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Abstract: In this paper, we consider the dynamics of a global supply chain network economy
in the presence of risk and uncertainty in which distinct speeds of adjustment are included.
We assume three tiers of decision-makers: manufacturers, distributors, and retailers, who
acquire the product in order to satisfy the demand at the demand markets. The manufac-
turers, distributors, and retailers may be based in the same or in different countries and may
transact in different currencies. We allow for electronic transactions in the form of electronic
commerce between the manufacturers and the retailers as well as between the distributors
and the retailers since the retailers may be physical or virtual. In addition, supply-side risk
and demand-side risk are handled in our formulation with the former being expressed as a
multicriteria decision-making problem for each manufacturer and distributor (with distinct
weights associated with the criteria) and the latter being handled with the use of uncertain
demands. The proposed framework allows for the modeling and theoretical analysis of such
global supply chain networks, which involve competition within a tier of decision-makers but

cooperation between tiers. Numerical examples are provided for illustrative purposes.
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1. Introduction

Fewer than ten years ago, the purchase of a product, typically, involved getting dressed,
using some mode of transport to reach the shopping destination, selecting the product phys-
ically, and then paying for the purchase. Today, many consumers, be they at home, at work,
or at some other location, can go online 24 hours a day, 7 days a week, and select and pur-
chase a great assortment of products over the Internet while doing their “shopping.” Indeed,
it is now possible, in many instances, to buy books, videos, and CDs online as well as to
order food from a supermarket or restaurant in an electronic manner, and have the items

delivered afterwards to the desired destination.

The revolution in electronic commerce has affected not only consumers and their decision-
making but has also influenced the producers/manufacturers, the distributors, as well as
the retailers (be they physical or virtual), and, in effect, the entire product supply chain.
According to Salkever (2003), Intel, one of the world’s largest computer chip manufacturers,
last year generated 85% of its orders — some $22.8 billion worth — online. Moreover, 26% of
the sales occurred after the company’s physical offices had closed for the day. Furthermore,
Intel estimates that it saved $500 million in the year 2002 due to greater control over the

supplies that it requires for chip manufacture.

Indeed, both business-to-consumer (B2C) commerce and business-to-business (B2B) com-
merce via the Internet are thriving. For example, in Europe alone, the amount of goods and
services purchased online by companies in 2002 surpassed $200 billion (cf. Reinhardt and
Majidi (2003)), resulting in a 100% growth in the number of transactions, with B2C com-

merce in Europe growing at an annual rate of 75%.

The advent of electronic commerce is enabling the world to move closer to the realization
of a single, borderless market and is driving the increasing globalization of not only businesses
but also supply chains. At the same time, however, increasing globalization exposes supply
chains to new risks and uncertainties. For example, recently, the threat of illness in the
form of SARS (see Engardio et al. (2003)) disrupted supply chains as have terrorist threats
and wars (see Sheffi (2001)). Frameworks for risk management in a global supply chain
context with a focus on centralized decision-making and optimization have been proposed
by Huchzermeier and Cohen (1996), Cohen and Mallik (1997), and Cohen and Huchzermeier
(1998) (see also the references therein). Indeed, although the importance of global issues in
supply chain management and analysis has been emphasized in several papers (cf. Kogut
and Kulatilaka (1994), Cohen and Mallik (1997), Nagurney, Cruz, and Matsypura (2003)),

the topic of supply chain risk modeling is fairly new and requires novel methodological



approaches that are able to capture the operational as well as the financial aspects of such

decision-making.

In addition, it is imperative to be able to address dynamic issues since not only does the
speed of the Internet allow for transactions to be conducted across the globe but such trans-
actions can occur very rapidly. Moreover, it is important to recognize and capture distinct
speeds associated with the decision-makers’ transactions. In 1939, Hicks in his classic work
took the first steps towards the integration of comparative statics and dynamic economics.
Samuelson (1941), subsequently, in a pioneering article presented the first complete synthesis
of dynamics and comparative statics and demonstrated the importance of dynamic economics
in the analysis of equilibrium. In these publications, as well as in numerous studies that fol-
lowed (see, e.g., Metzler (1945), Arrow and Hurwicz (1958), Quandt (1967), Hahn (1970),
and Okuguchi (1976)), there was one natural and, yet very important, assumption made: a
change in price is proportional to the difference between the demand and the supply of the
product. Fisher (1961) offered a similar adjustment assumption for the individual outputs

and suggested that it might have interesting consequences for the discussion of stability.

In this paper, we build upon the ideas of classical economics in terms of dynamics by
proposing a dynamic global supply chain network model which includes explicit speeds of ad-
justment, which are incorporated into a projected dynamical systems formalism (cf. Dupuis
and Nagurney (1993), Zhang and Nagurney (1995), and Nagurney and Zhang (1996)) for the
first time. The dynamic global supply chain network model also captures decision-making
under risk and uncertainty associated with both the supply-side as well as the demand-side.

The model is accompanied by entirely new theoretical results.

In particular, in this paper, we focus on the development of a dynamic global supply chain
supernetwork model with supply-side and demand-side risk that considers the interactions
among three distinct tiers of decision-makers, notably, the manufacturers, the distributors,
as well as the retailers, who must respond to the consumers as represented by the associ-
ated demand functions for the product. The speeds of adjustment may be distinct for each
transaction that takes place. The general framework that we utilize is that of supernet-
works, as introduced by Nagurney and Dong (2002) to capture the trade-offs associated with
decision-making on transportation versus telecommunication networks in the Information

Age.

This paper is organized as follows. In Section 2, we develop the global supply chain
network model in which distinct speeds of adjustment are allowed and derive its projected

dynamical system formulation. The projected dynamical system describes how the product



transactions evolve through time between the tiers of the “supernetwork” as well as how
the prices associated with the retailers and the distributors evolve. We also establish that
the set of stationary points of the projected dynamical system coincides with the set of
equilibrium points (formulated as a variational inequality problem). In the same section,
we provide some theoretical properties of the projected dynamical system and prove that
the set of equilibria is independent of the speeds of adjustment. In Section 3, we propose
an algorithm, which provides a time-discretization of the continuous time trajectories of the
product transactions and prices. In Section 4, we apply the algorithm to several numerical
global supply chain network examples. The numerical results support the theoretical results
established in this paper. We conclude the paper with a summary and discussion in Section
5.



2. The Dynamic Global Supply Chain Network Model with Risk and Uncertainty

In this Section, we develop the dynamic global supply chain network model in which
physical and electronic transactions are allowed and in which both supply-side and demand-
side risks are included. In particular, we consider (cf. Figure 1) a three tiered supply chain
network consisting of: manufacturers, distributors, and retailers, and these are associated,
respectively, with the top tier, the middle tier, and the bottom tier of nodes of the network.
Both the manufacturers and the distributors are assumed to be multicriteria decision-makers
and concerned not only with profit maximization but also with risk minimization. The risks
that manufacturers and distributors face may include, for example, the political risk, the
currency risk, or a combination thereof, etc. The bottom tier of decision-makers, namely,

the retailers, in turn, are faced with the risk associated with the uncertainty in demands.

We consider a global setting, in which there are L countries, with a typical country
denoted by I, Z, or [ (since we need to distinguish a given country by tier). There are I
manufacturers in each country with a typical manufacturer ¢ in country [ denoted by #/ and
associated with node il in the top tier of nodes in the global supply chain supernetwork
(cf. Figure 1). There are, hence, a total of L manufacturers in the global economy. Also,
we consider J distributors in each country with a typical distributor j in country [ being
denoted by jZ and associated with the second tier node jZ in the network. There are, thus, a
total of JL distributors in the global supply chain network. A typical retailer k in country
[ dealing in currency h is denoted by khl and is associated with the corresponding node
in the bottom tier of the network and is, referred to, henceforth, as retailer khl, with the
understanding that the retailer is associated with a country and transactions in a currency.
There are a total of K HL bottom tiered nodes in the global supply chain with K denoting

the number of retailers and H the number of currencies.

