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Abstract:

In this paper, we develop both static and dynamic supply chain network models with
multiple manufacturers and freight service providers competing on price and quality. The
manufacturers compete with one another in terms of price and quality of the product man-
ufactured, whereas the freight service providers compete on price and quality of the trans-
portation service they provide for multiple modes. Both manufacturers and freight service
providers maximize their utilities (profits) while considering the consequences of the com-
petitors’ prices and quality levels. Bounds on prices and quality levels are included that
have relevant policy-related implications. The governing equilibrium conditions of the static
model are formulated as a variational inequality problem. The underlying dynamics are then
described, with the stationary point corresponding to the variational inequality solution. An
algorithm which provides a discrete-time adjustment process and tracks the evolution of the
quality levels and prices over time is proposed, and convergence results given. Numerical ex-
amples illustrate how such a supply chain network framework, which is relevant to products

ranging from high value to low value ones, can be applied in practice.
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1. Introduction

Manufacturers and freight service providers are fundamental decision-makers in today’s
globalized supply chain networks as products are produced and distributed to businesses
and consumers, often traveling great distances via multiple modes of transportation. The
decisions that the firms make affect the prices and quality of products as well as that of the
freight services provided, which, in turn, impact their own profitability. It is well-known to-
day that success is determined by how well the entire supply chain performs, rather than the
performance of its individual entities. Quality and price have been identified empirically as
critical factors in transport mode selection for product/goods delivery (cf. Floden, Barthel,
and Sorkina (2010), Saxin, Lammgard, and Floden (2005), and the references therein). Qual-
ity has also become one of the most essential factors in the success of supply chains of various
products, including food and agro-based products, other perishable products such as blood,
pharmaceuticals, medical nuclear supply chains, durable manufactured products, including
automobiles, high tech products, such as microprocessors, and even services associated with
the Internet. Although the term quality in many freight studies suffers from a somewhat
vague definition (cf. Meixell and Norbis (2008 for a discussion)), it, typically, encompasses
factors such as on-time deliveries, reliability, frequency, and risk of damage (see also Danielis,
Marcucci, and Rotaris (2005) and Zamparini, Layaa, and Dullaert (2011)).

The growth of intercontinental multi-channel distribution, containerization, and direct to
business and direct to customer shipping has led to fierce competition among freight ser-
vice providers who are subjected to pricing pressures and increased expectations to handle
more complex services (Hakim (2014) and DHL (2014)). To maintain their competitive edge,
freight service providers are increasingly focused on positioning themselves as more than just
a commodity business. The providers may offer flexibility to meet customer needs of safety,
and/or traceability and, furthermore, differentiate themselves from the rest of the compe-
tition, thereby migrating towards being more value-oriented than cost-oriented (Bowman
(2014) and Glave, Joerss, and Saxon (2014)). The quality of service is driving logistics per-
formance in both developed and emerging economies (Arvis et al. (2014)). Clearly, quality

in freight service is gaining in importance.

Increasingly, tough customer demands are also putting the transport system under pres-
sure. The online retailer Amazon.com recently submitted a patent (United States patent
(2013)) for anticipatory shipping and speculative shipping, meaning that, based on advanced
forecasts of customer behavior (previous purchases, behavior during homepage visits, demo-
graphics, etc.) they actually ship the products before the customer orders it! The product

is shipped towards a region where a purchase is expected and is redirected during transport



when the order is placed, thus, allowing almost instant deliveries (Bensinger (2014)). Trans-
port owners that cannot offer the desired level of quality are forced to leave the market,
as was the case when the intermodal company CargoNet withdrew from the Swedish rail

market, claiming unreliable infrastructure as one of the main reasons (Floden and Woxenius

(2013)).

Some of the pioneers in the study of product quality competition include: Akerlof (1970),
Spence (1975), Sheshinski (1976), and Mussa and Rosen (1978), who discussed firms deci-
sions on price and quality in a quality differentiated monopoly market with heterogeneous
customers. Dixit (1979) and Gal-or (1983) initiated the study of quantity and quality com-
petition in an oligopolistic market with multiple firms, where several symmetric cases of
oligopolistic equilibria were considered. Brekke, Siciliani, and Straume (2010) investigated
the relationship between competition and quality via a spatial price-quality competition
model. Nagurney and Li (2014a) developed a dynamic model of Cournot-Nash oligopolistic
competition with product differentiation and quality competition in a network framework.
Further contributing to this work, Nagurney, Li, and Nagurney (2014) proposed a spatial
price equilibrium model with information asymmetry in quality in both static and dynamic
versions. Others who have added to research on the topic of quality competition in general
include: Ronnen (1991), Banker, Khosla, and Sinha (1998), Johnson and Myatt (2003), and
Acharyya (2005).

In this paper, we focus on the development of game theory models in both equilibrium
and dynamic settings. We consider a supply chain network with multiple manufacturers and
multiple freight service providers handling freight transportation. The decision-makers at
each echelon compete in prices. Quality of the product is traced along the supply chain with
consumers differentiating among the products offered by the manufacturers. Also, quality
of freight service providers is accounted for in the model and the providers are shown to
be competing on both price and quality. Heretofore, the integration of price and quality
competitive behavior with both manufacturers and freight service providers has not been

examined in a rigorous theoretical and computationally tractable framework.

Our framework is inspired, in part, by the work of Nagurney et al. (2013) and Saberi,
Nagurney, and Wolf (2014). The latter proposed network economic game theory models of
service-oriented Internet architectures with price and quality competition occurring between
content and network providers. Here, we go further in that we allow for multiple modes
of transportation and each freight service provider can have a different number of mode
options. In addition, we consider a mode in a general way in that it can correspond to

intermodal transportation. The former studied a network economic game theory model of



a service-oriented Internet with choices and quality competition. For background on freight
transportation modelling, we refer the reader to the books by Tavasszy and De Jong (2013)

and Ben-Akiva, Meersman, and Can de Voorde (2013) and the references therein.

The new static and dynamic models in this paper also build on the work of Nagurney,
Dong, and Zhang (2002), which introduced supply chain network equilibrium models but here
the competition is in price and quality and not in quantities. See, also, the dynamic multilevel
financial /informational /logistical framework of Nagurney et al. (2002), the supernetwork
model with freight carriers in Yamada et al. (2011), and the maritime chain model with
carriers, ports and shippers of Talley and Ng (2013). For a plethora of supply chain network
equilibrium models, along with the underlying dynamics, see the book by Nagurney (2006).
For an overview of projected dynamical systems, which is the methodology that we utilize
to describe the underlying competitive dynamics and the evolution of prices and quality, see
Nagurney and Zhang (1996). However, none of the above multitiered competitive supply
chain network equilibrium models with freight service provider behavior captured quality
in transportation as well as in production. An extensive review of the overall supply chain
network design literature has been provided by Farahani et al. (2014). Our framework is not
in the context of supply chain network design; for an extensive review of the overall supply

chain network design literature, see Farahani et al. (2014).

Our contributions to the existing literature are:

e We model explicit competition among manufacturing firms and freight service providers
(carriers) in terms of prices and quality of the products that the firms offer and the
prices and quality of the freight services provided. This multi-faceted inclusion of
competition from price and quality dimensions leads to results that not just quantify
quality at the product and service ends, but also helps to assess the trade-offs be-
tween quality and costs at each echelon of the supply chain that ultimately influences
the demand. A model that considers oligopolistic competition among manufacturers
and freight service providers under price and quality with multiple modes of trans-
portation and non-separable, nonlinear, and asymmetric demand and cost functions is

constructed for the first time with this paper.

e The analysis for freight service providers contains price and quality evaluations for
multiple modes of transportation. The transportation costs, resultantly, differ by mode,
leading to a pertinent evaluation of quality vs. costs for the freight service providers
and the modes of transportation that they offer to the customers. In our frame of

reference, modes can also imply intermodal transportation of products.
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e We handle heterogeneity in the providers’ cost functions and in the consumers’ demands
and do not limit ourselves to specific functional forms. Utility of each manufacturing
firm considers price and quality for not just his own products, but that of other manu-
facturing firms as well. Similarly, the utility of each freight service provider includes the
implications of other providers’ prices and quality for various modes in addition to his
own. Also, we impose bounds on the prices and quality levels with positive minimum

quality levels corresponding to minimum quality standards, relevant for policy-making.

e We provide qualitative properties of the equilibrium price and quality pattern and also
present the underlying dynamics associated with the evolution of the prices and quality

levels over time until the equilibrium is achieved.

e The theoretical framework is supported by a rigorous algorithm that is well-suited for

implementation.

e The computational scheme is applied to a spectrum of numerical examples in order to
illustrate the generality of the framework. Specifically, we provide complete imput and

output data for 5 examples and 3 variants, for a total of 8 examples.

