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Abstract

We study a supply chain economy that comprises heterogeneous supply chains involving
multiple products and competing for multiple markets. The proposed network model is built
upon operation links and interface links, representing, respectively, substantial supply chain
operations and coordination functions between the operations. The paper presents a variational
inequality formulation of the problem, the solution of which determines the winning supply
chains and their market shares in the equilibrium of supply chain economy. We furnish
qualitative properties such as existence and uniqueness of the equilibrium. Numerical examples

are presented for illustrative purpose.
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I ntroduction

To date, the major focus of the supply chain management literature has been on intra-chain subjects, such as
distribution network design, inventory management, and production coordination (c.f., Beamon (1998), Bramel and
Simchi-Levi (1997), Geoffrion and Power (1995) and references therein). Most of these are studied as an
optimization problem in a centralized decision making scenario (c.f., Erenguc et a (1999), Federgruen (1993), and
references therein). Lakhal et al (1999) and Lakhal et al (2001) provide an analytical framework for the study of
competitive strategy formulation in which elementary resources, elementary methods, products, and activities are
characterized in a bipartite graph model for a network company. Certain intra-chain competition problems are
investigated through game theoretic models (e.g., Corbett and Karmarkar (2001), Nagurney, Dong and Zhang
(2002), and Dong, Zhang and Nagurney (2002, 2004)). There islittle analytic work however in the literature that

studies the interaction of multiple supply chains and particularly, supply chain versus supply chain competition.

Most recognize that it is no longer afirm versus afirm but rather a supply chain versus a supply chainin the
competition for many marketplacestoday. Thus, the following questions naturally rise.

How do supply chains compete against each other?

Which supply chain will win the competition?

How much market share will awinning supply chain obtain?

In an attempt to answer the above questions, this paper proposes a modeling initiative to formalize both intraand
inter supply chain cooperation and competition. We consider a supply chain economy, which can be perceived asa
network of business agents and their activities involved in the production, distribution, vendition, and consumption
of one or many related products. The agents, representing different stage supply chain entities, compete to form
coalitions of supply chains, based on their speciaized strengths and core competences. A supply chain economy
may comprise several supply chains, which interact (cooperate and compete) in their procurement, production,
distribution and retailing activities. In accordance with the spatial price equilibrium theory (c.f. Samuelson (1952),
Takayama and Judge (1971), Nagurney, Takayama and Zhang (1995)), we define the equilibrium of supply chain
economy that characterizes the winning chains as those with the lowest total marginal costs. This also reflects the
philosophy that the firms' cooperation quest in supply chain management is to make the final product at overall
lesser total cost than competing sets of supply chain firms (Cavinato (1992)). As the core contribution of this paper,
we present a mathematical formulation for a supply chain economy as avariational inequality problem whose

solution can be used to determine the answer to the above questions.

Our model features the following novel characteristics. (1) It comprises operation links and interface links with their
orientation indicating the direction of the flow of material or information. We use an operation link to represent a
business function performed by afirm in a supply chain network. To model the supply chain interactions, an

operation link can participate in multiple chains, such as athird party logistic firm like UPS. We use an interface



link to represent a coordination function within a supply chain. It may serve asaB2B bridge and can be used to
measure the effectiveness of coordination and integration of different stage supply chain operations. (2) While most
of the existing models for intra-chain competition consider a homogeneous product, the model presented in this
paper is capable of studying a supply chain economy revolving inter chain cooperation and competition for multiple
related products at multiple markets. (3) The proposed model accommodates the study of heterogeneous chains with
different numbers of tiers, unlike most research that study problems limited to a fixed number of tiers/stages (e.g.,
Cachon and Zipkin (1999), Nagurney, Dong and Zhang (2002), and Dong, Zhang and Nagurney (2002, 2004)). In
addition, the different tiersin our model may represent different functions not necessarily confined to a certain type,
such as product assembly as in Corbett and Karmarkar (2001). (4) The cost functions represent generic costs for
operation and coordination in supply chain management that measures not only the monetary cost, but also other
ineffectiveness such as delivery time and quality issues. So, the winning chains determined by the model are actually
the most “effective’ chains that should demonstrate highest overall competence. (5) Furthermore, no artificial
conditions are imposed on the cost functions for the operation and interface links. Therefore, the model can serve as
ageneral framework, and the qualitative properties derived in this paper should hold for all application problems.
Moreover, the main results can be sharpened under additional conditions such aslinear cost functions as used in
Corbett and Karmarkar (2001).