In order to more clearly understand the processes that drive the dynamics of the proposed
system, we assume a homogeneous product economy meaning that the same product is
being produced by all manufacturers, shipped to the distributors, who, in turn, distribute
the product to the retailers. We allow the manufacturers to transact either physically with
the distributors, or directly, in an electronic manner, with the retailers, which reflects the
development and popularization of the electronic mode of doing business in today’s economy.
Therefore, the links connecting the top and the bottom tiers of nodes in Figure 1 represent
electronic links. The retailers associated with the bottom tier of nodes of the global supply
chain network may not necessarily be physical. They may represent on-line stores or other

kinds of virtual retailers. The framework can also handle multiple products, but with a



concommitant increase in notation.

Note that in Figure 1, there are H distinct links between a manufacturer and a distributor
pair. For example, the h-th link connecting manufacturer ¢/ with distributor j[ denotes the
possibility of a transaction between this pair of decision-makers in currency h. The flow
on such a link, hence, is the volume of product transacted between this pair in currency h
with the flow denoted by q;.lhi. We group all such flows for all the manufacturers (in all the
countries) and transacting with all the distributors (in all the countries) via the currencies

€ RIHE Tn addition, we note that there is a single link

into the column vector Q!
connecting each manufacturer ¢/ with each bottom tiered node in the network in Figure 1
and denote the volume of product transacted between il and retailer khl by q}'fhl—. Such links
denote transactions conducted electronically. We group all the product flows between the

manufacturers and the retailers into the column vector Q? € RIFFHE,

Finally, note that the links connecting the distributors with the retailers reflect transac-
tions conducted in a specific currency since the bottom tiered nodes denote retailer/currency
/country combinations, and the flow on such an abstract link denotes the volume of product
transacted in such a fashion between the manufacturer and retailer pair. Since we allow
retailers to be either physical or virtual the link between a distributor and retailer pair may
correspond to a physical transaction or to an electronic transaction. We let qiil— denote the

volume of product transacted electronically between distributor j [in currency h with retailer

k in country [ and group all such flows into the column vector Q* € R{FKHE,

We now turn to the description of the dynamic adjustment processes which govern the
disequilibrium dynamics as the various global supply chain decision-makers adjust their
product transactions between the tiers and the prices associated with the different tiers
adjust as well. We begin with a discussion of the price dynamics and then describe the

dynamics of the product transactions.



Country 1 Country [ Country L

Manufacturers Manufacturers Manufacturers

Retailers

Figure 1: The Structure of the Global Supply Chain Supernetwork

The Retail Price Dynamics

We begin by describing the dynamics underlying the prices of the product associated with the
retailers since the demand for the product drives both the manufacture and the distribution
of the product. Let ps;;,; denote the price of the product associated with retailer khl. We
assume that cikh;(pgkh;) is the demand for the product at the price ps,; at retailer khl,
where dy,7(psi) is a random variable with density function Fy,i(a, pagyr), With psp,; serving
as a parameter. As in Dong, Zhang, and Nagurney (2004), we assume that the density

function may vary with the retailer price. Let P,,; be the probability distribution function

of CZkhl‘(P?,khl‘), that is, Pyy; (% P3khl‘) =P khl_(czkhl_ < m) = f(;v Finr (% p3khl_>dx’

Using the most natural and popular among economists assumption about the forces that
influence the behavior of the prices in the market economy (see, for example, Samuelson
(1941), Metzler (1945), and Arrow and Hurwicz (1958)), we assume that the rate of change
of the price ps;,7, denoted by psip7, is proportional to the difference between the ezrpected
demand, where the expected demand is dyj(pspni) = F (cfkhl-(p%hl-)), and the total amount
transacted with the retailer. Moreover, the rate of change of the price ps;,; has the same

sign as the difference between the expected demand and the total amount transacted with



the retailer. Let ¢;; denote the speed of adjustment associated with the price at demand

market k, currency h, and country [. This term or factor is assumed to be positive.

Hence, we have that for each k, h,
i i i
Orni {dkhl‘(%khl‘) - Zz’lzl Zlel qklh[ - Z}-Izl Z[Lﬂ Qih[] ) if  pgen; >0

P3khl = g R I L i J L il T o
maxq 0, @pp khl(pskhl)_Zizlzlzlqkh[_ j:12[:1qkhz ;A pappr = 0.

(1)
Note that ¢;,; may also be interpreted as the sensitivity of the specific demand market in

the country and associated with transactions in a particular currency to the changes in the

supply and/or demand of the product.

Hence, if the demand for the product at the retailer (at an instant in time) exceeds the
amount available, the price of the product at that retailer will increase with the speed ¢,z
if the amount available exceeds the demand at the price, then the price at the retailer will
decrease with the same speed ¢;,;,;. Furthermore, we guarantee that the prices do not become

negative.
The Dynamics of the Prices at the Distributors

The prices charged for the product by various distributors must reflect supply and demand
conditions, similar to the case of the retailers. We let 7, denote the rate of change of the
price of the product at distributor jl. Thus, we assume that the price for the product charged
by distributor j l , associated with the node j [ in the middle tier of the supply chain network,

evolves over time according to:

K H L gl I L H i .
¢ji [Zkzl Doh=1 21 Qih[ = D1 211 e Q;»lh[] ) if Vi = 0

. , (2)
maX{U, Pji [25:1 S S G — T Y T q;‘lhf] }= if ;=0

’yji =
and that such dynamics hold for all the distributors jZ . Here, the term ¢; is the speed of
adjustment of the price for the product at distributor jZ. This term is also assumed to be

positive for all jfss.

In other words, if the amount of the product desired to be transacted by the retailers
(at an instant in time) exceeds that available at the distributor, then the price charged at
the distributor will increase with the speed ¢ ;; if the amount available is greater than that
desired by the retailer, then the price charged by the distributor will decrease with the same
speed ¢ji- As in the case of the retail prices, we guarantee that the prices charged by the

distributors remain nonnegative through the above projection operation.



Precursors to the Dynamics of the Product Transactions

Before we describe the dynamics of the product transactions, it is necessary to describe the
behavior of the first tier of decision-makers, that is, the manufacturers, and also to introduce
some additional notation. Let ¢% denote the production output of manufacturer il, which
is a nonnegative quantity. We group the production outputs of all manufacturers into the
column vector ¢ € R and assume that each manufacturer i/ has a production cost function

f, which can depend, in general, on the entire vector of production outputs, that is,

= filq), Vil (3)

Therefore, the production cost of a particular manufacturer can depend not only on his
production output but also on the production outputs of the other manufacturers. This

allows one to model competition.

Let C;"lh[ denote the transaction cost (which we assume includes the cost of transportation

and other expenses) that manufacturer il is faced with in transacting with distributor jl in
il

kbl
transportation and other expenses) that manufacturer il is faced with transacting directly

currency h. Let ¢, in turn, denote the transaction cost (which also includes the cost of
with retailer k£ in currency h and country [. These transaction costs may depend upon
the volume of transactions between each such pair in a particular currency, and their form

depends on the type of transaction. They are given, respectively, by:

Cé'lh[ = C;lhi(q;lhi>7 VZ7 lv .j7 h’v l (4@)

and
Cﬁh[ = Cﬁh[(qlilhf)v Viv lv kv h7 l_ (4b>

The following conservation of flow equation must hold:

” H . K H L )
@ =200 Gt 2 > i Vi (5)
J=1h=1j—1 k=1h=1]=1

Thus, according to (5) the amount of the product produced by a manufacturer is equal to

the amount transacted with the distributors and with the retailers in the various currencies.

Note that one can express the production cost function of manufacturer il (cf. (3)) as a

function of the vectors @ and Q?: f(Q', Q%) and we use this notation, henceforth.

It is assumed that each manufacturer seeks to maximize his profits which is the difference

between his revenue and the total costs incurred. The revenue is equal to the product



of the price and the total quantity transacted with all the distributors and with all the
retailers. Since we allow the transactions to take place in different currencies, the prices
of the product in different currencies associated with transactions with different tiers of
decision-makers may be distinct. Let pl i denote the price associated with the product
transacted between manufacturer i/ and distributor jl in currency h, and let pumz denote
the price of the product associated with a transaction between manufacturer i/ and retailer

k in currency h and country .