The structure of the paper is as follows. Section 2 presents the multitiered supply chain
network game theory model with manufacturers and freight service providers. We capture the
firms’ behavior that accounts for the prices and quality levels of the products at the demand
markets. In parallel, we model freight service providers’ behavior that deals with the prices
and quality levels of their services for various modes. The freight service providers compete in
terms of price and quality that differ by mode. A variational inequality formulation is derived,
which unifies the firms’ and freight service providers’ behaviors. An existence result for a
solution to the unified variational inequality formulation (cf. Nagurney (1999)) is also given.
A projected dynamical systems model is, subsequently, constructed in Section 3 to capture
the underlying dynamics of the competitive behavior. In Section 4, we present an algorithm
for solving the proposed variational inequality formulation, accompanied by convergence
results. At each iteration, the algorithm yields closed form expressions for the prices and
qualities of the firms and freight service providers. It also serves as a time-discretization of
the continuous time adjustment processes in prices and quality levels. Section 5 illustrates
the model and the computational algorithm through several numerical examples in order to

gain managerial insights. In Section 6, we summarize our results and present our conclusions.



2. The Supply Chain Network Model with Price and Quality Competition

In the supply chain network there are N manufacturing firms involved in the production
of substitutable products that are transported by O freight service providers or carriers to
() demand markets. We denote a typical manufacturing firm by Fj; ¢ = 1,..., N, a typical
freight service provider by Cj; j = 1, ..., 0, and a typical demand market by k; k =1,...,Q.
Each freight service provider Cj; j = 1,..., O has M; possible modes of transport/shipment,
associated with which is also a distinct quality. The modes of shipment may include rail, air,
truck, sea, or even bicycles for last mile deliveries, etc. Moreover, for the sake of modeling
flexibility and generality, a mode in our framework may represent a composition of modes
as in the case of intermodal transportation. The freight service providers are responsible
for picking up the products at the manufacturers and delivering them to consumers at the
demand markets. Note that each freight service provider may have a different number of
modes available to him based on vehicle ownership and access, contracts, prior relationships,
geographical issues, etc. The supply chain network representation of our game theory model
is depicted in Figure 1. The manufacturing firms compete with one another as do the freight

service providers.

Firm F; manufactures a product of quality ¢; at the price p;. As in Nagurney and Li
(2014c), we define and quantify quality as the quality conformance level, that is, the degree
to which a specific product conforms to a design or specification (Gilmore (1974), Juran and
Gryna (1988)). We group the prices of all firms’ products into the vector pp € RY, and their

quality levels into the vector qp € Rf )

The quality and price associated with freight service provider C; retrieving the product
from firm F; and delivering it to demand market k£ via mode m are denoted, respectively,
by ¢ and pi; i =1,...,N; 7 =1,...,0; k =1,...,Q; m = 1,..., M;. Quality with
respect to freight in our model corresponds to level of service as emphasized by Mancera,
Bruckmann, and Weidmann (2013). We group these quality levels and prices into the vectors

NOQY S, M; NOQ 9| M;
qc € R, Q=M nd pe € R, QL= M

The consumers at demand market k; k = 1,...,(Q), reveal their preferences for firm F;’s
product transported by freight service provider C; via mode m through a demand function
dm

ijh
also, in general, on the prices and quality levels of all other substitutable products as well

The demand djj; depends not only on the price and quality of firm F;’s product, but

as on the prices and quality levels associated with transportation:
dg?k:d?;k(pp,qp,pc,qcv), i:1,...,N;j:1,...,0;]6’:1,...,Q;m:1,...7Mj. (1)

The generality of the demand functions allows for the modeling of competition on the demand



Manufacturing Firms

Demand Markets

Figure 1: The Supply Chain Network Structure of the Game Theory Model

side for the products and freight service provision. We expect that the demand i, will
increase (decrease) as the price (quality) of firm F;’s product or the shipment price (quality)
of freight service provider C; decreases. We group the demands into the NOGQ ZjO:1 M;-

dimensional vector d(pr, qr, pc, qc)-
2.1 The Firms’ Behavior

The supply of firm F;’s product, s;, is equal to the demand, that is,

Q O M;

Si(pF7QF7p07q0):Zzzd?;k<pF)QF7p07QC)a i:]-u"'7N7 (2)

k=1 j=1 m=1

since we expect the markets to clear.

The production cost of firm F;, PC;, depends, in general, upon the entire production

(supply) pattern, as well as on the product quality levels, that is:

PCi:POi(SF(pFaQF7p07QC)7QF)7 izl?"'aNa (3)

where sp(pr,qr, po,qc) € Rf is the vector of all the supplies of the products. The gen-
erality of the production cost functions allows us to capture competition for resources in

manufacturing, whether natural, human, and/or capital.

The utility of firm F;, Ug,;; 2 = 1, ..., N, represents his profit, and is the difference between
the firm’s revenue and the production cost:

Q O M
Ur,(pr,qr,pc, qc) sz'[zz Z d??k(PF;QF,pC,QC)} - PCi(SF(pFaqF7p07QC)7qF)‘ (4)



Each firm F; is faced with a nonnegative lower bound g, on the quality of his product as

well as an upper bound ¢;, so that

Typically, ¢; = 100 corresponds to perfect quality conformance as discussed in Nagurney
and Li (2014b). If that is not achievable by a firm, then the upper bound would be set to a
lower value. Also, a positive lower bound g, corresponds to a minimum quality standard as

discussed in Nagurney and Li (2014c).

In addition, each firm Fj is faced with an upper bound on the price that he charges for
his product, that is,

The price that firm F; charges and his quality level correspond to his strategic variables in

the competitive game.

Let K} denote the feasible set corresponding to F;, where K}! = {(pr,, qr,) | (5) and (6) hold}.
We define: K! = Hfil K!. We assume that all the above functions are continuous and con-

tinuously differentiable.

The manufacturers compete in a noncooperative manner which we formalize in Section
2.3.

2.2 The Freight Service Providers’ Behavior

Recall that freight service provider C; transports a product from firm F; to demand
market & via mode m at a quality level ¢, at a unit price of pij,. We group the quality
levels of freight service provider C into the vector go, € RfQMj and his prices into the
vector pc; € RfQMj . These are his strategic variables.

We denote the transportation cost between firm F; and demand market k via mode m of

freight service provider Cj by TC, and assume that:

TCH, :TC’Z?k(d(pp,qF,pC,qC),qc), i=1,...,N;j=1,...,0;k=1,...,Qim=1,..., M,

(7)
that is, the transportation cost may depend, in general, on the vector of demands and the
vector of quality levels of the freight service providers. In the transportation costs we also
include handling costs associated with, for example, loading and unloading and, perhaps,

also, storage of the products over a period of time.



The utility or profit function of freight service provider Cj, Ug;, is the difference between
his revenue and his transportation costs:

Q
Uc,(pr.qr.pc.qc) = Y P (prs ar.posac)) =) D Y TCH(d(pr, ar, Py ), 4c).
i=1 k=1 m=1 i=1 k=1 m=1 (8)

Each Cj; j =1,...,0, is faced with a lower and upper bound on the quality of transport

<.

shipment gl’?k, Qijk» respectively, and an upper bound for price, pi;, between ¢ and & so that
ggfk <qp <G =1,....N;k=1,...,Qm=1,..., Mj, 9)

0<pl <Pl i=1,....Nik=1,...,Qsm=1,..., M. (10)

The freight service provider lower bounds are assumed to be nonnegative as in the case of

product quality with a positive value corresponding to a minimum quality standard.

Let K7 denote the feasible set corresponding to Cj, where K7 = {(pc;, qc,) | (9) and (10) hold}.
We then define K? = H?:1 K]?. We assume that all the above functions associated with the

freight service providers are continuous and continuously differentiable.

