred to as users,
seek to determine their minimal costs of travel from origins to destinations subject to the
travel demands associated with the origin/destination pairs of nodes. The governing behav-
ioral concept is that is user-optimization, a term coined by Dafermos and Sparrow (1969).
The concept is also known as Wardrop’s (cf. Wardrop (1952)) first principle (in contrast to
the second principle which assumes a single controller that can route the traffic on the net-
work and is now commonly referred to as system-optimization). Hence, users/travelers are
assumed to compete in a unilateral fashion. As noted in the Introduction, the first rigorous
formulation of transportation network equilibrium is due to Beckmann, McGuire, and Win-
sten (1956), who actually proposed elastic demand models and demonstrated that, in the
case of symmetric functions, the governing equilibrium conditions coincided with the Kuhn-
Tucker conditions of an appropriately constructed optimization problem. The work of Smith
(1979) and Dafermos (1980) showed that transportation network equilibrium problems in the
case of asymmetric functions, for which such optimization reformulations of the governing
equilibrium conditions did not exist, could be formulated, qualitatively analyzed, and solved
as variational inequality problems. For additional background on transportation network
equilibrium models in a variational inequality framework, see the books by Nagurney (1993)
and Patriksson (1994).

We consider a network G with the set of links L consisting of K elements; the set of
paths P consisting of () elements, and the set of origin/destination (O/D) pairs W with Z
elements. We also denote the set of paths connecting O/D pair w by P,. In this model,
links are denoted by a, b, etc; paths by p, g, etc., and O/D pairs by wy, w,, etc.

We denote the nonnegative flow on path p by z, and the flow on link a by f,. The user
(travel) cost on a path p is denoted by C, and the user (travel) cost on a link a by ¢,. We
denote the fixed travel demand associated with O/D pair w by d,, and the travel disutility
by Ay
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The travel demand associated with each O/D pair must satisfy the following equation:

dp =Y 1z, VYu, (20)

PEPY
that is, the sum of the path flows on paths connecting each O/D pair must be equal to
the travel demand associated with that O/D pair. Note that in the fixed demand model

described here the travel demands are assumed known.

The link flows and the path flows, in turn, are related by the following conservation of

flow equations:

fa = Z l’p(sapa Va € Lv (21)

peP
where d,, = 1 if link a is contained in path p, and d,, = 0, otherwise. Note that (20) states
that the flow on a link is equal to the sum of the flows on the paths that contain that link.

Since we will provide variational inequality formulations of the governing transportation
network equilibrium conditions in path flows as well as in link flows, we need to define the cor-
responding definitions of the underlying feasible sets. We define the feasible set K° = {z|z >
0, and (20) holds} as well as the feasible set K% = { |3z > 0, and satisfying (20), and (21)}.

The (user) cost on a path is equal to the sum of the (user) costs on links which comprise
the path, that is,
Cp = Cobap, Vp€EP (22)
acl
The link cost ¢,, in turn, in general, may depend on the vector of link flows, denoted by

f, where we may write
Ca =Co(f), VaelL. (23)

For a fixed demand transportation network, a path flow pattern is said to be an equilib-
rium path flow pattern and denoted by x*, if, once established, no user has any incentive to
alter his travel choices. This statement can be formally expressed by the following equilib-

rium conditions which must hold for every O/D pair w € W and every path p € P,:

o] =, i x>0
Crl ){ > Ay, if o5 =0, (24)
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Condition (24) states that for each O/D pair, all used paths have equal and minimal costs.
As established in Smith (1979) and Dafermos (1980) (for further background, see Nagurney
(1993)), these equilibrium conditions can be expressed by the following variational inequality

in path flows: determine z* € K% such that

> Y Cpa*) x {xp — x;} >0, Vrek’ (25)

wEW pe Py,

We also provide the equivalent variational inequality formulation in link flows due to
Smith (1979) and Dafermos (1980).

Theorem 2

A link flow pattern is a transportation network equilibrium if and only if it satisfies the

variational inequality problem: determine f* € K° satisfying

docalf) % [fa—fa1 20, VfeK" (26)

a€l

In the next Section, we will establish the supernetwork equivalence of the financial net-
work model introduced in Section 2 with a properly configured fixed demand traffic network
model as just outlined. In particular, we will show that the link form variational inequality
(26) coincides with variational inequality (18b) for the supernetwork representation of the

financial network model with intermediation.
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Figure 2: The Gg Supernetwork Representation of Financial Network Equilibrium

4. Supernetwork Equivalence of the Financial Network Equilibrium Model

In this Section, we show that the financial network equilibrium model with intermediation
presented in Section 2 is isomorphic to a properly configured transportation network equilib-
rium model through the construction of a supernetwork equivalence of the former. We then
illustrate how this result can be exploited theoretically by providing a new interpretation of
the financial equilibrium conditions in terms of paths and path flows. We also demonstrate
through several numerical examples in Section 5 how algorithms developed for the solution of
transportation network equilibrium problems with fixed demands can be applied to compute

the equilibrium solution to the financial network problem.
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Consider a financial network problem with intermediation and electronic transactions as
described in Section 2 consisting of m source agents; n financial intermediaries, and o demand
markets denoting distinct financial products. The supernetwork, Gg, of the isomorphic
transportation network equilibrium problem is depicted in Figure 2 and is constructed as
follows. It consists of five tiers of nodes with the origin nodes at the top (or first) tier