Therest of the paper is organized as follows. In Section 2, we propose the concepts of a supply chain economy and a
market pertinent chain, which are essential to our study and fundamental for our model building. In Section 3, we
present a network model for a supply chain economy that incorporates the process rate of bill of materials, accounts
for link cost imputation, and addresses inter and intra chain cooperation and competition. Section 4 introduces the
equilibrium of a supply chain economy, which isthe core concept that characterizes the winning supply chains and
their material flows. Variational inequality problem formulationsin chain variables and in link variables are
proposed for the equilibrium of a supply chain economy. Section 5 explores qualitative properties such as existence
and uniqueness of the solution to the variational inequality problem formulations. We also give conditions under
which there are equivalent optimization formulations. For illustrative purpose, we give numerical examplesin
Section 6, and shed light on the economic implications of the numerical solutions. Finally, Section 7 concludes the

paper, suggests application prospects of the model, and proposes future research directions.

2. Supply Chain Economy

In this section, we introduce several new concepts that are essential for the study of supply chain (SC) formation and
supply chain versus supply chain (SC vs. SC) competition. These concepts will be mathematically formulated into a

network model in subsequent sections.

Although the existing definitions of SC are sufficiently clear for the subject of intra SC management, they usually do
not define the boundary of a SC, or specify the border between two SCs. Hence, these definitions are inadequate to



addressinter chain problems, such as SC vs. SC competition. This entails the proposition of a market pertinent
chain, defined below as a sub-chain in anetwork structure, which is analogous to the concept of a product-market
chainin Lakha et al (1999).

Definition 1 (Market Pertinent Chain)

A market pertinent SC (in short, a M-chain) pertaining to an end product (or service) market, is a network of
coordinated business activities involved in procurement, production, distribution, and vendition, that are associated
with the delivery of the pertinent product (or service) to the pertinent market. Or, taking advantage of the commonly
accepted notion of a SC, a M-chain isthat part of its parent SC that isinvolved in delivery of the pertinent product

(or service) to the pertinent market.

Every SCis ultimately market driven and can be oriented towards more than one market. It is not uncommon that
one SC wins over another SC in one market and loses to it in another. Therefore, the competition between SCs that
are embroiled in many markets cannot be fully captured unless the competition of their individual productsin
individual markets are specified and investigated. From the above definition, a SC can be viewed as afamily of
coordinated M-chains, each of which is pulled by an end product (service) market. Viewing a SC as a composite of
its M-chains offers a new dimension of inter-chain competition when studying intra chain issues such as vertical
integration, inventory management and distribution. As depicted in Figure 1, Ford SC can be viewed as a composite
of many M-chains including those for end markets of family cars, sport cars, and trucks. These are coordinated
within the Ford SC in production and distribution, while competing with the corresponding GM M-chains in family
car, sport car, and truck markets. It isfrom this perspective that one can see how intra-chain coordination would

impact inter-chain competition and vice versa.

Today, no one would ignore the coexistence of multiple SCs and that many, such as Wal-Mart, Kmart, Target and
Sears, compete in the same business. Of course, SC interactions are not limited to market competition but may
include cooperation and other mutual influences as reflected in their material procurement, resource utilization,
utility consumption, and production and distribution patterns. The network concept of a supply chain economy

(SCE) is proposed to facilitate the development of analytical models for studying multi-dimensional SC interactions.

Definition 2 (Supply Chain Economy)

A SCE is a network of interrelated activities of procurement, production, distribution, vendition, and consumption of
one or many related products or services, conducted by several coalitions of business entities who act collectively
within a coalition. Take as granted the definition of SC, we can state that a SCE is a network of interrelated SCs.