The freight service providers also compete in a noncooperative manner, as per below.

2.3 The Nash Equilibrium Conditions and Variational Inequality Formulation
We now present the Nash (1950, 1951) equilibrium definition that captures the decision-

makers’ competitive behavior in our model.

Definition 1: Nash Equilibrium in Prices and Quality Levels

A price and quality level pattern (p, ¢o, 05, q5) € K* = [[X, K} x HjO:1 K3, is said to

constitute a Nash equilibrium if for each firm F;; i =1,..., N:
UFZ(P;]?A?»C]:F»C]},PE&E) > UFz<p171;;k7Ql7qA:<7pg7qz’)7 v(ph%) € Kzla (11)

where

~

pi =01 P Piys - PN) and ¢F = (415 -5 41 G -5 AN)s (12)
and if for each freight service provider C;; j =1,...,0:

UCj(p}aq;wp*C’japz’j7qé’j7qz*j> > UCj(p}vQPvpCjapz’ﬁQCﬁQé’j)? v(pC’ja(JCj) S K]2a (13)
where
PGy, = (PCys P05 POy -+ - PCo) and qey = (4cys -1 00,_ 5 40y, - -+ 0o )- (14)

9



According to (11) and (13), a Nash equilibrium is established if no decision-maker, whether
a manufacturing firm or freight service provider, can unilaterally improve upon his profits by

selecting an alternative vector of prices and quality levels.

We assume that the above utility functions are concave. Under our previously imposed
assumptions on the production cost, transportation cost, and demand functions, we know
that the utility functions are continuous and continuously differentiable. We now derive the

variational inequality formulation of the governing equilibrium conditions.

Theorem 1: Variational Inequality Formulations of Nash Equilibrium in Prices
and Quality

Assume that the manufacturing firms’ and freight service providers’ utility functions are
concave, continuous, and continuously differentiable. Then (P, ¢, e, q5) € K2 is a Nash

equilibrium according to Definition 1 if and only if it satisfies the variational inequality:

N N
OUF, (P, 4 PE» 45 OUF, (P 4 PES 45)
-> ’ x (pi—p]) =) :
! 8%‘

i=1 =1

Q M

B ZZZ Oy (pFWIFapc,CIc) y (p:?k: _ng)

8pg?k

aUCj (p;“u q}vp*c’a QE’)

8q{?k

X (q'ZLk - q'ZL]:) Z 07 v(pF;QFvPCvQC) € ’C37 (15>

or, equivalently,

N N >k * * * * * * >k *
Z Z aPCi(SF(pF7QFapC>qc)>QF) « asl<pF>QFap07qc)
i=1 881 apl

=1

o Q M; Q M 8dm( * * * *
e e § e (DFs 05, D6 G5) .
> A pr arpeal) =P Y s ] x (pi — p})
j=1 k=1 m=1 j=1 k=1 m=1 Pi
N N * * * * * *
+Z Z aPCi(SF(pF7QF7pC7QC)7qF) Xasl(p;HQFup*CaCIé’)
0 0q;
i=1 L =1 St i

OPCi (55, 05) o s O (D, @ D, G5 \
R I D R

ai

z

L A [T ATE & & & a1 (A, G P G6), 8) O (P, aps P 00)
DHR R IR HAP R R WIS TR TR

row




N j * * * *
m * * * * < - adij(pF’qF’pC7qC) tx m m*
—d;3.(Prs O PO 40) — Z Z Z X pijs | X (Pije — Pijk)

=1 s=1 t=1 3p§’}k
@] N Q MJ N Mj N @] Q M, 3TC’t (d( * * * * * z * * * *
ljs pF7QF7pCa(JC)7QC) adm;w(pF7QF)pC7QC>
2.0 ZZZ[ZZZ e x o
j=1 i=1 k=1 m=1 [ =1 s=1 t=1 Lr=1 v=1 w=1 2=1 row ijk
N M]' 5TC’t (d* * N Q M]' 8 t * * * *
Lis(d™, qt) dijs(Pps @5 D 40) 4 e
20 S5 -2 T X Piys | % (i = dgiji) =2 0,
=1 s=1 t=1 Dijk =1 s=1 t=1 Yijk

Y(pr. qr, po, 4c) € K, (16)
where s§ = Sp(Py, @hy Do, q6) and d* = d(ply, @, PEy 45)-

Proof: The feasible set K3, underlying both variational inequalities (15) and (16) is convex
since it consists of the box-type constraints (5), (6), and (9), (10). (15) then follows from
Gabay and Moulin (1980) and Dafermos and Nagurney (1987). In order to obtain (16) from

(15), for each i we have:

N

o, OPC;  0s; & - 0 & U pam,
" on. :Z Js Xa._zz dijk_pizz aj.’ (17)
pi =1 l Pi 3 e met =1 k=t m—1 9P
OUp <= OPC;  8s; OPC; s O,
— L = X — + — Vi ’ 18
TR Dy raleh T el LD BP DD D (18)
and, for each i, j, k and m, we have:
U N Q@ Mj N O Q M, 8TC{ Od?
o = [ X o]
N & odi
—dij, — Z Z Z 8p77j?8 X pfjsa (19)
I=1 s=1 t=1 ijk
e, L&KL XL &M ooret,  ad
o = [ X o]
i ;; =1 ;;;; Od?y Oy
N Q M t N Q M t
arcy.. od; ..
=1 s=1 t=1 %k =1 s—1 =1 “Yijk

Substituting expressions (17) — (20) into (15) yields variational inequality (16). O

We now put the above Nash equilibrium problem into standard variational inequality
form (see Nagurney (1999)) that is: determine X* € K where X is a vector in R" , F'(X) is
a continuous function such that F(X): X — K C R", and

(F(X*),X —X*) >0, VX€eK, (21)

11



where (-,-) denotes the inner product in n-dimensional Euclidean space. We set K = K3,
which is a closed and convex set, and n = 2N + 2(NOQ Zjozl M;). We define the vector
X = (pr,qr,pc, qc) and F(X) = (F,,, Fy., Fp., Fy.) with the i-th component of F),, and

F,. given, respectively, by:
OUp,

F, =— 22
Di apl ) ( )
OUF,
F,=— : 23
q; aql ) ( )
and the (i, 7, k, m)-th component of F,, and F,_, respectively, given by:
Ug,
Dijk
oU¢,
m = — J . 25
95k anLk ( )

Then, clearly, variational inequality (16) can be put into standard form (21).

Theorem 2: Existence of a Solution

A solution to variational inequality (15), equivalently, (16), exists.

Proof: The feasible set K2 is convex and compact since it consists of box-type constraints
(5), (6), and (9), (10), which are bounded below and above, resulting in bounded prices and
quality levels for both manufacturers and freight service providers. Existence of a solution to
variational inequality (15), equivalently, variational inequality (16), is, thus, guaranteed since
the feasible set K is compact and the function F(X) (cf. (21)) in our model is continuous,
under the assumptions made on the underlying functions (see Kinderlehrer and Stampacchia
(1980)). O

3. The Dynamics

We now propose dynamic adjustment processes for the evolution of the firms’ product
prices and quality levels and those of the freight service providers (carriers). Each manufac-
turing firm adjusts the prices and quality of his products in a direction that maximizes his
utility while maintaining the price and quality bounds. Also, each freight service provider
adjusts his prices and quality levels in order to maximize his utility while keeping the prices
and quality levels within their minimum and maximum levels. This kind of behavior, as we
show below, yields a projected dynamical system. We, also, demonstrate that the station-
ary point of the projected dynamical system coincides with the solution of the variational

inequality governing the Nash equilibrium of the supply chain network model introduced in

12



Section 2. Hence, the adjustment processes provide a reasonable economic and behavioral

description of the underlying competitive interactions.