Another assumption to be noted is that all the cost functions are given in the base
currency. Considering the fact that the prices are in different currencies and costs are all
in the base currency, we need to introduce a device that will bring all the measures to one
common denomination. Hence, we introduce the currency exchange rate ey, which is the
exchange rate of currency h relative to the base currency. The exchange rates are exogenous
and fixed in the model whereas all the other prices are endogenous. Given the above, the
total revenue of manufacturer il can be expressed as:

J H L K H L

Zlhzl Z plghl X en)q yhl i Z Z pllkhl_ X €n) Qi
j=1h=1j—1

Consequently, using the conservation of flow equation (5), the production cost functions
(3), and the transaction cost functions (4a) and (4b), one can express the profit maximization

criterion for manufacturer [ as:

J H L K H L
Maximize Z Z Z plghl X en)q Jhl SN (P % en) @i
J=1h=1j_; k=1h=1]=1
’ J H L K H L
—f1(Q4 Q% — Z Z Z th =222 > Gl i) (6)
j=1h=1j—q k=1h=1]=1

subject to: q ;2 0, for all j, h, [ and qkhl >0, for all k, h, .

In addition to the criterion of profit maximization, we also assume that each manufacturer
is concerned with risk minimization. Here, for the sake of generality, we assume, as given,
a risk function 7%, for manufacturer ¢ in country [, which is assumed to be continuous and
convex and a function of not only the product transactions associated with the particular

manufacturer but also of those of other manufacturers. Hence, we assume that

=r'(Q" Q%) Vil (7)

Note that according to (7), the risk as perceived by a manufacturer is dependent not only

upon his product transactions but also on those of other manufacturers. Hence, the second
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criterion of manufacturer ¢/ can be expressed as:
Minimize r*(Q', Q?), (8)

subject to: q ;2 0, forall j, h, [ and qkhl > 0, for all k, h, . The risk function may be distinct

for each manufacturer /country combination and can assume whatever form is necessary.
Multicriteria Decision-Making Behavior of the Manufacturers

Each manufacturer ¢l considers the risk minimization criterion to be of a certain level of
importance, but this level is not necessarily the same for all manufacturers. In order to
emphasize this fact, we associate a nonnegative weight a® with the risk minimization criterion
(8), with the weight associated with the profit maximization criterion (6) serving as the
numeraire and being set equal to 1. Thus, we can construct a wvalue function for each
manufacturer (cf. Fishburn (1970), Chankong and Haimes (1983), Yu (1985), Keeney and
Raiffa (1993)) using a constant additive weight value function. Consequently, letting U
denote the multicriteria objective function faced by manufacturer ¢/, the decision-making

problem for manufacturer ¢/, for¢:=1,...,1; 1 =1,..., L, can be transformed into:

il il
(PLkni X €n) Qe

M=
Mh

J
Maximize U" Z

j=1

L H
Z 'Oljhl X en)q ]hl Z Z_:

li=1 k=1

>
Il

=
Il

1

.

J H L . K H
le Ql Q2 gzz z jhl ZZ

1j=1

Zhl qkhl ilTil(Qla Qz)u (9>

F'Mh

subject to: q ;2 0, for all j, h, [ and qkhl > 0, for all k, h, L.

It is assumed that the production cost functions and the transaction cost functions for
each manufacturer are continuous and convex. It is also assumed that the manufacturers
compete according to Nash’s concept of noncooperative behavior (cf. Nash (1950, 1951)),
which states, in this context, that each manufacturer will determine his optimal production
quantity and transactions, given the optimal ones of his competitors. We ignore, for the
time being, the nonnegativity constraints on the transaction variables. Let the gradient of

manufacturer il’s multicriteria objective function U" with respect to the ¢* variables be

denoted by: VU i = (gqUili ey afjﬁ{“A ). Note that this gradient represents manufacturer
JHL

il’s idealized direction with respect to ¢, with the jhl-component of Vg U" given by:

(pliljhi o afl(Q", Q?) - 8c;lhi(q;lh[) B a“w) . (10)

il
aqjhi athl athl

11



. . : il il . . . . . .
Similarly, VU = ggl e &?g ) represents manufacturer il’s idealized direction with
111 _ KHL

respect to ¢'', with the khi-component of Vg U" being given by:

afﬂ(Ql Q2> B 8czhl(qlilhl—) _at ard(Ql Q2)>
8qkhl aqkhl aqkhl 7

<pillkhl X €p — (11)

Al —

il il =il — ( il il il
where ¢ —(Q111a oy s Qyur) and ¢ =(¢ihy, - - - Qepp -+ > dKHL)-

Later, we include the nonnegativity assumption on the product transactions, when we
construct the projected dynamical system that captures the dynamics of all the product

transactions and prices.

Multicriteria Decision-Making Behavior of the Distributors

The distributors are involved in transactions with both the manufacturers (since they need
to obtain the product for distribution) and with the retailers, who sell the product to the
consumers. As was mentioned earlier, since we are dealing with a global supply chain, the
distributors, similar to the manufacturers, are allowed to transact in any of the H available

currencies.

A distributor jf is faced with certain expenses, which may include, for example, the
loading /unloading costs, the storage costs, etc., associated with handling the product. We
refer collectively to such costs as a handling cost and denote it by ¢;;. In a simple situation,

one might have that
I

= Cji(z > q;'lhl Z:: Z:: lZ: i) (12a)

i=11=1 h=1

that is, the handling cost of a distributor is a function of how much of the product he has
obtained and how much of the product he has transacted with the various retailers. However,
for the sake of generality, and to enhance the modeling of competition, we allow the function
to depend also on the amount of the product acquired and transacted by other distributors.

Hence, we assume that, for all jZ:

= c;i(Q", Q%). (120)

Let pgf,fhl— denote the price in currency h associated with the transaction between dis-
tributor jf and retailer khi. The total amount of revenue the distributor obtains from his
transactions is equal to the sum of the price (transformed into the base currency) and the

amount of the product transacted with the various retailers in the distinct countries and
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currencies. Indeed, since transactions can be made in distinct currencies and with differ-
ent retailers, who, in fact, may even be virtual, the total revenue of distributor jf can be
expressed in the base currency as follows:

L

Z Z Z pzll;hl_ X eh)qil;u‘- (13)
k=1 h=1

The profit maximization problem for distributor j [ can be expressed as:

K H L i ; I L H
c . 1
Maximize Z Z pzkhl‘ X €n )y, — Q Q°) - ;;h ‘ pljhl X en)q Jhi (14)
subject to:
K H I L H
l il
IDIPHED DD e (15)
k=1h=1]=1 i=11=1 h=1

and the nonnegativity assumptions: q ; 2 0, for all 4,/ and qkhl >0, for all k, h, 1.

Constraint (15) states that a distributor in a country cannot transact more of the product

than he has obtained from the various manufacturers.

In addition, distributor jl is faced with his own perception of risk associated with ob-
taining and shipping the product, which we assume is incorporated into a continuous risk

function of a general form given by:
P = QLQY), Vil (16)

Note that we allow the risk function of a particular distributor to depend on the trans-

actions to and from all the distributors in the supply chain network economy.

We assume also that each distributor associates a weight of 1 with the profit criterion (14)
and a weight of 37! with his risk level. Therefore, the multicriteria decision-making problem
for distributor j [ g =1,...,J; [ = 1,..., L, faced now with a multicriteria objective function

denoted by U il can be transformed directly into the optimization problem:

Sk ; I L H ;
Maximize U7 = Z Z pzkhi X €n )y, — Ql Q%) - z;zz;h . pljhl X en)
~F(Q", Q%) (17)
subject to:
K H ; L
IDIP DI BSD Uipp» (18)
k=1 h=1]—1 i=11=1 h=1



and the nonnegativity constraints: q;.lhi > 0, and qzlm‘ >0, for all i, h, k, I, and L.
Objective function (17) represents a value function for distributor j[ with ﬂji having the
interpretation as a conversion rate in dollar value.