A SCE describes a competitive environment of al the operation-related and market-related SCs under study. It
allows one to examine any of its element SC internally, at the collective agentsin terms of their operation and

coordination, and externally, at the SC as a unified entity in terms of its productivity, competence, or market



position. Figure 2 depicts the hierarchy of a SCE, its SCs, and their M-chains. Besides the subordinate relationship,
it also shows the SC vs. SC competition. Particularly, M-chain 1A of SC 1 and M-chain 2A of SC 2 compete for
market A, and M-chain 2B of SC 2 and M-chain 3B of SC 3 compete for market B.

3. Network Model

In this section, we present a network model for a supply chain economy (SCE). Let G =[N, L] denote a connected
network, where N denotes the set of nodes and L denotes the set of directed linksin this network.

A link in our network model can be either an operation link or an interface link, with the orientation indicating the
direction of flow of material or information. An operation link represents a substantial business function performed
by afirmin a SC network and, as such, can be a manufacturing operation, a transportation operation, a storage
operation, or a service operation. In general, our model allows an operation link to participate in multiple SCs.
Examples would include athird party logistic (3PL) company, that provides transportation for several SCs, and a
manufacturer, that participates in different and even competing SCs. For instance, Goodyear tire manufacturer
makestires for both Ford and GM. An interface link represents a coordination function between two successive
operation linksin a SC. In our model, an interface link is defined to be SC specific and thus, every interface link

only belongsto one SC. Let A denote the set of operation linksand B denote the set of interface links. Thus, we
have L = AUB.

An M-chain in our model will be denoted by a connected subgraph of G, containing several origin node(s) and one
destination node, which corresponds to its pertinent market. Thus, a SC, as afamily of coordinated M-chains, isa
connected subgraph with at least one origin hode and at least one destination node. The entire G represents the SCE
under study, which usually comprises several interactive SCs. Suppose that, in a SCE, there are m end products (or
services), i=1,...,m, which are sold at n marketplaces, j=1,...,n, that are spatially located in different geographic
areas or being on the Internet. As different products can be sold at the same marketplace and the same product can
be sold at different marketplaces, we have atotal of mn couples of (i,j) to indicate al possible individual end

consumer markets with product i and marketplacej.

A potential M-chain pertaining to an end consumer market (i,j) is represented by a connected subgraph of the
network characterized by a destination node (i,j). However, a potential M-chain may not gain realization (winning
through competition) in practice unlessit carries a positive flow of material, in which case it becomes active and

will be called an active M-chain. One of the objectives of this paper isto find active M-chains through competition

aswell astheir output to the markets. We will use Sj to denote the set of all potential M-chains pertaining to the end

consumer market (i, J), andlet S denote the set of all the potential M-chains. The chain flow of aM-chain is

defined to be the volume of final product or service that the M-chain deliversto its pertinent end consumer market,



or the output of the M-chain. Let X denote the chain flow of chain S. Let X =(X,,S€ S) denote the vector of

chain flows of al the M-chainsin the SCE under study.

The output level of the end product of an M-chain determines the amount of work processed at each stage of its
upstream material flow. Namely, tracking back the flow of material from the end product and exploding a series of
bills of materials, one can determine the amount of work (or information processed or resources absorbed) in each
participant link of an M-chain, in terms of labor hours, machine hours, utility consumed, or storage space taken, etc.
Precisely, we present the following definition of process rate of an operation link with respect to an M-chain in
which it participates (asimilar term is called the absorption coefficient in Erenguc et a (1999)). For convenience,
we adopt a convention that all the process rates are no less than one. In practice, a process rate can always be scaled

to an appropriate unit so that it is greater or equal to one.

Definition 3 (Process Rate)

For an M-chain Sand its participant operation link &, the processrate of & with respect to S, denoted by, A, is
the amount of resour ces taken or work processed by link a, necessary to make one unit of end product of the M-

chain S.