and the destination node at the fifth or bottom tier. Specifically, Gg consists of m origin

nodes at the top tier, denoted, respectively, as: x1, x2, ..., x,, and a single destination node
at the bottom tier denoted by D. There are m O/D pairs in Gg denoted by w; = (z;, D);
t=1,...,m. Each top tiered node z; is connected to each second tiered node y;; j = 1,...,n
by two parallel links, and also connected to each fourth tiered node z;; j = 1,...,n by a

single link. There is also a link connecting each node z; to node vy,;. Every second tiered
node y;; j = 1,...,n except for y,41 is connected to the corresponding third tiered node y;;
j =1,...,n by a single link. Hence, we have that n’ = n. Node vy, is connected to the
destination node D by a single link. Each third tiered node y;/, in turn, is connected to each
fourth tiered node z; by two parallel links. Finally, each fourth tiered node zj is connected

to the destination node D by a single link.

Hence, in Gg, there are m +2n+ o0+ 2 nodes and K =2mn+m+mo+n+2no+o+1
links. We now define the link notation as well as the link flows. Let a;;41) denote the link
from z; to yn+1 with associated link flow fq, . for i =1,...,m. Let a;;, denote the [th
link from node z; to node y; with associated link flow f,,, fori=1,...m, j=1,.,n, and
ly =1,2. Let a;; denote the link from node z; to node z;, with associated link flow f,,, for
t=1,...,mand k =1, ..,0. Let aj;» denote the link from node y; to node y; with associated
link flow f, , for j =1,...,n and j =1,..,n". Let ajy, denote the I{" link from node y;/
to node z;, with associated link flow fajszz for j=1,..,n; k=1,....,m,and I = 1,2. The
notation /; in a;;;, is used to distinguish between the two parallel links connecting
x; and y;, while the notation [/ in a4, is used to distinguish between the two
parallel links between y;; and z;. Let a(,41)p denote the link connecting node y,,41 and
node D with associated link flow f, . Finally, let a;p denote the link joining node z; to

node D with associated link flow f,, .

We group the link flows into vectors as follows: the link flows {fs,,,, };7=1,...,m into

25



the vector fY; the link flows {faijll}; i=1,...,m;j=1,...,n;l; = 1,2 into the vector f:
the link flows {f,, };i=1,...,m; k=1,...,0 into the vector f? and the link flows {fajj,};
j=1,...,n; 5/ =1,...,n into the vector f3. Finally, we group the the link flows {fajszQ}
into the vector f*, and the {f,,,}; kK =1,...,0 into the vector f°.

In this supernetwork, there are three “types” of paths joining an origin node x; to des-
tination node D. The first type of path consists of four links: a;j;,, a;;/, aju,, and agp;
fori=1,....m; 7 =1,....,n; 7 =1,....0n; 11 =1,2; 15 = 1,2, and k = 1,...,0 with a
typical such path denoted by p;j;, jiw, and with the flow on the path denoted by Tp iraty
The second type of path consists of two links: a;, and agp; fori =1,....m; k=1,...,0,
with a typical such path denoted by p;; and its flow denoted by z,,. The third type also
consists of two links: a;n41) and a(u41)p, where i = 1,...,m and is denoted by pj(41) With
its flow denoted by Tpiinsn)- There are mo + m + 4mn?o paths in Gg. We let d,,, denote the

fixed demand associated with O/D pair w; and \,, denotes the travel disutility for w;.

Note that the following conservation of flow equations (cf. (21)), with the links, paths,

and assocuated flows as defined above, must hold on the supernetwork:
n o 2
Jau, = Z Z Z Lot inys L= L,...mj=1,...,n;l1, =1,2, (27)
§'=1" k=11ly=1
m 2 o

2
fajj/ :Zzzzzpijllj’klg’ jzla"'7n;j/:1,>"'an,> (28)

i=111=1k=11ls=1

Fapy = 2220 2 Togyr 4 = 1ok =10l =1,2, (29)

m n n 2 m
fop =203 > Tpimy T Sy, k=1,...0, (30)
=1

i=1j=1j'=1 ly=1

faw = Tpyey t=1,....om;k=1,...0, (31)
fai(nJrl) = Tpitnt1) i=1,...,m, (32)
fa(n+1)D = pri(nﬂ)' (33)

i=1
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Also, we have that (cf. (20))

n 2

do; =2, 2. 2,
§'=1"k

j=10=1

o

2 o
Z Ty, T Z Tpy T Tpyyrys 0= 1,0, (34)
=11ly=1 k=1

If all the path flows are nonnegative and (27) — (34) are satisfied, then the feasible path

flow pattern induces a feasible link flow pattern.

We now can construct a feasible link flow pattern for Gg corresponding to a feasible
financial flow pattern in the financial network model, (Q*, Q% @3, g,d) € K%, in the following

way:
q@'lefaijlla =1, ....om; j=1,....,n; 1 =1,2; l; =1, (35)
Qi(n+1)5fi(n+1)a 1=1,...,m, (36)

ngfajj,, j=1,...,n; 5 =1,...,n, (37)

Girt = fay,: j=1,...,n;9 =1,....0ns k=1,...,0, 1 =1,2; Il =1, (38)
Gik = fay, =1,....m; k=1,...,0, (39)

Ay = forps k=1,....0 (40)

Note that if (Q, Q% Q3, g,d) is feasible then the associated link flow pattern constructed
as in (35) — (40) is also feasible and the corresponding path flow pattern (cf. (27) — (34))

inducing this flow pattern is also feasible.