. o . . . l
For simplicity of notation, we let ¢;; = (qjl.lli, SN ,qﬁ}[

) and
q]l:(cﬁlla cee ’qihf’ R q%(HL)

Ignoring, for the time being, the nonnegativity constraints (as was done above for the

manufacturers), and constraint (18), qu[Uji = (gﬁi, Ce gq%é) represents distributor ji’s
51 GHI
idealized direction in terms of ¢,;, where component ilh is given by:
00i(@,Q%) 0@ QY
: i ; il
Vi~ — il — q! ~ Pijni X | (19)
qjhi qjhi
il Uil ouil C Py . . . . .
whereas V ;U7 = (£—, ..., —=5—) represents distributor ji’s idealized direction in terms
A 1 Oqi1 Oy, _
of the ¢/! variables, with component khl given by:
R 80_(@1 Q?’) -Aarﬂ(Ql Q?’)
l l ’ l )
(pj%hl X ep — — i - — i il (20)
Oy7 Oy7

However, manufacturer ¢/ and distributor ji must agree on the volume of qji_lhi in order for
the transaction to actually take place in currency h. Therefore, direction (10) of manufacturer
il must coincide with direction (19) of distributor j l transacting in currency h, yielding, after

algebraic simplification, a combined direction, which signifies cooperation, given by:

(% Of"(Q4,Q% _ 95ulGu) _ 9ei(@QY)  or"(Q, Q) 8rﬂ(Q1,Q3))

O O O O O

_ gjf

(21)
Moreover, (21) must hold for all 4,1 and j, [ , h for the supply chain to allow for links between

the top two tiers of nodes.

We note that such cooperation needs to occur not only in supply chains but in other
multitiered networks such as financial networks with intermediation (cf. Nagurney and Ke
(2003) and Nagurney and Cruz (2003)).

Optimizing Behavior of the Retailers with Uncertain Demands

The retailers, in turn, are faced with the decision of how much product to acquire from the

distributors and from the manufacturers (via the Internet) in order to satisfy the random
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demand while still seeking to maximize profits. A retailer khl has his own handling cost,
which may include, for example, various expenses related to the display and storage of the
product. We denote this cost by ¢;;; and, in the simplest case, we would have that cgp7(Sgni),
where s, = 2L, 2k, q,ilhl— + Z}'le Z%:l qil;d—, that is, the holding cost of a retailer is a
function of how much of the product he has obtained from transactions with the various
manufacturers and the various distributors. However, in general, this cost may be affected

by the amounts of the product held by other retailers. Therefore, we write:

ot = (@, Q%) VR, I, L (22)

Recall that ps,; denotes the price of the product associated with retailer khl. Also
recall that czkhl-(pgkhl-) is the demand for the product at the price ps;,; at retailer khl, where

dii(papsp) is a random variable with a density function of Fy,i(, pspsr)-

Since the demand is random and a retailer does not know how much he will sell before-

hand, the actual sale of the product at retailer khl cannot exceed min{s, cfkhz}. Let

A;hz = max{0, s,; — CZkhl_} (23)
and
A = max{0, dipr — Sgnit (24)

where A;hl— is a random variable representing the excess supply (inventory), whereas A - is

a random variable representing the excess demand (shortage).

Note that the expected values of excess supply and excess demand of retailer khl are

scalar functions of s;;,; and ps,;. In particular, let W;hl— and 7, - denote, respectively, the

expected values E(A}, ) and E(A, ), that is,
Skhl
Wz_hl’(skhﬂ Psknt) = E(Azhz) = /0 (8knr — @) Fyoni(, psgnr)de, (25)
and
W];h[(skhl_a P3kni) = E(A;;hz) = / (2 — sppp) Fyni(, pagnr)da. (26)
Skhl

Assume now that retailer khl is faced with certain penalties for having an excess or

shortage in regards to the supply. Let )‘—I:hl_ > 0 denote the inventory carrying cost at retail

outlet khl, and let Aiyp = 0 denote the unit penalty of having excess demand at outlet khl.

Then the expected total penalty of retailer khl can be expressed as:
BN N ind) = Mt Tani(Sknts P3rnt) + NppiTeni(Sknts P3wnt)-
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Assuming also profit-maximizing behavior of the retailers, one can state the following

optimization problem for retailer khl:

MaXimize E((p3khl_ X eh) . min{skh[, Czkhl_}) — E()\—k’_hlA—i_ kil -+ )\];hl_A/;hl_)

I L J L )
ji
—i(Q% Q%) ZZ plkhl X €n qkhl ZZ 2khl X €n) Qo (27)
i=1 =1 j=1j=1

subject to: ¢l - >0, qkhl >0, for all i,1,, 1.

and A, 7, we know that min{s,;, dysr} = dpi— 4,

Applying now the definitions of A} khD?

khl
we can express the objective function (27) (and denoted by U*") as

Maximize UM = (katheh)dkhi(kahf)_(kath eh_'_)‘/;h[)ﬂk_hl‘(skh% Psiehl) — Akhlﬂkhl(skh[v P3kni)

—Cni(Q°, Q%) Z thz X ep) qkhl ZZ p2khl X Ch qkhl’ (28)

i=11=1 j=1j=1

where dy,i(papni) = E(dy;) is a scalar function of pay;.

At this point it is necessary to note the following relationships:

om,, i (Sknts pagnt) O, ’(Skhl_ Pskhi) LENETI T L
o : = —*hl : = Puni(Sents Psint) = Pent Z Z q]ilh[ + Z Z Qi P3khi)s

Ot 0qkhl i=11=1 i=1j_; 20
o, (Skhl_v pskhl') o, '(Skhl_v pskhl')
Ehd ) = Ehd = thl‘(skhz‘a nghz‘) -1
Gt 8qkhl
I L ;
= PuiO> api+ Z Z qkhl, Pakni) — 1. (30)
i=11=1 j=1j_1

Similar to the case of the manufacturers, it is assumed that all the functions in (28) are
continuous. It is also assumed that the retailers compete according to Nash’s concept of
noncooperative behavior, which states, in this context, that each retailer will determine his
optimal transactions, given the optimal ones of his competitors. Moreover, (as we have done
previously for the manufacturers and the distributors) if we ignore, for the time being that the

product transactions must be nonnegative, then retailer khl is faced with an wnconstrained

utility maximization problem, where V; U khl — (%—Zﬁ{?, cee %U—fzz) represents retailer khl’s
idealized direction with respect to the ¢,,; variables, with the jl component of Vg U khi

being given by:

_ dei(@Q?, Q
(()‘khz+ st X €n) (1 — Peni(Sgnt, P3knt)) — )‘—kl—hipkhf(skhfv Pskni) — % P;khl ) )
Gont
(31)
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7 khl khl . Ty . . . . .
whereas Vg U khi — (%Zu ,...,%ZT) represents retailer khl’s idealized direction with re-
khl khl

spect to the g;; variables, with the il-component of V. U khl heing given by:

dkhl
ackhl_(Q2> Q3)

il
il ~ Pikni < eh>
ini

(32)

(O\;:hl + psnr X €n) (1 — Pepi(Sent, Paknt)) — A]i_hipkhf(skhia P3knl) —

A 11 il IL — 11 5l JL
where G, = (qkhl_u o Qepp - 7qkhl‘) and qkhl:(qkhl_v e Qe qkhl‘)-

Note that in order for the transaction between distributor jf and retailer khl to take
place, they must agree in terms of the qilhl—. Therefore, directions (20) and (31) must coin-
cide, with the summation of the two yielding a combined direction given by, after algebraic

simplification:

_ 0c;i(Q, Q)
(Akhl-+ st % €n) (1 — Peni(Sknt, P3knt)) — )‘Z—hipkhi(skhiv Psini) — ﬂil
Oy
9ol @, Q%) _ i07(Q1QY ) (33)
Oy Oy
Similarly, for the transaction between a retailer khl and a manufacturer il to take place,
both must agree on the ¢i,;. Therefore, directions (32) and (11) must coincide as well,
with the summation of the two yielding also a combined direction, which, after algebraic

simplifications, reduces to:

0f"(Q4, Q%) 0ch(G)

<()\I:hl+ P3knl X eh)(l - thl_(skhl_a p3khl_)) -

69Q251[ éaqiszf
aC ~ Q2’Q3 ia,ril Ql,Q2
_% -« l% - )‘Z—hfpkhf(skhfv Psint) | - (34)
Dini ent

We are now ready to express the dynamics of the transactions between the tiers of
decision-makers in the supply chain supernetwork. Moreover, we now explicitly include
the nonnegativity constraints associated with the product transactions and note that (18)
has actually been subsumed within the distributor price dynamics given by (2). We then
provide a unified expression in the form of a projected dynamical system for the dynamic

evolution of all the product transactions and the product prices simultaneously.