For any link a € L, wedenoteby X, , thelink flow of a&. For an operationlink a € A, X, isthetotal amount of

work processed on this link in the network of the SCE. For instance, the link flow of atransportation operation
represented by atrucking company should be the total shipmentsit is handling for all the M-chainsin which it
participates. Units for measuring an operation link flow can vary according to the function of the operation, with
examples such as a fabricated part, machine hour, labor hour, truckload, or cubic space (in awarehouse). We define

the operational link-chain incidence matrix A =(3.,) tobea|A/x|S zero-one matrix, where

aeA,seS

if link ticipatesin M — chai
5 ={L if link a participatesin chain's 3.1)

& 1o, if otherwise

Let X, bethechainflow of chain S, thenthechain S induced link flow onlink a is A, X, if a isa

participant of S. Mathematically, one has flow the following conservation eguation for (operation) link flow

variables and chain flow variables:

X, = D Sk Xs VaeA (3.2)

seS

In other words, the link flow of an operational link is the sum of chain-induced flows on thislink of al the M-chains
in which this link participates. For an interface link b € B, thelink flow X, indicates the amount of integration
work, coordination effort or information processed on this link. Since interface links are chain specific, the family of
al interface links, B, can be partitioned into subfamilies, By, according to their governing M-chains S€ S.

Therefore, the link flow of an interface link is uniquely determined by the chain flow of its governing M-chain.



We define the link cost, C, , by ageneric cost function of itsflow X, , T, =C,(x,),Vae A. The generic cost

function, C, , measures an appropriate combination of monetary cost and ineffectivenessin performing the
corresponding task. The ineffectiveness reflects other important factors besides the monetary value, such astime and
quality in conforming the task. In amodeling effort, C, can take aweighted majority form, with the monetary cost
being assigned aweight of one, and the other factors of ineffectiveness being assigned relative weights that can
convert to an equivalent dollar amount. Depending on the nature of an operation link, its cost can be linear or
nonlinear. The cost of an interface link reflects the effectiveness of coordination and integration of the two operation
links that it bridges. The geographic distance, past cooperation experience, level of information integration, and the
compatibility between the two operation links, etc., could be the factors that account for the cost of an interface link.
Since the effective coordination of two successive operation links may depend on other joints of the chain as well,
we assume that the cost of an interface link may, in general, depend on the flows of all the interface links belonging
to the same M-chain. Asinterface links are chain specific, however, flows on all interface links are determined by

the chain flow of the governing M-chain. Therefore, onehas G, =G, (X,), Vbe B, Vse S.

In general, our model allows an operation link to participate in more than one M-chain, although thisis not
imperative in all instances. In lieu of acommon operation link for multiple M-chains, there must be an imputation

mechanism to impute the link cost of the common link to its participating M-chains.

Definition 4 (chain-imputable link cost)

For an M-chain Sand its participant operation link &, the chain-imputable link cost of link a with respect to M-
chain s, denoted by C_Ias , isthe cost accountable for M-chain s, attributed to the work processed for s on operation

link a.

The chain-imputable link cost C_Ias , may depend on the total link flow onlink X, , and chain S induced flow on link

a, A X, whichisthe amount of work contributed by chain S tolink a (3.3). Also, the chain-imputable link

costs, as the charges to the participating M-chains to an operation link, should aggregately cover the link cost (3.4).
That is,

C.=C. (. X,x), VaeA (33
C,=>5,C. VacA (3.4)

seS

Based on chain-imputable link costs for all the common links, we give the definition of an M-chain cost below.

Definition 5 (M-chain cost)



The cost of an M-chain is the aggregated generalized cost (ineffectiveness) incurred in all the operation and
interface links of this M-chain in delivering the final product to the pertinent market. The cost of an M-chain S is
the sum of s-imputable link costs of all the links it employs. In mathematics, this can be expressed as

C,=Ci(X)=26.C+ D5 (35)

acA beBg

Note in (3.5) that the SC cost may depend not only on its own flow but also on all the other SCs' flowsin the SCE,
which reflects the SC interactions on the common operation links. .

For the sake of simplicity, we restrict our presentation to afixed demand model in this paper. Nevertheless, the

model can be extended directly to incorporate market elasticity, in form of a demand function or a price function (cf.