We now assign costs on the links of the supernetwork Gg as follows: to each link a;j;;,

assign a cost Cq,;, given by:

Ociji(Gizt) n Oc1(qiji)

Cay =2VE q; +2VI g i=1,....omj=1,....mL=1=12;
il G SV G 0qij 9qiji J !

(41)

to each link a;(,1) assign a cost Cagmany:
Carminy =0, i=1,...,m; (42)

to each link a;; assign a cost ¢, :
; Ocir(qi A .
Cajp, 52‘/22271+qu+ ak;CJk) +Cik(Q27Q3)7 Z:17"'7m;k:17"'70; (43)
ik
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to each link a;/, assign a cost Cajr,

acjkl (ijl)

+em(Q*Q%), i=1,...nk=1,...,0ly=1=1,2; (44)
aqjkl

Cajip, = 2V3, - 4+

2kl

and to the link a;; assign a cost: ¢, _,
77

_acj(g) . ./ / /
Cayy = Dg; j=1,....,n;5 =1,...,n". (45)

In addition, to the link a(,41)p assign a cost Capmpnyp'

Cagninyp = M. (46)
Finally, for each link ayp assign a cost:
Capp =M — par(d), k=1,...,0, (47)
where M is a scalar and defined by:
M= max fllelg(psk(d)) (48)

where D ={d|d € R} and dy < Y7*, S, Vk=1,...,0}.

The scalar M is used here to ensure that the cost on link ayp is nonnegative. It will not

appear in the final variational inequality formulation as will be proven below.

We now determine the costs associated with different paths in the supernetwork following
(22) and the link costs defined by (41) — (47). A user (“traveler”) of path p;ji, jiki,, for i =

L,....omyj=1,....n; 5 =1,....,n; k=1,...,0; 1l =1,2; Il = 1,2, on the supernetwork

Gs in Figure 2, incurs a path cost Cpiﬂlj,kl2 given by
, , O, (i) 0éin(qiny)  0c;(g;)
_ oy i il \dijly il \9ijly J\Yj
Crian, = 2V, "4 +2V2, a5 + Aqiji, " Oqij1, " 9g;
: ¢ty (qjkts) |
T2V, 4t 7](9;1; ) 4 20, (Q Q) + M — ) (49)
Jrt2
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A user of path p;, fori=1,...,m; k=1,...,0; on Gg in incurs a path cost C,, given
by

; Ocik(qi R
Cpik = 2‘/;2n+k - q; + # + Cik(Q2, Q3) + M — p3k(d). (50)
A user of path pj@11), for i = 1,...,m, on G incurs a path cost Cy,, , given by
Cpi(n+1) = M' (51)

Also, we assign the fixed travel demands associated with the O/D pairs as follows:

de,=S", i=1,...,m. (52)
Consequently, the equilibrium conditions (cf. (24)) for the transportation network equi-
librium model on the network Gg state that for every O/D pair w;; ¢ = 1,...,m and every

path connecting the O/D pair w;:

= Aw,, if x>0
Cp--z i kel >\ if *1”13 kig (53)
i7" klo Z Aw;y 1 $pijl1j’k12 _O’
= Ay, if 25, >0
C ‘ w; ) ] Pik o
b { > )\ww if $;zk - O’ ( )
=, i 2 >0
Cpi(n+1) { > )\“’z if Zl(nﬂ) . (55)
Z Aw;y 1 Pi(n+1)

In view of (24) and (25), we may immediately write the variational inequality formulation
in path flows whose solution satisfies (53) — (55). Indeed, we have that a path flow pattern
x* such that x* > 0 and satisfies (34) is a transportation network equilibrium if and only if

it satisfies the variational inequality problem:

o

2 m
* *
Z Cpijllj’klz X |:xpijl1j’kl2 B xpijllj/kl2:| + Z Z Cpik X [xpik B xpik}
i=1 k=1

+Y Cpiay) X {:cpi(nﬂ) -z } >0, Vx>0, and satisfying(34). (56)
i=1

Pi(n+1)
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Existence of a solution to variational inequality (56) follows immediately from the stan-
dard theory of variational inequalities (see, e.g., Dafermos (1980), Nagurney (1993), and
Patriksson (1994)) since the path cost functions are continuous and the feasible set is com-

pact (since the demands are equal to the sources of funds according to (52) which are finite).