For a current price and quality level pattern at time ¢, X (t) = (pp(t), gr(t), pc(t), gc(t)),

oUr, (pr(0).ar().pc (H).90 (1))
Op;

—F,(X(t) = , given by (22), is the marginal utility (profit) of firm F;

o, ar(t)pe(t),
with respect to the price that he charges for his product, —F,, (X (t)) = Ur; (pF(t) qgfh) petyactt )) ,

defined in (23), is the marginal utility of firm F; with respect to the quality of his product, and
OUc; \pr(t),qr(t),pc(t)qc(t)) . OUc; \pr(t),qr(t),pc(t),qc(t)
_Fp{;k(X(t)) _ C]( a F c c ),glvenby (24),and _Fqgk(X@)) — C,;( F F c c )

by, oq}lh, )
defined in (25), are, respectively, the marginal utility of freight service provider C; with re-

spect to price and with respect to quality of shipment, from manufacturing firm F; to demand
market k£ by mode m. In this framework, the rate of change of the price that firm F; charges
is in proportion to —F,, (X), as long as the price p; is positive and less than p;. Namely,

when 0 < p; < p;, then
_ aUFZ (pF7 qr,Pc, qC)
Op;

, (26)

)

OUF, (pF,ar.pc.4c) OUF, (pF,ar.pc,4c)
aps < Qor ap; =

Pi, constraint (6) forces the price to remain zero or equal to p;, hence

where p; denotes the rate of change of p;. However, when

OUF,
Opi
We may write (26) and (27) concisely as:
OUF, (pr,qF,pc,qc) . _
i = = Fapfcc, it 0<p; <p; (28)
max {O mln{aUF Pr/dF:PC00) ,pl}} if p;=0orp; =p;.

The rate of change of the product quality of firm Fj, in turn, is in proportion to —F,, (X),
if 4, < ¢ <G, so that
_ aUFZ- (va qr,Pc, (]c)

OUF, (pr,qr;pc,qc) < 0UF (pF,9F,pC,9C) >
9q; =g, or 9q;

i, constraint (5) forces the quality level to remain at least g, or at most g;, respectively.

where ¢; denotes the rate of change of ¢;. However, when

Therefore,
. . (OUr(pr,qr,pc,qc)
¢; = max {gi,mln{ ( 90 ), i1} (30)
Combining (29) and (30), we may write:
oUr. QF,PC, . _
- Fz(pFa‘;j pC qc)7 if 4. <q < 31)
' max {Qi’ min{ U, (pFa’(Z’pC’qC) 7t} ¢ =g, or ¢; = q;-

13



The rate of change of price pij;, in turn, that freight service provider C; charges demand
market k to ship the product from firm F; via mode m, is in proportion to —Fp;?k, as long
as 0 < pily < Dy, so that
o oUc, (pr, qr, Pc, 40)

ijk oLy

where p;lj, is the rate of change of pj7;. Otherwise, constraint (10) forces the price to be zero

, (32)

or at most equal to p;7,. Thus,

Uc,(pr,qr,pc, qc

) . (33)

0
Pl = max {0, min{

827%
We can write (32) and (33) compactly as:
- oUg, (p;:;%:pcﬂc)’ if 0< Pijr < Dijx
Prje = max {0, min{ % (pgé?§27p07q0)’ﬁ?k}}’ if  pijp =0 or pily = Dk <34)

Finally, the rate of change of g7, which is given by ¢;%, is in proportion to —Fqgk, while
the quality of mode m of freight service provider C; for shipping the product from firm F;
to demand market k, g;j;, is more than his lower bound and less than his upper bound. In

other words, when q?]?k < ik < Qi we have

m aUCj(pFaQprC7q0)

T = 35
quk aq;?k ’ ( )

otherwise:
aUCj (pF7 qr,Pc,qc

8q;?k

)7@%}} (36)

4, = max {ggfk, min{

Combining (35) and (36), the quality level g7, evolves according to

OUc; (pr,qr.pc,qc)

1 m m =~m
P T g < dij < B (37)
ijk m . 0Uc; (pF.arpcac) _, . m m m —m
max {gijk, min{ o0, ,qijk}}, if G = 3, OF 4 = Gije-

Applying (28) and (31) to all manufacturing firms Fj; ¢ = 1,..., N, and applying (34)
and (37) to all modes m = 1,..., M, of freight service providers Cj; j = 1,...,0 used in
shipping the product from firm F;; « = 1,..., N to all demand markets k; £ = 1,...,0Q,
and combining the resultants, yields the following pertinent Ordinary Differential Equation
(ODE) for the adjustment processes of the prices and quality levels of firms and freight

service providers, in vector form:
X =1Ie(X,-F(X)), X(0)=X". (38)
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Note that I is the projection operator of —F(X) onto K and X° is the initial point
(P%, ¢%, p¥, ¢2) corresponding to the initial price and quality levels of the manufacturing firms
and freight service providers. Specifically, according to Dupuis and Nagurney (1993), Il
with respect to KC, with K = K3 being a convex polyhedron, of the 2N +2(NOQ Zjo:l M;)-

dimensional vector —F (X)) at X, is defined as:

Pe(X — 6F(X)) — X

with Pg denoting the projection map:
Pi(X) = argmin_ || X — 2]}, (40)
and where ||-|| = (z, x). Recall that, for our model, F'(X) is the vector of minus the marginal

utilities of the manufacturing firms and the freight service providers with respect to their

strategic variables of prices and quality levels, with the individual components of F'(X) given

by (22) through (25).

The dynamical system (38) is a Projected Dynamical System (PDS) termed by Zhang and
Nagurney (1995) and is nonclassical due to the discontinuity of the projection map Ilx at
the boundary of K according to Dupuis and Nagurney (1993). The trajectory provides the
dynamic evolution of the prices charged and the quality levels of the manufacturing firms’
products and carriers’ freight services and the dynamic interactions among them. We note
that ODE (38) ensures that the prices and quality levels of all firms and carriers are always

within their lower and upper bounds.

The following theorem from Dupuis and Nagurney (1993) holds true in our framework

since the feasible set is convex.

Theorem 3

X* solves the variational inequality problem (21) (equivalently, (15) and (16)) if and only if
it is a stationary point of the ODE (42), that is,

X =0 = x(X*, —F(XY)). (41)

This theorem demonstrates that the necessary and sufficient condition for a product and
freight service price and quality level pattern X* = (p}, ¢5, &, ¢&) to be a Nash equilibrium,
according to Definition 1, is that X* = (p}, 45, &, ¢&) 1s a stationary point of the adjustment
processes defined by ODE (38), that is, X* is the point at which X = 0.
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4. The Computational Procedure

The feasible set underlying variational inequality (16) consists of box-type constraints, a
feature that we exploit for computational purposes. Specifically, PDS (38) yields continuous-
time adjustment processes in prices and quality levels of firms and freight service providers.
However, for computational purposes, a discrete-time algorithm, which can serve as an ap-
proximation to the continuous-time trajectories is needed. Such an algorithm is the Euler
method, which is induced by the general iterative scheme of Dupuis and Nagurney (1993),
and which, at iteration 7 (see also Nagurney and Zhang (1996)), results in the following
problem:

X = Pe(XT —a.F(XT)), (42)

where Py is the projection on the feasible set I and F' is the function that enters the

variational inequality problem.

The nice feature of this algorithm is that, in the context of our new supply chain game
theory models, the firms’ product prices and quality levels and those of the freight service
roviders’, can be determined explicitly, at each iteration, using simple formulae, because of
the structure of the feasible set. As shown in Dupuis and Nagurney (1993) and Nagurney
and Zhang (1996), for convergence of the general iterative scheme, which induces the Euler

method, the sequence {a,} must satisfy: Y 2 a, = 00, a, >0, a, — 0, as 7 — 0.

Explicit Formulae for the Euler Method Applied to the Multitiered Supply Chain
Network Problem

Observe that, at each iteration 7, X7™! in (46) is actually the solution to the strictly convex

quadratic programming problem:

1
X7 = Minimize xex §(X, X)— (X" —a,F(X7), X). (43)

In particular, we have the following closed form expressions for all firms’ product price
pi;t=1,..., N and product quality ¢;;2 = 1,..., N, respectively:

o Q M;

pzTH _ maX{O mln{pz P +a: Z Z ijk (PFs 4> PO 4C)

:k:m

M;
z]k pF; QF7p07 QC)

o Q
j:l k=1 m=1 Di
N

—Z (9PC, SF pFaqF7pC’7qC) qF) X asl(p?’q};7p6’q6)}}} (44)

831 apz
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OQMJa

¢t = max{gi ,min{@‘;qz tarprYy D> L pF’qF’pC’qC>

j=1 k=1 m=1

N
Z aPOz SF pF’QFapc’qu) qF) % asl(p}aqupengj) o 6PCZ(8TF7Q;‘)] (45>
ds dq; dq; .