The adjustment assumptions to be introduced were suggested by a number of prominent
economists (see, for example, Fisher (1961)) and are based on the following reasoning. The

rate of change in the amount of good produced/transacted by a particular decision-maker is
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proportional to his marginal profit and has the same sign. In other words, a typical decision-
maker will try to increase his output for as long as the marginal profit is nonnegative, and
will try to decrease his output for as long as the marginal profit is negative until the output is
zero (that is, hits the boundary for the variable). As was stated earlier, for any transaction to
take place, the decision-makers involved have to agree on the amount to be transacted. Thus,
the marginal profit of the transaction is represented by the combined direction. Therefore,
we can expect that the rate of change in the amount of product transacted between two

particular decision-makers is proportional to their combined optimal direction.

The Dynamics of the Product Transactions between Manufacturers and Distrib-

utors

The rate of change in the amount of product q;.lhi,
distributor jf, and denoted by q;llhi, is proportional to the combined direction (21) with the

coefficient of proportionality gb;lhi >0 Vi,l,4,h, L. Guaranteeing now that the product trans-

transacted between manufacturer ¢/ and

actions do not assume negative quantities, we get the following dynamics for the transactions

between each manufacturer il and every distributor jf transacting in currency h, for all h:

; il (il
it (o NQLQY) 0c,i(9)  0c,(Q1,Q%)
AR i - il - )
jhi\ /4l < 0q, ; 94", ;
19r1(Q1L.Q%) il (Q!.Q%) el
—at = = e if ¢".>0
0q3,; 04, ; ihi
il — ; il (il 1 A3
Dini = max?< 0 ¢il (v — 8f”(Ql1,Q2) _ 6cjhf(;1jhf) . 8Cj[(Ql Q%) (35)
) . y 7 7 r}
ghi\ 13l 6qjh[ 8qjhi aqjh[
i1 ort(Q1,Q%) 10ril(QL,Q%)
—at BT _ ﬂj DT ,
Jhl jhl
il
if Uini = 0

Here ;‘lhf denotes the (positive) speed of adjustment associated with the particular transac-

tion.

The expression above states that whenever there is a positive difference between the
shadow price of the distributor and the aggregated marginal costs and risks associated with
a transaction, the amount of “flow” on that particular link will increase with the speed (b;,lh[.

Otherwise, the amount of flow will either decrease with the same speed or remain the same.

The Dynamics of the Product Transactions between Manufacturers and Retailers

In a similar manner, we can derive the dynamics associated with the transactions between

the manufacturers and the retailers. Recall that such transactions take place on the Internet,
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and that the combined direction of a transaction between manufacturer il and retailer khl
is given by expression (34). Indeed, we may immediately write, requiring now that these
transactions must also yield nonnegative values, that for all manufacturers il and all retailers
khl, with qkhl denoting the rate of change of the transactions between manufacturer i/ and
retailer khl:

khl <(>\khl + parnt X en) (L = Prni(Sknis Pakni)) — %

khl

8 (q ) 80 (Q Q3) il Ort (Ql Q2 +
khl khl khI\% " —at — A -Poi(s,, 7 7 if q >0
gl gt 7 P
i th aq}ihl khl khl( khl> 3I€hl) ) k)hl

Qepi =

khl

; B o il 1 2
max{(), qﬁljhl(()\khﬁ Psint X en) (1 — Pepi(Skns Psrnt)) — %

A A (e il (Q1.Q%) +
k:hl khl khi\x > >\ P S, 7 _ lf 0
il khI\SkhD> P3khl qj! :
O4}\nt CLH% O4}\nt kht ( 7 s khl

(36)

Here, similar to (34), the term qbkhl for all 4,1, k, h, 1, which is assumed to be positive, is a

speed of adjustment.

Hence, (36) expresses that the volume of transactions between a manufacturer and re-
tailer pair will increase if the, what may be termed, generalized price associated with the
product in that currency at the retailer exceeds the various marginal costs and risks (with the

probabilities associated with excess supply and demand incorporated into the computations).
The Dynamics of the Product Transactions between Distributors and Retailers

The combined direction associated with a transaction between a distributor and retailer pair,
in turn, is given by expression (33) but now we guarantee that the evolution of the product
transactions is proportional to (33) with the rate of proportionality (speed of adjustment)
¢khl >0, Vj, Z, k,h,l and cannot yield negative values. Hence, letting q'ilhl— denote the rate

of change of the transaction between distributor jf and retailer khl, we obtain the following
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dynamics, which hold for all distributors and all retailers:

%hl ((A;:hl + psint X €n) (1 = Poni(Sknt P3knt))

+ = - —
_)‘khipkhl(skhb p3khl)

(@497 9e,,1(Q%,QP) 10r71(Q1,Q%)
Bqﬂ - kh{l)qﬂ - ﬁ] dq il B 7]'[ ? if qkhl >0
khl khl Tnt

Qent =
maX{O ¢khl<()\,;h[+ Psnt X €n) (1 = Pepi(Sknt> Paknt))

+ = — —
_)‘khipkhl(skhb p3khl)

(@497 9e,,:(Q,Q8) j10r91(Q1,Q%)
_ °.Q%) — if 0.
aqilhz o] ilhl ﬁ g ?clhl fy]l ’ qkhl

The volume of the product transacted between a distributor/retailer pair increases if the
sum of the price that the consumers, in effect, are willing to pay at the retailer exceeds the
various marginal costs, marginal risk associated with the distributor and the price charged
at the distributor. If the latter sum exceeds the former price, then the volume of transaction

will decrease.

The Projected Dynamical System

Consider now a dynamical system in which the retailer prices evolve according to (1) for all
retailers khl; the prices at the distributors evolve according to (2) for all distributors j [ ; the
product transactions between the distributors and the retailers evolve according to (37), the
product transactions between manufacturers and distributors evolve according to (35), and

the product transactions between manufacturers and retailers evolve according to (36).

Let now X denote the aggregate column vector (Q',Q? Q3,v,ps) in the feasible set

K = RIFJHLAILEHLAJLKRLAILYKHL  Define the column vector

i il gl
F(X) = (Fhl’Fkhl’FIghl’thFkhl) 1, Ll=l=l=1,... . Lij=1,....J;h=1,...H;k=1,... K"
with components: —F?'ZA given by (21), Vi, l, 7, h,l; —F! - given by (35), Vil k, b, F]g}lll

given by (34), VJJJ{? h,l; — gz _¢jl<zk 1Zh 121 1qkhl Zz 1Zl 1Zh 1q]hl> VJ}Z;

—Fr = ¢khl<dkhz(P3khz) - Zz 1 Zz 1 qkhl =1 Zz 1 qkhl> VEk, h, L.
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Then the dynamic model described by (35), (36), (37), and (1), (2), for all 4,1, j, 1, k, h, 1,
can be rewritten as a projected dynamical system (PDS) (see Nagurney and Zhang (1996))
defined by the following initial value problem:

X =TI(X, -F(X)), X(0)= X, (38)

where Ik is the projection operator of —F(X) onto K at X and X, = (Q'°, Q*, Q% ~°, p9)
is the initial point corresponding to the initial product transaction and price pattern. Note
that since the feasible set K is simply the nonnegative orthant the projection operation takes
on a very simple form as revealed through (35), (36), (37), and (2), (1).