We now show that the variational inequality formulation of the equilibrium conditions
(53) = (55) in link form (cf. (26)) is equivalent to the variational inequalities (11) and
(18b) governing the financial network problem. For the transportation network equilibrium
problem on the supernetwork G, we know that, according to Theorem 2, a feasible link

flow pattern is an equilibrium according to (24), equivalently, to (53) — (55), if and only if it

satisfies:
m m n 2
0 1 2 4
200'75(7%%1)(.]0 *) X (fai(n+1) - f:i(n+1)) + £y 1121 Caiﬂl (f *7 f *7 f *) X (faijll - f;ijll)
1= 1=1 9= 1=

+chaik(fl*af2*>f4*) X (fazk - f;k) + Z Z Cajj’(fg*) X (f“jj’ o f;jj’)

i=1 k=1 j=1j'=1
o
A5l kly

>
j=1

+Ca(n+1)D X (ftl(n+1)D o ft;k(n+1)D> Z Ov v(f07f17f27f37f47f57fa(n+1)D) < ICGv (57)

2 o
S Gy, (P S 85 X Fa, = Fi )+ D i (5) X (Fay = Fi)
la=1 k=1

k=1

where

ICG = {(.f()? f17 f27 f37 f47 f5’ fa(n+1)D)|(-f0’ f1’ f2’ f3? f4? f5? fa(n+1)D) 6 R-2‘rmn+mo+2no+m+o+1

and there exist a nonnegative path flow vector x such that (27) — (34) and (52) hold}.
After substituting (35) — (40) and (41) — (47) into (57), we have that:

m o n_ 2 . . Ocin(qs;)  Ocu(ay)
i * * il qzjl ijl qzjl

DIOTYC 2V g 42V, g+ g B S

i=1j=11=1 qiji qiji

] X [Qijl - q;jl}

Y [zvzw g P gy 8 >] < lauk — 3

2 . 80' q* N * * * ¢ 80' - *
> > [2VZJM “q; + 7jkl( ) +&u(Q%, Q° )] X [qjkz - ijl] + o) X [gj - gj}
; ik j=1 9g;
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o

1D SIATEVATD PITEY ARBTEY) SRS o e E1Y
i=1

k=1 i=1

v(Q', Q% Q% g.d) € K. (58)

After algebraic simplification of (58), we obtain

e ; j dcij(gi)  Ociulaiy)
VI, qf +2VI g+ T+ 0 X g — 4
;;; [ " R 0qii Iqiji [ ! ]l}
Uil * 8Cik q:( ~ * * *
353 vt + ) 0,00 il
i=1 k=1 ik
WA o (@) . A3 Iy ( «
> [2‘% qi + 7% 4 u(Q, Q° )1 X {qg'kl q]kl} + Z é { - gj}
j=1k=11=1 qjkl 9;

Q

- p3k(d*) [dk—dk]—l-MX [de+qu n+1) de—f‘qu n+1) ] >0,

k=1 =1

V(Q', Q% Q% g.d) € K. (59)

Notice now that Y0_; di + X1 Gigne1)y=>iey S* = Yooy djp + 3174 Gi(n+1)- Therefore, the

last term in (59) is always equal to zero.

Hence, we can cancel out the last term in (59), which yields

U : : dcij(qiy) | 9ciu(aiy)
VI qr 2V g | g — g
;;g[ 54 T gy it 1 = 4
Vw4 + O +ee(Q7, Q™) | X (g — qiy)
=1 k=1 ?
n o 2 ac'kl(q‘kl) n 60
AV * 37] A 2% N)3* ) 3 —gF
j;lk:lg [ 2kl ] aq]k + C]kl(Q aQ ) X {q]kl q]kl} + ag] { gj}
Z 3k dk - dk] Ov V(Qlu Q27 Q3797 d) € ]C4' (60)

Variational inequality (60) is precisely variational inequality (18b) governing the finan-
cial network problem with intermediation, which according to Corollary 2 is equivalent to

variational inequality (11).

Hence, we have the following result:
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Theorem 3

A solution (Q'",Q*",Q%",d*) € K? of the variational inequality (18b) governing a financial
network equilibrium with intermediation and electronic transactions coincides with the fea-
sible link flow pattern for the supernetwork Gg constructed above and satisfies variational
inequality (60). Hence, it is a transportation network equilibrium pattern on the supernet-

work Gg.

We now further elaborate about the new interpretation of the equilibrium conditions (53)
— (55) in the context of the financial network with intermediation. Indeed, we now have a
novel concept of equilibrium in terms of paths and path flows for the financial network which
follows Wardrop’s first principle of travel /traffic behavior (see also (24)) with the interpreta-
tion being that only those paths are used from a source agent to produce a financial product
(with a financial product here being in the more general sense that non-investment also corre-
sponds to a financial product) that are minimal in a cost sense. Hence, there is an underlying
efficiency principle which yields the optimal paths for the production/transformation of fi-

nancial flows from origins to the destination.

It is worth comparing the supernetwork equivalence established in this paper to the one
constructed for decentralized supply chain networks by Nagurney (2005). In the case of mul-
titiered supply chains, the supernetwork consists of a single origin node and as many desti-
nation nodes as there are demand markets for the product. In the supernetwork representing
the financial network with intermediation and electronic transactions, in contrast, there is a
single destination node and as many origin nodes as there are source agents with sources of
financial funds. Also, in the case of supply chains, the supernetwork corresponds to an elas-
tic demand transportation network equilibrium model developed by Dafermos and Nagurney
(1984) whereas in the financial network context, the supernetwork corresponds to a fixed de-
mand transportation network equilibrium model due to Smith (1979) and Dafermos (1980).
Moreover, in the context of supply chains, there was no need to capture non-investment and

the associated possible “slack” flows on links/paths.

We now provide an existence result using the supernetwork representation of the financial

network model with intermediation, which we also emphasize is new in that, unlike the model

32



in Nagurney and Ke (2003), here we consider demand price (or inverse demand) functions
at the demand markets (rather than demand functions). Of course, if the demand functions
are invertible then either model may be used. Such flexibility has been found to be very
useful in transportation network applications as well as in the closely related spatial price
equilibrium problems (see, e.g., Dafermos and Nagurney (1984) and Nagurney (1993) and

the references therein).