=1

Also, we have the following closed form expressions for the prices, P, and the quality
levels, g7, of the freight service providers: « =1,... ., N; j=1,...,0;k =1,...,Q; m =
1,...,M;), respectively:

Y = maX{O : min{ﬁ?}k i+ ar [d (D5 a5 5 48)
]
l]s (PF: 470 DT GT) tr
5 3)3) pra L T EI
=1 s=1 t=1 ijk
M; O v T T T T z T T T T
ii i izi M 8TC’US (PF 47> PE5 G5, G5) 8dmw(pF,qF,pC,qC)” }}
I=1 s=1 t=1 r=1 v=1 w=1 2=1 od;,, ap?}k
(46)
1 ARSI di;(PF> 47> PE> 45)
q;?lgﬂr ) _ max{g?;k ,min{qi’}‘k ) qZ},Z + a; Z Z Z Jjs B X p'gs
I=1 s=1 t=1 ijk
N Q M N O Q@ M, T T T T T z T T T T
_ZZ - (ZZZZ 0T Cl, (d(pF, 47s P55 42), 40) adrvw(pF7QF7pC>QC))
I=1 s=1 t=1 =1 v=1 w=1 z=1 ad;,,, g5,
N M T T
-3yoy M )
I=1 s=1 t=1 aqijk:

Note that all the functions to the left of the equal signs in (44) - (47) are evaluated at

their respective variables computed at the 7-th iteration.

Also, the below convergence result is immediate following Nagurney and Zhang (1996)

since the feasible set K is compact.

Theorem 4: Convergence

In our multitiered supply chain network game theory model, assume that F(X)=—VU (pr, qr, pc, qc)
is strictly monotone. Also, assume that F' is uniformly Lipschitz continuous. Then, there
exists a unique equilibrium price and quality pattern (p, ¢y, P&, qs) € K and any sequence
generated by the Euler method as gwen by (44) — (47), where {a.} satisfies Y 2 a, = oo,

ar >0, a, — 0, as T — oo converges to (P, ¢, Pes 45) -
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5. Numerical Examples

In this Section, we present numerical examples illustrating the multitiered supply chain
network game theory framework developed in Sections 2 and 3. The equilibrium solutions of
the model are computed by applying the Euler method as outlined in Section 4. Specifically,
we present a spectrum of examples with various combinations of manufacturing firms, freight
service providers, and modes. The supply chain network topology for each numerical example

is described before the data and solution are presented.

The computations via the Euler method are carried out using Matlab. The algorithm
was implemented on a VAIO S Series laptop with an Intel Core i7 processor and 12 GB
RAM. The convergence tolerance is 107, so that the algorithm is deemed to have converged
when the absolute value of the difference between each successive price and quality level is
less than or equal to 107%. The sequence {a.} is set to: .1{1,%, 3, %,4,%,...}. We initialize
the algorithm by setting the prices and quality levels at their lower bounds. The ranges in

which the prices and quality levels vary are noted for each example.

The first two examples are simple examples, for exposition purposes and clarity. The
subsequent examples, along with their variants, reveal various aspects of the underlying
competition. For the first two examples, we also provide the trajectories of the evolution of

the prices and quality.

Our framework can be applied to both high value and low value products with appropri-
ate modifications in the underlying functions. For example, valuable goods would require
greater quality in freight service provision, but at a higher associated cost; also, their pro-

duction/manufacturing costs, given the components, we would also expect to be higher.

Example 1

In the first example, we have a single manufacturing firm, F}, a single freight service provider,
(1, with one mode of transport, and a single demand market, as depicted in the supply chain

network in Figure 2.

The demand function for demand market 1 is:

diy, =43 — 1.62py;, + 1.6¢7;, — 1.45p; + 1.78¢;.

The supply of F} is:

1
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Manufacturing Firm @
Freight Service Provider @

Demand Market G

Figure 2: The Supply Chain Network Topology for Example 1

The production cost of manufacturing firm F} is:

PCy = 1.55(s;, + 1.15¢2).

The utility of manufacturing firm F} is:

UF1 = P1S1 — PCl

The quality and price of the firm are bounded as per the following constraints:

0 <p1 <80, 10 < g1 < 100.

The transportation cost of freight service provider C is:

To%n = -5d%11 + (9%11)2-

The utility of freight service provider Cf is:
Uc, = pilld%ll - TC%H,
with the following limitations on his price and quality:

0<pi;;, <70, 9<q, <100.

The Jacobian of -VU (pl,;,p1, 4111, 1), denoted by J(pi,,p1, ¢l 1), is

324 145 —-1.60 —-1.78
1.62 290 -—-1.60 -—1.78
—1.60 0 2.00 0

0 —1.78 0 3.57

J =
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The eigenvalues of the symmetric part of J, (J + J7)/2, are all positive and they are:
0.79, 1.14, 3.28, and 6.47. The equilibrium result, after 60 iterations, is:

pii =16.63,  p;=1957, ¢ =1290, ¢ =10.00.
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Figure 3: Prices and Quality Levels for the Product and Freight of Example 1

The iterates displayed in Figure 3 provide a discrete-time evolution of the prices and
quality levels of the manufacturer and freight service provider as they respond through the
time periods to the demands for the product and service. We observe that the prices move
much above the quality levels and reach significantly higher values than their points of
initiation, while the quality levels do not gain as much. This can be attributed to a lack of
competition and enough scope at the demand market for gaining revenues. The manufacturer
and freight service provider would try to extract the maximum price out of the market while

offering a low quality product and services.

Indeed, in the absence of competition, the manufacturing firm and the freight service
provider produce and transport at low quality levels. This explains the low equilibrium
values of ¢i and ¢i7,. The utility of firm F} is 292.60 and that of freight service provider C}

is 254.95. Also, the demand d}; at equilibrium is 26.13. The demand function is assumed so
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that more weight is given to the quality of the product than of the freight service provision
and the price of the service provider than the product price. Since there is no competition,
the manufacturing firm ends up with a higher utility by selling a low quality product, while

the service provider gains but not as much as the manufacturer.

Example 2

In Example 2, we extend Example 1 by adding another mode of shipment for freight service

provider C;. The supply chain network topology is now as depicted in Figure 4.

Manufacturing Firm @

Freight Service Provider @

1\ /2

o

Demand Market @

Figure 4: The Supply Chain Network Topology for Example 2

The demand functions are:
di,, =43 —1.62p1,, + 1.6¢1,, — 1.45p; + 1.78¢; + .03p2,, — .2¢3,,,

d?,, =52 — 1.75p%,, + 1.21¢7%,, — 1.45p; + 1.78q; + .03pl,, — 2¢1,,.

The contribution of quality of the product is higher in the demand functions than its price.
Also, the contribution of price of the service provider is higher in the demand functions than
the quality he offers. Here, the freight service providers are striving to position themselves

as a value added service.
The supply of manufacturing firm Fj is changed to:
S1 = din + d%n
since there are two modes of shipment available now.

The production cost function of Fj is the same as Example 1. The transportation costs

of the freight service provider C; for modes 1 and 2 are:
Tc%n = ’5d%11 + (9%11)27
TC%H = -45d%11 + ~54(Q%11)2 + -0035d%11f1%11~
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Note that mode 1’s cost remains as in Example 1.

The utility of freight service provider Cf is:
1 2
Uc, = phldhl + p%nd%n —TCy, —TCy,

with the constraints on the price and quality of shipment kept for the first mode as in

Example 1 and for the added second mode as below:

0<pi, <70, 9<q}, <100.

The symmetric part of J, (J+JT)/2, has positive eigenvalues, which guarantees the strict

monotonicity of F'(X). The equilibrium solution, after 166 iterations, is:
pin = 21.68,  pii, =2416,  p; = 2718,

@y =1458, g5, =2243, ¢ = 25.59.