The trajectory of (38) describes the dynamic evolution of the product transactions be-
tween tiers of decision-makers in the supply chain supernetwork as well as the prices associ-
ated with the bottom two tiers of the network. The dynamical system (38) is non-classical
since it has a discontinuous right-hand side due to the projection operation. Such dynamical
systems were introduced by Dupuis and Nagurney (1993) and have been used to study a
plethora of dynamic models in economics, finance, and transportation (see Nagurney and
Zhang (1996)). In addition, the projected dynamical systems methodology has been used
to-date to formulate dynamical supply chain network models, with and without electronic

commerce (cf. Nagurney and Dong (2002) and the refereneces therein).

A Stationary/Equilibrium Point

We now discuss the stationary point of the projected dynamical system (38). Recall that
a stationary point of a dynamical system is that point where X = 0 and, hence, in the
context of our model, when there is no change in the product transactions in the supply

chain supernetwork and no change in the prices.

The following result is immediate from the results in Dupuis and Nagurney (1993).

Theorem 1: Set of Stationary Points Coincides with the Set of Solutions of a

Variational Inequality Problem

Since the feasible set IC is a convex polyhedron, the set of stationary points of the projected
dynamical system given by (38), that is, X* such that 0 = I (X*, —F(X™)), coincides with
the set of solutions to the variational inequality problem given by: determine X* € K, such
that

(F(X"),X -X")>0, VXeK, (39)

where F(X) and X are as defined above and (-, -) denotes the inner product in N -dimensional
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FEuclidian space where here N = ILJHL+ILKHL+ JLKHL+ JL+ KHL, or, explicitly,
we have that a product transaction and price pattern X* = (QY, Q*, Q% ,v*,p5) € K is
a stationary point of the projected dynamical system (38), if and only if it satisfies the

variational inequality problem:

il

i XL: ZJ) i ZLZ 5 lé‘f“(Ql*, @), Oala) | 9ep(Q". Q") | L@, Q)

Do - —+ - -
hl il il il
! aqjhi aqjhi aqjhi aq]hl

Tﬂ(Ql* Qs*) il il
ﬂ’l— Vil Xt — gt
aqjhl Jl { Jhi ]hl}
I L K H L ) il 1% 2% a il ilx _ 2% 3% ) il 1x 2%
+ZZZZZ¢QM‘ laf (Qil>Q )—l- Ckhlglqkhl) +ackhl(Q ,Q )—l—o/lar (Q", Q%)
i=1 1=1 k=1 h=1]—1 Ody7 ey aqkhl aqkhl

il

AN Lent(Sents Parnt) — N + P31 X €n) (1 = Prnr(85z nghz’))} X [qlilhl qkhz]

_l_acjl(Ql* Q3*) ackhl(Q2* Q3*) +/6]l8T]l(Ql* Q3*) +7 q _ q]l*
507! 9 i 9 gl khl khl
qkh[ qkhl qkhl
J I L H . K H L 'lA
I SD I T1) 3 DD B AvE BB B DYt Il e
j=1j— i=11=1h=1 k=1h=1]=1

1
K H L I L ;
+ Z Z Z ¢khl {Z Z qllcl;:l + Z Z qi;z dkhl pSkhl)] X [Pskhi - p;kh[] >0,

i=11=1 J=1j—1

V(Q17Q27Q3777P3> e K. (40)

We now explore what can be said regarding the set of stationary points of the projected
dynamical system (38), which coincides with the set of solutions to variational inequality
(39), and the set of stationary points associated with a projected dynamical system in which
all of the speeds of adjustment are equal to one (and the equivalent equilibria). First, we
need to introduce some notation. We express the components of F'(X) above, for simplicity,
as I, ..., Fiy and recall that the feasible set is the nonnegative orthant. We also denote the

corresponding variational inequality by VI(F, K).
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Theorem 2

Assume that K is the convex polyhedron given by RY and that ¢ = (¢1,...,¢n) is a vector
of positive terms. Then, the set of stationary points of the ordinary differential equation
given in (38), which coincides with the set of solutions X* to variational inequality (39), are

equivalent to the set of solutions to the variational inequality VI(EF', K) where:
F'=(F,... Fy)

and
F=(¢1F,...,onFy).

Proof: From Theorem 1 we know that the set of stationary points of the ODE (38) coincides
with the set of solutions to VI(F, ). We now prove that the solutions to VI(F, K) coincide
with the solutions to VI(F’, K).

We first prove that if X* solves VI(F, ) then it also solves VI(F',K). Since X* =
(X7, X5,...,X}%) is a solution to VI(F, K), then the following must hold, by definition:

f: Fi(X") % [X; — X7] = Fi(X") x [X1 = X7+ ...+ Fy(X*) x [Xy — X3]

= G FL(X) X (X0 = X461 B (X)X [Xo— X+ -+ 01 F (X)X [Xy—X5] > 0, WX € K.
(41)
Setting now Xo = X3,..., Xy = X} and substituting the resultants into (41), yields:
GIFI(X*) % [X) — X7] > 06 FI(X*) % [X, — X{] >0, VX, €R,, (42)
and for any scalar ¢; > 0.

In a similar manner, we may set X; = X7, X5 = X3,..., Xy = X} with substitution

into (41) yielding:
G2 F5(X7) X [Xp = X3] 2 0 & Fy(X7) x [X = X5] >0, VX, € Ry, (43)
and for any scalar ¢, > 0.

Proceeding in the same fashion with all the remaining X; variables, we obtain:

FI(X*)x [X,— X;] >0, VXi€R,, F)X")x[Xo—X]]>0, VX,€R,,
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Fy(X*) x [Xy — X3 >0, VXy€R,. (44)
Summation of all the inequalities in (44) yields:

ZF X [X; — X7 =(F'(X*),X —X*)>0, VXeK=R}. (45)

Hence, we have shown that X* is also a solution to VI(F”, K).

We now establish the converse, that is, if X’ solves VI(F”, K), it also solves VI(F, K). Let
X' be a solution to VI(F’, K). Then the following must hold:

N
STIF/(XN X [X— X! = F{(X) X [X1 = X{]4. . +F(X) x [Xxy—X4] >0, VX € K. (46)

=1

Setting now: Xy = X/, ..., Xy = X} (all the variables except for the first) and substi-

tuting the resultants into (46), we obtain:
FI/(X/) X [Xl—X{] >0 ¢1F1/(X/) X [Xl—X{] = Fl(X/) X [Xl—X{] > O, VX, € R+, (47)
and for any scalar ¢; > 0.

In a similar manner, we set: X; = X{, X5 = Xj,..., Xy = X} with substitution into
(46) yielding:

Fy( X)X [Xo=X3] >0 & ¢ Fy(X) x [Xo—X3] = Fo(X')x[Xo—X}] >0, VX, € R, (48)
and for any scalar ¢o > 0.
Proceeding in the same manner with all the remaining variables, we conclude that
F(X)x[X;—X[]]>0, VX;€R,, F(X)x[Xo—X})]>0, VX,€R,,
Fy(X') x [ Xy — Xy 20, VX, € Ry, (49)
which leads us to conclude that

ZF x [X; = X]]=(F(X'),X -X) >0, VXek=RY. (50)

Therefore, X’ solves VI(F, K).
Hence, we have established that the set of stationary points of:

X =TI (X, -F(X)), X(0)=X,€eKk,
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that is, X™* satisfying:
0 =TIk (X", —F(X™)), (51)
coincides with the set of solutions of VI(F”, K).O
This theoretical result can be summarized as follows. The set of equilibria of the global
supply chain network are independent of the speeds of adjustment. Hence, if one is interested
merely in the computation of the equilibrium product flow and price patterns one may
compute the solution to either variational inequality problem (45) or to variational inequality
problem (50). However, if one is interested in tracking the trajectories to the equilibrium

state then one should include the speeds of adjustment. We also note that the factors which

we term “speeds of adjustment” can also capture conversion factors, if need be.