In particular, we have

Theorem 4

There exists a solution to variational inequality (57) and, hence, to variational inequality
(18b).

Proof: Follows from the standard theory of variational inequalities (see Dafermos (1980)
and Nagurney (1993)) since the cost functions on the links are continuous and the feasible

set is compact.

Note that Theorem 4 illustrates the potential power of the theoretical equivalence estab-
lished here between financial network equilibrium with intermediation and transportation
network equilibrium with fixed demands. Indeed, as we have shown, existence of solutions
to the former problem permits for a direct and simple proof of existence of a solution to the

latter.
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5. Numerical Examples

In order to further demonstrate the potential applicability of the equivalence established
in Section 4, but now, in terms of computations, we, in this Section, present six numerical
financial network examples. We identify the supernetwork equivalence, and then determine
the equilibrium on the supernetwork. The solution is then translated back to the financial

network notation.

The examples were all solved, as noted in the Introduction, using the Fuler method,
which was proposed for the computation of solutions to fixed demand transportation network
equilibrium problems by Nagurney and Zhang (1997); see also Nagurney and Zhang (1996).
The algorithm is a special case of the general iterative scheme of Dupuis and Nagurney (1993)
developed for the computation of solutions to variational inequality problems; equivalently,
for the computation of stationary points of projected dynamical systems. Here we present
the Euler method directly for the solution of the problems of concern, that is, transportation
network equilibria. Note that the general iterative scheme of Dupuis and Nagurney (1993)
also induces other algorithms, including Heun-type methods. Due to the equivalence of
variational inequalities (25) and (26) and also since the theoretical results in Section 4 provide
a new interpretation of financial network equilibria in terms of paths and path flows, we

choose this algorithm which operates in the space of path flows.

Specifically, the Euler method applied to solve variational inequality (25) takes the form:

The Euler Method for the Computation of Fixed Demand Transportation Net-

work Equilibria

At iteration 7 determine
2™ = Pes (a7 — a,C(a7)), (61)

where C is the vector of path costs, Pgs denotes the projection on the feasible set K?, and
{a,} is a sequence of positive numbers satisfying >°°, a, = oo, a, — 0as 7 — oo, which
is required for convergence (see Dupuis and Nagurney (1993), Nagurney and Zhang (1997)).
Of course, (61) may be interpreted as a projection-type method in which the parameter a,

varies from iteration to iteration (see also, Nagurney (1993)).
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Expression (61) is equivalent to solving the quadratic programming problem: determine

T4+1

the vector of path flows 7™ according to:

1
2™ =min 27 -2 — (27 — a,C(27))" - 2. (62)
zeks 2

In view of the feasible set K°, problem (62), in turn, can be decomposed into as many
subproblems as there are O/D pairs in the transportation/supernetwork, each of which is
a quadratic programming problem with special structure that can be solved exactly and in
closed form using exact equilibration, which was proposed by Dafermos and Sparrow (1969)
and noted also by Nagurney and Zhang (1996). In particular, problem (62) is equivalent to

the solution of: for each O/D pair w, compute:

1
min§ Yo+ > hlw, (63)
PEPy pEPy
subject to:
> x,=d, (64)
PEPy
zp, >0, Vp€ P, (65)
where
h, = a,Cy(z7) — . (66)

Observe that this subproblem for each O/D pair w is over a network of special structure,
in view of constraints (64) and (65). In particular, the specially structure network has disjoint
paths, that is, the paths have no links in common. This is a notable feature of the Euler
method in path flow variables. Convergence results can be found in Dupuis and Nagurney
(1993) and in Nagurney and Zhang (1996, 1997).

For completeness and easy reference, we now state the exact equilibration algorithm
where the iteration counter 7 is suppressed, for simplicity. It can be used to solve (63) — (66)
and can, hence, be embedded in the Euler method above to compute network equilibrium
solutions. We will use this combination of algorithms for all the numerical examples in this

Section.
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Exact Equilibration Algorithm for O/D pair w

Step 0: Sort

Sort the fixed cost terms, h,, p € P,, in nondescending order, and relabel accordingly.
Assume, from this point on, that they are relabeled. Set h,, .1 = oo where n,, denotes the

number of paths in O/D pair w. Set p = 1.

Step 1: Computation

Compute:
W > 1 hy+ dw.

w p
i=1 1

(67)

Step 2: Evaluation

If h, < AP < h,41, then stop; set ¢ = p, and go to Step 3. Otherwise, let p :=p+ 1, and go
to Step 1.

Step 3: Update

Set
xpy=A —h, p=1,...,q, (68)

T, =0, p=q+1,...,n. (69)

The Euler method had been coded in FORTRAN by the second author and had been ap-
plied to a spectrum of transportation network equilibrium problems in Nagurney and Zhang
(1996, 1997). We used that code for the computation of solutions to all the numerical exam-
ples below. The computer system used was a Unix system at the University of Massachusetts
at Amherst. For all the examples, the sequence {a,} was set to: .1{1, %, %, %, %, %, ...}. The
convergence criterion was that the path flows in two subsequent iterations differed by no
more than € = .00001. The Euler method was initialized by allocating the demand for each

O/D pair equally among all the paths connecting that O/D pair.