The trajectories in Figure 5 provide a discrete-time evolution of the prices and quality
levels of the manufacturer and freight service provider. As compared to Figure 3, the quality
levels, and, therefore, the prices, of both manufacturer and freight service provider increase.
This would be a result of the competing modes. We observe that the quality of mode 2 is
much better than that of mode 1. Hence, the freight service provider quotes a higher price
for mode 2. At the manufacturer’s level, we continue to obtain a higher price in comparison
to the quality level. However, we see the difference between the prices and quality levels to
be much less than Figure 3 (the trajectories move along more closely in Figure 5 than in

Figure 3 for the manufacturer).

At equilibrium, the utility of manufacturing firm F} is 737.29 and that of freight service
provider C} is 1190.05. The amount shipped via mode 1, d},;, is 33.59 and that shipped via
mode 2, d?,,, is 40.73. Interestingly, even though the price offered by service provider C;
for mode 2 is slightly higher, the quality level of mode 2 is much better than that of mode
1, which increases the demand satisfied by mode 2 as compared to mode 1. Also, the fixed
component of the demand function, d?,, is higher than that of dj,;. This also contributes to

the higher demand shipped by mode 2 to demand market 1.

The differences in the utilities of the manufacturer (737.29) and the service provider
(1190.05) are explained mainly by the production costs and transportation costs, respectively.
It is judicious to assume that the production costs of a manufacturing firm would be higher
than the transportation costs incurred by a freight service provider. This difference gets

aptly captured in the (comparatively) higher coefficients of the production cost function.

22



25 T T T T T T T T

Price and Quality of Maode 1

|:| | | | | | | | |
0 20 40 &0 80 100 120 140 160 180

[teration Mumber

™
[1h)
s
D —
=
b=
o i
=
S 10 By 2 =
S Fyq4

: i
2 = S
o 0 1 1 1

1 1 1 1 1
0 20 40 G0 a0 100 120 140 160 180
[teration Mumber

104 —|—FI1

—e.—[:|1

Product Price and Quality

|:| 1 | | | | | | | |
1] 20 40 B0 all] 100 120 140 160 180

[teration Mumber

Figure 5: Prices and Quality Levels for Products and Modes 1 and 2 of Example 2
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Example 3 and Variant

In Example 3 and its variant, we extend Example 2 by including another freight service

provider with one mode of shipment as illustrated in Figure 6.

Manufacturing Firm

Freight Service Providers

Demand Market

Figure 6: The Supply Chain Network Topology for Example 3 and Variant

The demand functions are:
di,, =43 —1.62p},, + 1.6¢1;, — 1.45p; + 1.78¢y + .03p?,, — .2q3,, + .04p1y; — 1q1y,

dio, = 47 — 1.79p1,, + 1.41q1,, — 1.45p; + 1.78q; + .03p1,, — 2¢1,, + .04p%,, — .1¢%,,.

The supply of Fj is:
S1 = dhl + d%n + dbl-

The production cost of F} is the same as in Example 2. Therefore, the utility function of
Fy has not changed. The transportation costs of freight service provider C are:
TC%H = '5d%11 + (th)z + -04503%217
TC%H = 45d1,; + .54(q71,)? + .005d7, 4711,
and that of freight service provider Cj is:
Tc%m = -64d%21 + -76((]%21)2-
The utility function of C} and his price and quality constraints have not changed. The

utility of C5 is:
Ue, = p%21di21 - Tc%m-
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The maximum and minimum levels of price and quality of Cy are:

0 <ply <65, 12 < gy < 100.

The Jacobian of F(X) for this example is also positive-definite. The new equilibrium

solution, computed after 218 iterations, is:
P, =45.69,  piy, =45.32, p =44.82, pi=53.91,

a, = 31.69, qir, = 41.32, qiay = 41.24, q; = 78.43.

In addition to the competition between modes captured in Example 2, in Example 3,
we capture the competition among freight service providers. This adds pragmatism and
generality. The assumption regarding the demand functions being more inclined towards the
quality of the product manufactured and the prices of the service providers remains valid in
this instance as well. This supposition induced by the assumed coefficients of the demand

and cost functions gets clearly reflected in the equilibrium solution (p} = 53.91; ¢f = 78.43).

At equilibrium, the utility of manufacturing firm Fi is 961.39 and that of freight service
providers C; and Cy are 4753.06 and 2208.92, respectively. Demand market 1 receives
amounts of 71.88 and 76.81 via modes 1 and 2 from C}, and 79.07 from C5. The inclusion
of an additional freight service provider helps to increase the total demand as compared
to Example 2. The increasing demand provides an incentive for manufacturing firm F; to
increase his quality level and, consequently, his price. This surge in demand also has a
positive effect on the utilities of the manufacturing firm and both freight service providers.
Higher demand gets satisfied by C5 since his price is lower and the quality level is at par
with the quality provided by C; for both modes. Clearly, mode 1 of C; carries the lowest

amount of the total demand due to the higher price and lower quality combination he offers.

Variant of Example 3

We consider a variant of Example 3 wherein the demand function is more sensitive to the
price of the product manufactured and the quality offered by the service providers. Keeping

the other data consistent, the demand functions are, hence, modified to the following:
diy; =43 — 1.44p1,, + 1.53q1,, — 1.82py + 1.21q; + .03p?,, — .2¢%,, + .04p1y; — 1qiy;,

diy, =52 — 1.49p%,, + 1.65¢7,; — 1.82py + 1.21q1 + .03pyy, — 2¢11; + .04piay — 1qiay,

dly, = 47 — 1.57ply;, + 1.64q15, — 1.82p; + 1.21q1 + .03pyy; — -2¢1;, + 04pT,, — 1¢3,;.
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The equilibrium solution, computed after 553 iterations, is:
pri =871,  phE, =63.17,  pi3 =16.22,  p} = 24.80,
G =900, ¢ =9315 ¢35 =1692,  ¢f =23.67.

It should be noted that the quality levels offered by the freight service providers take on
higher values than their prices as opposed to a vice versa situation in the case of Example 3.
At equilibrium, the utility of manufacturing firm Fj is 1952.19 and that of service providers
C1 and Cy are 1073.86 and 164.99, respectively. The transportation costs increase to ensure
high quality transportation. Thus, the utility of the manufacturing firm is higher than the
utilities of both freight service providers. This can be explained by the fact that, apart
from the price and quality level of the second mode of service provider (', the prices and
quality levels of the other mode and the other service provider take on much smaller values
than in the equilibrium solution of the previous assumption. Since the emphasis is given
to the quality of the service provider in the demand functions, the low quality levels result
in lower demand. Demand market 1 receives amounts of 9.96 and 92.51 via modes 1 and 2
of freight service provider C, and 24.46 via freight service provider C5. The low demand

further reduces the utilities.

Example 4 and Variant

Example 4 and its variant extend the previous numerical examples through the addition of
another manufacturing firm, as shown in Figure 7. These manufacturers offer substitutable

products to the demand markets.

Manufacturing Firms

Freight Service Providers

Demand Market

Figure 7: The Supply Chain Network Topology for Example 4 and Variant

The demand functions for manufacturing firm Fj are:

di;, = 43—1.62pl,, +1.6¢i;, —1.45p; +1.78¢1 4 .08py — .04qs +.03p? |, — . 2¢3,, +.04p1o; — . 1qiyy,
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d?,, = 52—1.75p%,, +1.21¢%,, — 1.45p, +1.78¢; +.08p;, — .04q,+.03pl |, — . 2¢1,, +.04ply, — 1qisy,
diy, = 47—1.79p1,, +1.41q15, —1.45p; +1.78¢, +.08py — .04q2+.03p1, — . 2q1,, +.04pT,, — 143,

and that of manufacturing firm F; are:
dy;, = 51—1.57py,+1.26¢5,,—1.65py+1.98¢5+.08p; —.04q +.04p3,, — . 1¢2,, +.02phy, —.12¢59,,

d3y, = 44—1.63p5;,+1.21¢5,, —1.65p2+1.98¢2+.08p1 —.04q1 +.04p51 — 14911 +.02pg0; — . 12451,

dyyy = 56—1.46p59; +1.41q59, —1.65p2+1.98¢2+.08py —.04q1 +.04py — 19y, +.02p3, — 1245, -

The supply of Fj is similar to that in Example 3 and that of manufacturing firm Fj is:

S2 = d%n + d%n + dém‘

The production cost functions of F; and F, are:
PCY = 1.55s1 + 1.88¢% 4 .02s5 + .06¢5,

PCy = 1.47s5 + 1.94¢% + .041s; + .032q;.