To conclude this Section, we present several properties of the PDS defined by the initial

value problem (38) that follow from the theory of projected dynamical systems.

Theorem 3: Existence and Uniqueness

Assume that function F' that enters the initial value problem (38) is Lipschitz continuous.

Then, for any Xy € IC, there exists a unique solution Xo(t) to the initial value problem (38).

Proof: Follows from Theorem 2.5 in Nagurney and Zhang (1996).0

Definition 2: Stability of the System

The system defined by (38) is stable if, for every Xo and every equilibrium point X*, the

Euclidean distance || X* — Xo(t)|| is a monotone nonincreasing function of time t.

Using Definition 2, a global stability result for the dynamical system (38) can be stated

as follows:

Theorem 4: Stability of the Global Supply Chain Network

Assume that function F' that enters the initial value problem (38) is monotone. Then the

dynamical system (38) underlying the global supply chain with risk and uncertainty is stable.

Proof: F(X) is monotone and, hence, the conclusion follows directly from Theorem 4.1 of
Zhang and Nagurney (1995). O
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3. The Euler Method

In this Section, we consider the computation of the stationary points of (38). The algo-
rithm that we propose is the Euler-type method, which is induced by the general iterative
scheme of Dupuis and Nagurney (1993). It has been applied to-date to solve a plethora of
dynamic network models (see, e.g., Nagurney and Zhang (1996) and Nagurney and Dong
(2002)).

The Euler Method

Step 0: Initialization

Set X% = (Q",Q%,Q% 7% p%) € K. Let T denote an iteration counter and set 7 = 1.
Set the sequence {az} so that Y>3 a7 = o0, ar > 0, ar — 0, as 7 — oo (which is a
requirement for convergence).

Step 1: Computation

Compute X7 = (Q'7,Q%7, Q37 47, pT) € K by solving the variational inequality subprob-
lem:
(XT+arF(XTH—-XTLX-XTy>0, VXek. (52)

Step 2: Convergence Verification

If | X7 — X7~ < ¢, with € > 0, a pre-specified tolerance, then stop; otherwise, set 7 := 7 +1,
and go to Step 1.

Convergence results for the Euler method can be found in Dupuis and Nagurney (1993)
and in the book by Nagurney and Zhang (1996).

Due to the fact that the feasible set underlying the global supply chain network model is
that of the nonnegative orthant, the solution of (40) for our model takes on a very simple

form for computational purposes.

Computation of Product Transactions between Tiers Using Explicit Formulae

In particular, we have that the production transactions between tiers of decision-makers

in the global supply chain supernetwork can be computed explicitly and in closed form as
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follows for a given iteration 7:

8fil(QlT—1’Q2T—1) . Zlhl(q;'li;zl:_1> . 6cjj(Q1T_1>Q3T_1)

T le 1 T il
¢:: = max{0, Qi — P A - = =
= o 8qjhi 8qjhi 8qjhi
. oril QlT 1 Q2T 1 _Aﬁ,rji QlT_l,QgT_l ~ . 4 R
rat I ) PO S T, ik (6
wf_mwmqﬂﬂ_afH{WW@”*@”*y+&%@%”>+&mmy%*@”*)
khi khi khl gt aqi. - aq
; a,ril(QlT—leﬂ'—l)
+a ag'l + A leni(s kThllvp:’)khl) (>‘km+p3khz xep ) (1= Pyi(s ghzlvpih})))}
khl
Vil k1 (54)
and

i iiT—1 T T— T T—
qihl _maX{O’qihl’ —« ¢khl( khlthl(skhll’pskhl) ()\khl+p3khlxeh DI thl(skhll’pskhll))

80 QT QFT- 1) e 2T—1 A3T—1 oril(O1T-1 3T-1 B
ji eni(Q ,Q ) +ﬁ]l (Q ,Q ) +7j7i HY,
8qkhl aqkhl 8qkhl
V],l,k:, h,l. (55)

Computation of Product Prices Using Explicit Formulae

Similarly, the prices associated with the middle-tier and bottom tier of nodes of the global
supply chain supernetwork can also be computed explicitly and in closed form, at a given
iteration 7 according to:

H I L HKLlTl R
= max{0,07 7~ o (XY ST - Y STy, Vil (56)

h=11i=1I[=1 h=1k=1]=1

and

I L J L
panr = max{0, P;f_h}* O DD I A Z ilh{ b dy ng;ll))h Vk,h,1. (57)
J=1j=1

1=1[=1

Moreover, the above computations can be done simultaneously and independently. The
Euler method, hence, provides us with a discrete-time adjustment process by which the
network decision-makers adjust their product transactions and the prices associated with

the middle and bottom tiers of the network also adjust.
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Country 1 Country 2
Manufacturers Manufacturers

Distributors

Retailers

Figure 2: Global supply chain supernetwork for the numerical examples

4. Numerical Examples

In this Section, we apply the Euler method described in Section 3 to several numerical
examples. The Euler method was coded in FORTRAN and the computer used was a SUN
system at the University of Massachusetts at Amherst. The convergence criterion utilized
was that the absolute value of the product transactions and prices between two successive
iterations differed by no more than 107°. The parameter a7 in the Euler method (cf. (52))

11111

was set to .1{1, 3, 5,3, 3,3, .-} for all the examples.

The structure of the global supply chain network for the examples is given in Figure
2. Specifically, we assumed that there were two countries, with two manufacturers in each
country, and two distributors in each country. In addition, we assumed a single currency (for
example, the euro) and two retailers in each country. Note that electronic transactions were

permitted between the manufacturers and the retailers. Hence, we had that [ = 2, L = 2,
J=2 K=2 and H=1.

In all the examples, we assumed that the demands associated with the retail outlets fol-

lowed a uniform distribution. In particular, we assumed that the random demand czkhl-(pgkhl-),
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of retailer khl, is uniformly distributed in [O, ;;:}H, with by,; > 0; k= 1,2, h = 1, and
[ =1,2. Therefore, we have that

Pni(, pagnr) = Ig%fhl} k=1,2;h=1; = 1,2, (58)
khl
Byl pgar) = T2 k= 1,20k = LT =1, (59)
khl
; 1 bynr

dni(parnt) = E(dni) = = ; k=1,2h=1;1=1,2. (60)

2 Pskni

It is straightforward to verify that the expected demand function dy,i(psin;) associated
with retailer khl is a decreasing function of the price at the demand market in the particular

country. Since there was only one currency in each of the examples, we set e, = e; = 1.
The Euler method was initialized as follows: all variables were set equal to zero, except

for the initial retail prices ps;;, which were set to 1 for all k, h, [.

Example 1 and Variants

The data for this example were constructed for easy interpretation purposes. The production

cost functions of the manufacturers in the two countries (cf. (3)) were given, respectively,
by:
Fg) = 2502 + ¢ + 24", P (q) = 2.5(¢7) + ¢'gP + 2,

fl2(q) — 2.5((]12)2 + q12q22 + 2q12’ f22(q) — 2.5(q12)2 + q12q22 + 2(]22-

The transaction costs faced by the manufacturers and associated with transacting with

the distributors (cf. (4a)) were given by:

%%:5@%V+3@%,fmi:LZl:LZj:LZh:LZ:LZ

The transaction costs faced by the manufacturers but associated with transacting with

the retailers electronically (cf. (4b)) were given by:
b= 5(gh)? +5ql, fori=1,2;1=1,2k=12;h=1;1=1,2.
The handling costs of the distributors in the two countries, in turn, (cf.(12b), were given
by:

2 2
Cii = -5(2261;-2[)2, for j=1,2;1=1,2.
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The handling costs of the retailers (cf. (22)) were:

2 2 . ~
=50l )% fork=1,2h=11=1,2.
J=li=1

The by,;s (cf. (58) — (60)) were set to 100 for all k, h, I. The weights associated with excess
supply and with excess demand at the retailers were (see following (26)): A= A, - =1
for k =1,2; h =1, and [ = 1,2. Thus, we assigned equal weights for each retailer in each

country for excess supply and excess demand.