The examples consisted of two source agents, two financial intermediaries, and two de-

mand markets. These examples have the financial network structure depicted in Figure 3.
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Figure 3: The Financial Network Structure of the Numerical Examples
For simplicity, we excluded electronic transactions.

Example 1

The financial holdings for the two source agents in the first example were: S' = 10 and
S? = 10. The variance-covariance matrices V* were identity matrices for all the source agents
i = 1,2. The variance-covariance matrices V7, in turn, for intermediaries j = 1,2 consisted
of an identity submatrix associated with the ¢;z; & = 1,2 variables, with all other terms
being equal to zero. We have suppressed the subscript [ associated with the transaction cost
functions since we have assumed a single (physical) mode of transaction only being available.

Please refer to Table 1 for a compact exposition of the notation.

The transaction cost functions of the source agents associated with their transactions
with the intermediaries were given by:
Cij(Qij> :2q22]+q2]+1, for 1 = 1,27j = 1,2

with the partial derivative with respect to ¢;; given by:

dcii
T gy +1, fori=1,27=12
an'j
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The transaction cost functions of the intermediaries associated with transacting with the

sources agents were given by:
éij(qij) = 3qi2j + 2¢;; + 1, fori=1,2;7=1,2,

with the partial derivative with respect to g;;:
Oéij

=06q;; +2, fori=1,2;5=1,2.
an'j !

The handling costs of the intermediaries were:

a(QY) =05(qi +¢21)*,  2(Q") = 0.5(q12 + g22)°,

which are equivalent, respectively, to:

c1(g) = 0.5g7,  a(g) = 0.53,
with the partial derivatives with respect to g;; j =1, 2:
Jc; Ocy

o " Bgs
where g; = Y2 ¢j, forj=1,2.

We assumed that in the transactions between the intermediaries and the demand markets,

the transaction costs perceived by the intermediaries were all equal to zero, that is,

cjr =0, forj=12;k=1,2.

The transaction costs between the intermediaries and the consumers at the demand mar-

kets, in turn, were given by:

Cik = qjr +2, forj=12k=1,2.

The inverse demand (demand market price) functions at the demand markets were:

par(d) = —2dy, + 100, for k=1, 2. (70)
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a1/

Figure 4: The Supernetwork Gg for the Numerical Examples

We now provide the supernetwork G for the reformulation of this this financial network
as a fixed demand tranportation network equilibrium problem. The supernetwork is given
in Figure 4 and consists of ten nodes, fifteen links, and two O/D pairs; w; = (21, D) and
wy = (xq, D).

Since we only considered physical transactions, as noted above, we can suppress the
indices l; and lo. Using now (27) — (40), the demands and the link flows in the supernetwork

are as follows:

dy, = Si =10, i=1,2, (71)

Jai; = qij, fori=1,2,7=1,2 (72)

fajj, =g, forj= 1,2:9 =12, (73)

faj,k = ¢, for i =1,27=1,2k=1,2, (74)
forp =di, fork=1,2. (75)

The link costs (cf. (41) — (48)), hence, were defined as follows:

0¢ij(qij) n 0¢5(qij)
0q;j 0qi;

Cayj = 2‘/;] ~qi+2VZ{ *qj +
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=2fa; + 2fay; t4fa; +1+6fs, +2=14f,, +3, fori=1,2;7=1,2,
Cay =0, 1=1,2,

dc;(g)
dg;

— P a1 o
Cajj/ _.fajj/a fOI"]—l,Q,] _1727

Icjr(qjk)

Ca, =2VI .qi+
i’k 4j 8ij

7 +E1(Q%, Q%) = 2fa, A0+ fu,, +2 = 3fa, +2, forj =1,2 k=12
In this and in the next two examples, M = 100, and, hence,

Cap =M — pi(d) =2f,,,, fork=12,

Cayp = M = 100.

We now list the paths for each O/D pair (refer to Figure 4). Since only physical trans-
actions are involved, we suppress the subscripts /1 and I, for simplicity, and we enumerate
the paths as pi, po, and so on, in which we list the specific links as in Figure 4. The paths
in O/D pair wq, denoted by the set P,, are, hence, given by:

P1 = (an,an',al'haw), P2 = (a117a11’7a1’27a2D)7

p3 = (012, Q9r, A2r1, alD)> Pbs = (alz, A9/, A212, CL2D),

ps = (a13,a3p).
The paths in O/D pair ws denoted by the set P,, are given by:
Ps = (a217 aii, a1, alD)a pbr = (CL217 arir, @12, CL2D)7

Ps = (022, Q9r, A2r1, alD)> P9 = (a22, A9/, A212, CL2D),

P1o = (a23, a3D)-

The Euler method converged in 24 iterations and yielded the equilibrium path flows and
link flows given in Table 2 and Table 3, respectively. In this example, all paths were used in

equilibrium for each O/D pair and the path costs were all equal to 100.
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The computed equilibrium link flows can be converted to the financial flows using expres-
sions (72) — (75). In addition, the demand market prices can be obtained from (70), which
yields: p3; = p3a = 83.4. Similar results can be obtained for the subsequent examples. Note

that in this Example, each source agent did not invest the amount 1.74.

As further verification of the theory in this paper, we then converted the demand mar-
ket price functions into demand functions by inverting them, which yielded the demand
functions:

dy = —.5p31 + 50, dy = —.5p30 + 50.