Manufacturing firm F} has the same utility function and price and quality bounds as in

Example 3. The utility of manufacturing firm Fj is:
Ur, = p2sa — PCy,
and the price and quality of his product are constrained in the following manner:

0 < p2 < 95, 8 < g2 < 100.

The transportation cost functions of freight service provider C; are changed to:
TCYyy = 5dyy + (qiy)? + .0045d15, +.0045d3,, + .0045d,;,

TC?H = -45d%11 + -54(Q%11)2 + ~0011d%117
TCy, = .68dy;, +.79(qs,,)? + .002d3,, + .002d3,,,
TC’%H = -57d§11 + -74<Q§11>2 + '005d%117

and the functions of freight service provider C5 are changed to:
TCly = 64d7y; + .76(q1y;)? + .0015d3,,
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TCOYy, = 59dhy;, + .80(gas; ) + .01d}y, + .01d},, + .01dy,,.

The utility of C is:

Ue, = pind%n +p?11d?11 +p§11d§11 +p§11d§11 - TC%H - TC%H - Tcén - TC'EH,

and that of (Y is:
Uc, = p%Qld%Ql + pézld%m - chl - TC§21.

The lower and upper bounds of the prices for service providers are now:
0<pM <90, Vi k, M, for M; =2,

0<ph <85  Vik, M, for My =1.

The equilibrium solution, computed after 231 iterations, is:
pri, =40.20,  pf, =40.72,  pi5 =39.79,  pi =48.08,

Py, = 5117, p3i, =42.88,  poy, =69.18,  ph = 50.89,
qir, = 27.73, qx, = 37.76, qis, = 36.53, qf = 66.25,

G, =37.64, ¢, =2942, g =63.97. ¢ = T75.65.

In this example, we consider competition at the manufacturers’ level, the freight service
providers’ level, and between modes of a particular service provider. This, further, increases
the generality, as well as the complexity, of the problem when compared with Example 3.
The assumption regarding the demand functions being more inclined towards the quality
of the product manufactured and the prices of the service providers remains valid in this
instance as well. The equilibrium solution (pj = 48.08; ¢} = 66.25; p5 = 50.89; ¢5 = 75.65)

supports this assumption.

The utilities of manufacturing firms F} and F, are 1179.39 and 976.85, respectively.
Moreover, the utilities of service providers C; and Cy are 8743.66 and 5340.84, respectively.
The demand market receives an amount of 132.37 of the product manufactured by F; from
service provider C;7 and an amount of 70.05 from C5. Firm F5 sends 144.51 units via C; and
100.14 units by Cb.

Due to the added competition at the manufacturers’ level, the quality and price of the

product manufactured at firm F3 have declined as compared to Example 3. This was expected
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since to attain more market share, the prices would be lowered, which would result in a
lowering of quality levels. The utility of Fj is higher than that of F,. A product with
reduced prices and quality levels would require cheaper prices (and, hence, quality) of the
transporters. Resultantly, prices and quality levels of freight service provider ' carrying
products from Fj have also been reduced. It is interesting to note that even though the
price and quality level of C5 transporting the product manufactured by F, are the highest
of all (pl3;; gas;), more demand for Fy is satisfied by service provider Cy (100.14) than that
of Fy (70.05). The prices and quality levels of service provider Cy transporting goods of
manufacturer F) are at par with that of service provider C';. Clearly, both manufacturers

prefer service provider C to service provider Cs.

Variant of Example 4

We now construct a variant of Example 4 wherein the demand function is more sensitive
to the price of the product manufactured and the quality offered by the service providers.
Keeping the other data consistent, the demand functions are, hence, modified to the follow-

ing:
diy, = 43—1.44p1,, +1.53q1,, — 1.82p1 +1.21q; +.08py —.04qo+.03p3 , — 267, +.04ply, — .11y, ,

d3, = 52—1.49p%,, +1.65¢7,, —1.82p; +1.21q; +.08py —.04g2+.03p1, —.2q1,, +.04p1o; — - 1qisy,
diy, = 47— 1.5Tp1y, +1.64q15, —1.82p1 +1.21¢; +.08py — .04¢2+.03p1,, —.2¢1,, +.04pT,, — 14314,
dyy = 51—1.39p3;,+1.66¢5;, —1.88pa+1.25¢+.08p, —.04q; +.04p5,, — 15,1 +-02pg0; — 12451,
day, = 44—1.42p5,,+1.58¢3,, —1.88py+1.25¢,+.08p; —.04q; +.04pd, —. 1G5, +.02p50; — 12¢5,; ,

dye; = 56—1.40p3y; +1.63¢39, —1.88pa+1.25Go+.08py —.04q1 +.04py, , — 1gyy,+.02p5,, — 12435, -
The equilibrium solution, computed after 568 iterations, is:
pij =830,  pif, =64.70,  pyy =1554,  pi=25.02,
p;;l = 28.70, p%h = 18.47, p;; = 36.15,  pi=21.38,

G5y = 28.34, ¢ = 17.19, Gos, = 38.55. ¢ =19.24.

At equilibrium, the utilities of manufacturing firms F; and F; are 2037.45 and 1511.87,
and that of freight service providers C and Cy are 1729.44 and 737.02. It is important to note

that, based on the previous equilibrium solution, the utilities of the freight service providers
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were higher than those of the manufacturers. However, based on the variant’s solution, the
utilities of the freight service providers (focus on quality) are lower than the utilities of the
manufacturers (focus on price). This is directly connected to the transportation costs which
increase in order to ensure high quality transportation. Demand market 1 receives 104.81
units of F}’s product from service provider C and 23.37 units from C5. Also, the demand

market receives 62.52 units of F3y’s product via Cy and 49.79 via Cs.

Example 5 and Variant

In this example and its variant, we extend the previous ones by adding another demand
market to the supply chain network; see Figure 8. The manufacturers and freight service

providers compete to serve two demand markets now.

Manufacturing Firms

Freight Service Providers

Demand Markets

Figure 8: The Supply Chain Network Topology for Example 5 and Variant
The demand functions at demand market 2 for manufacturing firm F; are:
di1 = 50—1.63p1 15 +1.55q1 19— 1.48p1 +1.74¢; +.06ps—.05G2+.05p% 15 —.23qF15+.02D1 90— 13¢1 9,

d2,y = 39—1.78p% ,+1.21¢% s —1.48p; +1.74¢, +.06p—.05G2+.05p1 15 —.23¢1 15 +.02D1 55— 13¢1 99,
dioy = 42—1.66p199+1.41q 190 —1.48p; +1.74¢;+.06p—.05G2+.05p1 15 —-.23q1 15 +.02p% 15— 13¢5,

and for manufacturing firm Fj:
dbyy = 38—1.49p3,,+1.34q3,—1.61po+1.86¢o+.06p; —.05q1 +.05p3,5—.09¢3,5+.03pb0s —.08¢59,

d319 = 43—1.57p3,5+1.26q3,9—1.61pa+1.86Go+.06p; —.05G1 +.05p5 15 —.09¢5,5+-03pdey —.08¢59,,

Aoy = 58—1.53Pg9n+1.31q990—1.61pa+1.86¢o+.06p; —.05G; +.05p5 15 —.09¢515+.03p5,,— 0855
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The supply functions for both manufacturers are changed in the following manner:
s1=dyyy +diy + digy + digy + diy + di,
52 = dyyy + dyyy + digy + diyy + d3yy + gy

There is no change to the utility functions of the manufacturing firms. However, the

transportation functions of freight service provider C'; have been changed to:
TCYy, = 5diyy + (qi1;)” + .0045d],, + .0045d5,, +.0045d},, + .0045d],,,

TCY,, = 45d3,, + .54(q},,)? + .0011d3,, + .0011d3,5,
TCY,, = .68dy, +.79(ga1,)? + .002d7,, + .002d},, + 0.002d3;,,
TC3,, = .57d5, + .74(q3,,)? + .005d3,, + .005d3,,,
TCl,, = 61d},, + .7(q1)* +.0037d}, + .0037d} 5, + 0.0037d},,,
TC?,, = .52d3,, + .58(¢%,)? + .0024d2,,,