In Example 1, we set all the weights associated with risk minimization to zero, that is,
we had that o =0 fori=1,2and [ =1,2and /' =0 for j = 1,2 and [= 1,2. This means
that in the first example all the manufacturers and all the distributors were concerned with

profit maximization exclusively.
We also assumed that all the speed adjustment parameters were identically equal to 1.

The Euler converged in 125, 252 iterations and yielded the following equilibrium pattern.
All pAhysmal tliansactlons were equal to .186, that is, we had that U = q,,7 = -186 for all 4, 1,
j,h, 1, and k,l. All product transactions conducted electronically via the Internet, in turn,
were equal to .175, that is, we had that q}'f;:l— = 175 for all 4,1, k, h,l. Note that there was a

larger volume of product transacted physically than electronically in this example.

The computed equilibrium prices, in turn, were as follows. The equilibrium prices at
the distributors were: 7;_} = 15.097 for j = 1,2 and | = 1,2, whereas the demand market
equilibrium prices were: p3, - = 32.88 for k = 1,2, h = 1, and [ = 1,2. Note that, as
expected, the demand market prices exceed the prices for the product at the distributor
level. This is due to the fact that the prices increase as the product propagates down

through the supply chain since costs accumulate.

We now made the following change to the data in order to explore the effects of different
speeds of adjustment: we increased the speeds of adjustment associated with the demand
market prices so that the ¢.,;s were now all equal to 10. The Euler method converged to
essentially the identical equilibrium product flow and price pattern except that now the Euler

method only required 34, 270 iterations.

We then conducted another numerical exercise. We returned to the original data for
Example but now we assumed that all the speeds of adjustment increased to 5. Again,
as predicted by Theorem 2, the equilibrium pattern does not change. However, the Euler

method now required only 27,265 iterations for convergence.
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Example 2 and Variants

Example 2 was constructed from Example 1 as follows. All the data were as in the baseline
Example 1 except that now we set the by, =1000. This means (cf. (58) — (60)) that, in

effect, the demand has increased for the product at all retailers in all countries.

The Euler method converged, again in 125,252 iterations, and yielded the following new
equilibrium pattern: the product transactions between the manufacturers and the distrib-

utors were: ¢'* = 286 for all i,l, j,h, Z; whereas the volumes of the product transacted

jhi
electronically between the manufacturers and the retailers were: q}Z;ZZ— = 1.07 for all 4,1 and
k,h,l. Hence, the volumes of electronic transactions exceeded the physical ones. Finally, the

computed equilibrium product transactions between the distributors and the retailers were:

qilh*l— — 286 for all 4,1 and k, h, 1.

The computed equilibrium prices associated with the distributors, in turn, were: 7;.} =
39.46 for 7 = 1,2 and [ = 1,2, whereas the equilibrium demand market prices were: p, - =
90.31 fork=1,2;h=1,and [ =1,2.

Note that since the demand increased, the product transactions also increased. In this
example, there were more transactions conducted electronically than physically. Also, ob-
serve that since demand increased, the demand prices also increased as did the prices at the

distributors.

We then modified Example 2 as follows. We increased the speeds of adjustment associated
with the demand market prices so that the ¢;;;s were now all equal to 10. Again, as predicted
by the theory, the equilibrium pattern was essentially the same. However, the number of

iterations required for convergence decreased to 40, 258.

Finally, we constructed another example using Example 2 as a baseline as follows. We
now increased all the speeds of adjustment to 5. The number of iterations now decreased to
17,030. Note that these results do follow intuition in that one would expect the speeds of

adjustment to affect the behavior of the system, and, therefore, the number of iterations.

Example 3 and Variants

Example 3 was constructed from baseline Example 2 as follows. We kept the data as in
Example 2 but we assumed now that the first manufacturer in the first country was a

multicriteria decision-maker and concerned with risk minimization with his risk function
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being given by:

11 11 2
rh = a — 2%
khl
that is, the manufacturer sought to achieve, in a sense, a certain goal target associated with

his electronic transactions. The weight associated with his risk measure was o' = 1.

The Euler method yielded the following new equilibrium pattern (and again in 125,252
iterations). The computed equilibrium product transactions between the first manufacturer

in the first country and the distributors were now: ¢''* = .700, for j = 1,2, h = 1, and [ =

jhi
1,2. The analogous transactions, but from the second manufacturer in the first country were;
qj}j = .185. All other product transactions between the manufacturers and the distributors

were equal to .182.

The equilibrium product transactions associated with electronic transactions were as fol-
lows. For the first manufacturer in the first country (who is now concerned with risk asso-
ciated with electronic transactions) the product transactions were: q;}} = .632, for k = 1,2,
h = 1,1 =1,2. The analogous transactions but from the second manufacturer in the first
country, were all 1.185, with the remainder of the electronic transactions at equilibrium also
equal to 1.182. Hence, the first manufacturer in the first country reduced the volume of
his transactions conducted electronically since there was increased risk associated with such

transactions.

The product transactions at equilibrium between the distributors and the retailers, in

turn, were: qil;jl—: 314, for j=1,2,k=1,2, h=1,and [ =1,2.

The equilibrium pricgs were now: 7;[ =39.50 for j = 1,2; | = 1,2 whereas Pyin = 90.53
fork=1,2,h=1,and [ =1, 2.

We then proceeded to construct the following variant of Example 3: we doubled all the
adjustment parameters associated with the product transactions. Interestingly, the number
of iterations did not change and this may be that the global supply chain network model
is more sensitive to the consumers associated with the demand markets and the prices that

they are will to pay for the product (which seems quite reasonable).

Finally, we doubled all the speeds of adjustment and the number of iterations now de-
creased to 59, 628.

Note that, interestingly, the number of iterations required for convergence of the Euler
method was identical for the baseline Examples 1, 2, and 3. When we relaxed the con-

vergence tolerance from 107° to 10~ the corresponding number of iterations for these three
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examples were now reduced from 125, 252 iterations to, respectively: 33, 672; 51,901, and 52,
274 iterations. Although the computed product flows did not change much, the computed
demand market prices were, under the more relaxed convergence criterion, respectively, for
Example 1, Example 2, and Example 3: 29.404; 86.822, and 87.036 (for all the demand
markets in each case). Hence, the algorithm is sensitive to the form of the demand functions

in the numerical examples above. Nevertheless, convergence was obtained.

Clearly, the above examples are stylized but they, nevertheless, demonstrate the efficacy
of the model and the computational procedure. One may now conduct numerous simulations
by modifying the data as well as adding decision-makers with their associated functions and
weights and investigating the effects on the equilibrium product transactions and product

prices.

Moreover, it would be interesting to conduct additional computational experiments.

5. Summary and Conclusions

In this paper, we have developed a dynamic, multitiered global supply chain supernetwork
model consisting of manufacturers, distributors, and retailers and analyzed it both from
theoretical and computational perspectives. The model allows for electronic commerce and
handles decision-making under risk and uncertainty. Specifically, the manufacturers as well
as the distributors are assumed to be multicriteria decision-makers and concerned not only
with profit maximization but also with risk minimization. The demands for the product, in

turn, are random. In addition, the model includes distinct speeds of adjustment.

The framework permits for the handling of as many countries, as many manufacturers
in each country, as many currencies in which the product can be obtained, and as many
retailers, as required by the specific application. Moreover, the generality of the framework
allows for the demand to have almost any distribution as long as it satisfies certain technical
conditions. In addition, the retailers need not be country-specific and can transact either

virtually or physically with both the manufacturers and the consumers.

The dynamic model, which is formulated as a projected dynamical system, provides the
evolution of the product transactions between tiers of the global supply chain network as well
as the prices associated with the product at the retailer and at the distributor levels. The
model substantially generalizes the recent work of Nagurney, Cruz, and Matsypura (2003) to
include supply-side risk and demand-side risk.Finally, the new theoretical results show that

the speeds of adjustment do not alter the set of stationary points of the dynamical model
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nor the equilibria of the corresponding variational inequality formulation.

The results in this paper add to the timely topic of rigorous model and quantitative tool

development for combined global supply chain network analysis and risk management.
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