The resulting numerical financial network model with intermediation with the data as in
Example 1 but with the demand functions would correspond to the model developed in
Nagurney and Ke (2003) (but without electronic transactions). We then solved this version
of the model using the Euler method but applied directly to the financial network model
with demand functions as described in Nagurney and Ke (2003) and obtained, as expected,

the identical equilibrium financial flow pattern, that is:
QY =¢q; =413 fori=12;j=12

Q™ :==qj, =413, for j =1,2;k =1,2.
In addition, the algorithm proposed in Nagurney and Ke (2003) computed the demand

market prices: p3; = pi, = 83.4.

Example 2

In the second numerical example, the data were identical to those in Example 1, except that
the financial holdings of the source agents S;; ¢ = 1,2, were now both equal to 6. Hence,
the source agents had fewer financial holdings to allocate in this example as compared to

Example 1.

The Euler method converged in 2 iterations. The computed equilibrium path flow and

link flow patterns are given, respectively, in Table 2 and Table 3.

In this example, for both O/D pairs, in equilibrium, the costs of the used paths were all

equal to 74. In the case of the paths containing the non-investment links, with path costs
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equal 100, the flows were zero; in other words, all the financial funds are invested. Hence, as
in the conditions (53) — (55), in equilibrium, only those paths connecting an O/D pair with

minimal costs are used, that is, have positive flow on them.

The equilibrium financial flow pattern can be obtained directly from expressions: (72) —
(75).

We then also solved the financial network model with intermediation with the data for
Example 2, but with the demand functions (rather than their inverses) using, again using

the algorithm proposed in Nagurney and Ke (2003). We obtained, as expected,
Q" ==¢q}; =3.00, for i =1,2;j =1,2;

Q™ == ¢}, =3.00, for j = 1,2k =1,2.

The demand market equilibrium prices obtained were: p3; = p3, = 88, which are exactly
the values obtained by substitution of the di = d5 = 6. These results coincide with the
corresponding equilibrium link flow pattern obtained by the Euler method applied to the

supernetwork as above.

Example 3

The third numerical example had the same data as Example 1 except that the handling cost

of the second intermediary, c,(Q'), was given by:

e (Q") = (q12 + g22)%,

or, equivalently,

c2(9) = 93
with the marginal handling cost:
dea(9)
=2
g, 92,

so that on the supernetwork we had now that

Cayyr = 2fa22/ .
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The Euler method converged in 13 iterations. The equilibrium path flows and link flows
are reported in Tables 2 and 3. In this example, for both O/D pairs, all paths were used,
and the path costs were all equal to 100.

We then also solved the financial network model with intermediation with the data for
Example 3, but with the demand functions (rather than their inverses) via the algorithm
proposed by Nagurney and Ke (2003) and obtained the identical results for the financial flow
pattern corresponding to the link flows. The equilibrium demand market prices were now
P31 = Pp = 84.05.

Example 4

Example 4 was constructed from Example 1 and had the identical data except that the

demand market price (inverse demand) functions were now changed to:
ps1(d) = —1.14d, + .858ds + 281.71,  psa(d) = —1.14dy + .858d; + 281.71,

so that M was now equal to 281.71. Hence, all the link cost functions on the supernetwork

remained the same except that now we had that:

Carp = L14f0  — 858fs . Cayp = 1.14f0 — 858fs,, c3p = 281.71.

The Euler method converged in 2 iterations. The computed equilibrium path flows and
links flows are given in Tables 2 and 3. In this example, for both O/D pairs, all paths were
used, except for the two paths (one per O/D pair) containing the non-investment links. The
costs on the used paths were all equal to 102.82; the costs on the two unused paths were
equal to 281.71.

Example 5

Example 5, in turn, had the same data as Example 2, but with the inverse demand functions
as in Example 4, so that the costs on links: aip,asp, and azp were as in Example 4.
The computed equilibrium link flow pattern was identical to that in Example 2 as was the
equilibrium path flow pattern. However, the cost on all the used paths was now equal to
63.69. The cost on the two unused paths was equal to 281.71. The Euler method converged

in 2 iterations. Refer to Tables 2 and 3 for details.
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Example 6

Example 6 was constructed from Example 3 and it had the same data as Example 3 except

that the demand market price functions were as in Examples 4 and 5.

The Euler method now converged in 8 iterations and yielded the equilibrium path flows
and link flows reported, respectively, in Table 2 and in Table 3. The cost on the used paths
(for both O/D pairs) was 107.57 and the cost on the unused paths (also for both O/D pairs)
was 281.71.