TCh, = 49d,, + .59(qa;5)? + .0017d},, + .0017d1,,,
Tcgm = -430@12 + -55(51312)2 + ~0023d%127

and that of freight service provider Cs to:
Tc%m = 64d121 ~76(Q%21)2 + -00150@217

TChy = .59dy;, + .80(qy;)? + .014d},, + .014d],, + .014d},,,
TClyy = .67d}oy + .73(qls)? + .0031d}y, + .0031d3,,,
TC%22 - 45d222 + 58<q222) _'_ 012d122+ 012d112 + 012d212

With the same constraints on the prices and quality levels, the utilities of freight service

providers become:
Ue, = p%nd%n + P%nd%n + pénd%n + pgnd%n + pimd%m + p%ud%u + P%md%m + p%lzdgm
—TC1yy —TCY, = TChyy = TCS, = TChyy, = TCYy — TChyy — TCY,,
Uc, = Pioadior + Paaidasy + Plasdisg + Paoalisy — TChy — TC3p1 — TClyy — TClhy,.
The equilibrium solution, after 254 iterations, is:
pif =56.79,  pli, =5545,  pii, =72.96,  pi, = 36.93,
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Py =55.19,  ply, =53.55,  phiy =62.77,  pZ; =53.28,
p212 = 72.94, p212 = 65.91, P221 = 76.15, p222 = 83.73,
pi=63.76,  pi=64.90, ¢ =100.00, ¢ = 100.00,
g1 =39.53, gy, =51.20,  qfj, =T4.61,  qi1, = 23.54,
gy =50.93,  qis, =51.05, g3 =46.25, g3, = 36.72,
Gy = 76.89, g1, =69.56,  qy3 = 6118, 33, = 94.70.

In this example, we consider competition at the manufacturers’ level, the freight service
providers’ level, and between modes of a particular service provider, wherein all these players
are competing to satisfy the demands at two different demand markets. This makes the prob-
lem quite complex. The assumption regarding the demand functions being more sensitive to
the quality of the product manufactured and the prices of the service providers remains valid
in this example as well. The equilibrium solution (pj = 63.76; ¢; = 100.00; p5 = 64.90; g5 =
100.00) supports this assumption. The price and quality levels have gone up as compared to

Example 4 since there are two demand markets to be satisfied now as opposed to one.

The utilities of manufacturers F| and F, have increased to 15244.22 and 19922.55, respec-
tively. Also, the freight service providers € and Cy are now witnessing higher utilities of
29256.82 and 16905.45, respectively. Since more demand from multiple demand markets has
increased the prices and quality levels of products, the utilities have increased. The results
indicate that service provider ] transports an amount of 279.46 to demand market 1 and
an amount of 381.13 to demand market 2. Also, service provider C5 carries an amount of
207.96 to demand market 1 and 215.20 to demand market 2.

As there is enough demand for products of both manufacturers F; and F5, the prices of
the products are high and the quality levels are at their upper bounds of 100. This happens
since the emphasis is on quality rather than price for manufacturers. Resultantly, the overall

prices and quality levels of the two service providers also go up as compared to Example 4.

Variant of Example 5

Once again, we consider a variant wherein the demand function is more sensitive to the price
of the product manufactured and the quality offered by the service providers. Keeping the

other data consistent, the demand functions are, hence, modified to the following:
diyy = 50—1.37p1 1+ 1.67¢1 15— 1.91p1+1.33¢1+.06ps—.05ga+.05p% |5 —.23¢% 15 +.02p1 95— 13199,

d2,y = 39—1.41p% ,+1.65¢7,5—1.91p; +1.33¢,+.06p—.05G2+.05p1 15 —-.23¢1 15021 55— 131 99,
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digy = 42—1.35p159+1.70¢1 95— 1.91p1 +1.33¢1+.06ps—.05ga+.05p1 15— 2341 15 +-02p% 15— 135 o,
db1y = 38—1.33p3,5+1.59q3,9—1.87pa+1.29¢o+.06p; —.05G1 +.05p3,5—.09¢5,5+.03pdey — 08G540,
d51y = 43—1.36p3,,+1.67¢5,5—1.87py+1.29¢2+.06p; —.05¢1+.05p5 1, —.09¢515+.03P500 —-08¢505,

dboy = 58—1.42p2 0, +1.68¢30,—1.87py+1.29¢2+.06p; —.05q1+.05p2 1, —.09¢a 1, +.03p3 1, —.08¢3, 5.

The equilibrium solution, after 769 iterations, is:
pin = 22.05, pin = 80.0L, piio = 44.02, Ptz = T7.79,

Py =46.56,  pl3, =T71.98,  pi, =62.01,  pdi =47.77,
phr, =82.80,  p2i,=85.62,  pii, =64.72,  pki, =85.00,
pt=43.78,  pi=5286, ¢ =8579, ¢ =100.00,
qi, = 9.00, i1, = 100.00, a1ty = 39.34, 4%, = 100.00,
¢z, =49.85, ¢t =82.99, ¢ =6155  ¢¥, =46.18,

4oty = 100.00, %1y = 100.00, Gan1 = 65.62, 35, = 100.00.

The utilities of firms F} and F5 are 6333.31 and 10285.25, respectively. The utilities of
freight service providers C and Cy are 18654.58 and 10277.76, respectively. As expected, the
utilities are increasing from those in Example 3 onwards. This particular variant registers
the highest. Since the focus of the freight service providers is on quality, there are multiple
cases wherein the quality levels of the providers are at their upper bounds. The demand
markets have grown which lets the manufacturers and service providers increase their prices
and quality levels. Higher quality levels, however, ensure that the transportation costs go

up which, in turn, reduces the utilities of the freight service providers.

6. Summary and Conclusions

In this paper, we developed a game theory supply chain network model in both static
and dynamic versions with multiple manufacturers and freight service providers competing
on price and quality. This multi-faceted inclusion of competition in the model assesses the
quality conformance level of the product and the level of service of freight service providers
along with the prices at which the products and the transportation services were offered.
The model handles multiple modes of transportation for delivery of shipments. The utility
of each manufacturer (or service provider) depends on the prices and on the quality levels

offered by its competitors as well as those of the others.
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Variational inequality theory was employed in the formulation of the equilibrium gov-
erning the manufacturers’ and freight service providers’ behaviors with respect to price and
quality followed by the rigorous description of the underlying dynamic interactions until
a stationary point; equivalently, an equilibrium is achieved. The dynamics were shown to
satisfy a projected dynamical system. The computational procedure utilized was the Euler
method. The discrete-time algorithm, also serving as an approximation to the continuous-
time trajectories, yields an equilibrium price and quality patterns for the manufacturers and

the freight service providers.

In order to demonstrate the generality of the framework and the computational scheme,
we then provided solutions to a series of numerical examples, beginning with smaller scale
examples. In the larger examples, a scenario and its variant were explored while computing
and analyzing the solutions for various combinations of manufacturing firms, freight service
providers, and modes of transportation. The competition within echelons of the different
examples altered the price and quality levels, and, thereby, the utilities, of the entities. We
considered a scenario wherein the demand functions were more sensitive to the quality of the
product manufactured and the price charged by the freight service providers. The variant
took a contrasting position, whereby the demand markets were giving more importance to
the price of the product manufactured and the quality levels offered by the freight service
providers. These contradictory situations brought about interesting comparisons between
the utilities of the manufacturers and the freight service providers, and how they changed

when the emphasis on price and quality levels changed.

There are many aspects to our proposed framework that are worthy of further discussion
and investigation. For instance, additional tiers of supply chain decision-makers could be
included. The quality levels might be explicitly modeled for the freight service providers
in terms of time-conformance of delivery, reliability of the service, emission standards (to
compare the environmental viability of various modes), the quality of in-house transportation
infrastructure, and so on. It is interesting to note from the results of this paper that in order
to capture a higher market share, manufacturers or freight service providers might try to
quote a lower price and offer a lower quality level (leading to a lower cost). However, a lower

quality product/service might not be able to sustain the market share.

Our work fills the gap in the existing literature by capturing quality in transportation as
well as production in a multitiered competitive supply chain network, along with prices as

strategic variables. It provides a critical foundation for future research in this area.
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