We emphasize that the above framework enables numerous simulations in which the effects
of changes to the transaction cost, handling cost, and inverse demand functions, as well as to
the financial holdings, etc., can be made and the impacts on the resulting flows determined.
Indeed, we have conducted additional numerical experiments in which the financial holdings
were distinct for the source agents and the inverse demand functions were as well and we
were able to obtain equilibrium solutions which fully supported the theoretical results in
Section 4. Of course, one can also investigate the effects of the addition/deletion of source

agents, and/or financial intermediaries, and/or demand markets.
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Table 2: Path Flow Solutions to Examples 1, 2, 3, 4, 5, and 6

Path Flows | Example 1 | Example 2 | Example 3 | Example 4 | Example 5 | Example 6
T, 2.07 1.50 2.08 2.50 1.50 2.63
T, 2.07 1.50 2.08 2.50 1.50 2.63
T, 2.07 1.50 1.88 2.50 1.50 2.38
T, 2.07 1.50 1.88 2.50 1.50 2.38
T, 1.74 0.00 2.07 0.00 0.00 0.00
T 2.07 1.50 2.08 2.50 1.50 2.63
T, 2.07 1.50 2.08 2.50 1.50 2.63
Ty 2.07 1.50 1.88 2.50 1.50 2.38
T 2.07 1.50 1.88 2.50 1.50 2.38
Ty, 1.74 0.00 2.07 0.00 0.00 0.00

Table 3: Link Flow Solutions to Examples 1, 2, 3, 4, 5, and 6

Link Flows | Example 1 | Example 2 | Example 3 | Example 4 | Example 5 | Example 6

fan 4.13 3.00 4.16 5.00 3.00 5.25
a1 4.13 3.00 3.77 5.00 3.00 4.75
fars 1.74 0.00 2.07 0.00 0.00 0.00
o1 4.13 3.00 4.16 5.00 3.00 5.25
s 4.13 3.00 3.77 5.00 3.00 4.75
s 1.74 0.00 2.07 0.00 0.00 0.00
oy 8.26 6.00 8.33 10.00 6.00 10.50
ey 8.26 6.00 7.54 10.00 6.00 9.50
o 4.13 3.00 4.16 5.00 3.00 5.25
fay, 4.13 3.00 4.16 5.00 3.00 5.25
ayy 4.13 3.00 3.77 5.00 3.00 4.75
s 4.13 3.00 3.77 5.00 3.00 4.75
a1 8.26 6.00 7.93 10.00 6.00 10.00
A 8.26 6.00 7.93 10.00 6.00 10.00
. 3.48 0.00 4.14 0.00 0.00 0.00
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6. Summary and Conclusions

In this paper, we have considered two distinct classes of network problems, with ac-
companying research, corresponding to financial network problems with intermediation and
transportation network equilibrium problems. Financial network problems with intermedia-
tion which can also include electronic financial networks are characterized by decision-makers
associated with tiers of the financial network who allocate/transform financial resources from
those with sources of financial funds, through financial intermediaries, into distinct financial
products associated with the demand markets. Transactions may also take place directly
between those with sources of funds and the consumers at the demand markets. In the
case of transportation network equilibrium problems, travelers or users of the network seek
to determine their cost-minimizing routes of travel, acting unilaterally, with the governing
equilibrium concept being that of Wardrop (1952) in that only those paths connecting each

origin/destination pair of nodes will be used such that their costs are equal and minimal.

In this paper, we first presented a new model of financial network equilibrium with in-
termediation and electronic transactions in which the inverse demand functions, that is, the
demand market price functions were assumed known and given. The model was based on
the financial network model of Nagurney and Ke (2003) in which the demand functions were
assumed. We derived the governing equilibrium conditions and presented the variational
inequality formulation. We then recalled the transportation network equilibrium model due
to Smith (1979) and Dafermos (1980) in which the travel demands associated with the ori-
gin/destination pairs are fixed and given. We also presented the corresponding variational
inequality formulations in both path flows and link flows for the transportation network

equilibrium model.

Subsequently, we constructed the supernetwork representation of the financial network
problem, which corresponds to an isomorphic transportation network equilibrium problem
with fixed demands, and we proved that the respective variational inequalities coincide. This
equivalence allowed us to provide a novel interpretation of the equilibrium conditions of the
financial network problems with intermediation in terms of paths and path flows. We then
exploited this equivalence theoretically by providing a direct existence proof of the solution

to the new financial network model with intermediation.
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Finally, since the topic of transportation network equilibrium modeling, analysis, and
computations has been an active subject of research, beginning with the classical book of
Beckmann, McGuire, and Winsten (1956), this connection provides us with many opportu-
nities for the transferral of results in that field to financial networks with intermediation. We
then proposed and applied an algorithm for the computation of solutions to fixed demand
transportation network equilibrium problems by Nagurney and Zhang (1997) to compute
solutions to six numerical financial network problems. The computational results yielded
information that was not previously available since both the equilibrium path flows as well

as the equilibrium link flows were now obtained.

The results in this paper are companions to the recent paper of Nagurney (2005) which
established that decentralized, multitiered supply chain network equilibrium problems can
be reformulated as transportation network equilibrium problems, but with elastic demands,
and on a supernetwork entirely distinct from the one obtained here for financial network

problems with intermediation.

Future research may include exploring the potential of the results obtained in this paper
for reformulating international financial networks with intermediation originated by Nagur-
ney and Cruz (2003a, b). In addition, it would be very interesting to explore the solution of
large-scale financial network problems computationally using a spectrum of algorithms from
the transportation science literature. Finally, it would be illuminating to derive stability and
sensitivity analysis results for financial networks with intermediation as have been obtained
for transportation networks (see, e.g., Nagurney (1993)). Of course, we note that here we
have assumed that the risk is modeled as a variance and that the use of more advanced risk
measures would be another interesting extension. In addition, in the future, we may explore
other multiobjective techniques, rather than use an additive function to represent the mul-
ticriteria decision-making behavior, reflecting, in effect, risk minimization and profit or net
revenue maximization, of both the sources of financial funds and the financial intermediaries

in our financial model.
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