Takayama and Judge (1971)). Suppose that the market for product i in marketplace ] hasafixed demand d;, for
every i =1,...,m; j =1,...,n. Therefore, we have

D X,=d;, Vi=l..mj=1..,n (36)
se§;

4. Mathematical Formulation

In this section, we present the equilibrium conditions of a supply chain economy that can be used to determine the
answer to the central questions of our interest. Namely, (1) Which potential M-chains will win the competition and
become active chains? (2) What outputs do they deliver to the end consumer markets? And, (3) Who among the
multiple agents may enter the supply chain economy? The equilibrium conditions can be formulated as afinite
dimensional variational inequality problem in chain variables, which serves as genera analytical framework for
modeling the SC interactions and particularly SC vs. SC competition.

Wefirst give the definitions of link marginal cost and chain marginal cost as follows.

Definition 6 (marginal cost)

For an operation or an interface link, the link marginal cost is defined to be the unit link processing cogt, if the flow
on thelink isno less than one unit; otherwise, it is defined to be the link cost for one unit flow. The chain marginal
cost of an M-chain sis defined to be the unit chain processing cost of chain s, if the chain flow of s is no less than

one unit; otherwise, it is defined to be the corresponding chain cost with the chain flow of s being fixed at one unit.

Asany active link in a SCE must carry a minimum of one unit link flow in practice, the link marginal cost so
defined represents the unit processing cost for an active link. If the link flow turns out to be less than one unit in the
model, however, it would imply that the link is not actually being used. In this case, the link marginal cost should be
seen as the triggering cost, i.e., the cost necessary to activate this link. The same rationale is behind he definition of

chain margina cost.



An end consumer market is a destination of a commodity, which pulls the flow of materials through its pertinent M-
chains. Therefore, the M-chains, as alternative “paths’ to the destination, are competing against each other in
delivering the commodity to the destination. Covinato (1992) argued that the firms' cooperation quest in SC
management is to make the final product at overall lower total cost than competing sets of SC firms. Following this
philosophy, the winning M-chainsin this competition must be the “ shortest paths,” who can deliver the commodity
at the lowest marginal total cost. Thereis an interesting anal ogue between this competition and that in atraffic
network problem in which the travelers seek to determine the shortest paths (minimal cost paths) to travel from their
originsto their destinations. The interaction of material flows among different M-chains on common operation links
corresponds to interacting traffic on common road sections in a transportation network. This analogue inspires usto
translate Wardrop’ sfirst principle of traffic assignment (Wardrop 1952) into the context of a SC network economy,
so we can characterize the winning chains, i.e., active chains, as those with lower marginal costs than their

competing chains.

The equilibrium of SCE defined below now answers our central question (1): Which potentia chains will win the
competition and become active chains?

Definition 7 (equilibrium of SCE)
In a SC network equilibrium, all the potential M-chains that have higher marginal total costs than their competing

M-chains for a same market should have no market share. In other words, all the less cost-effective potential M-

chainswill be inactive in equilibrium. Mathematically, a feasible SCE X" constitutes a SC network equilibriumif

and only if the following system of equalities and inequalities holds true:
=mingg C(X") if X; >0,

C.(X . .
of )Zminsests(X) if X.=0,

Vse § (4.2)
for all end consumer markets (i, j), i=1,..,m; j=1..,n.

Economically, the above definition isin perfect line with the spatial price equilibrium (c.f. Samuelson (1952),
Takayama and Judge (1971), Nagurney, Takayama and Zhang (1995), Nagurney and Zhang (1996)) in the context
of a SCE. Note that, since the operation and interface costs in this model take the form of generic costs to account,
not only for the monetary cost, but also for other ineffectiveness such as delivery time and quality issues, the active
chains (winning chains) so defined in the equilibrium condition should identify those with highest competency in
applications.

We are now ready to address the central question (3): Who among the multiple agents may enter this economy? The
definition of the equilibrium of SCE articulates that the winning (active) chains are those M-chains with lowest

marginal total costsfor their pertinent markets, and they are the only ones that carry a positive flow of materials.



Cavinato (1992) identified the prevaent managerial concept towards SC management with the following rationale.
“If thefinal customer does not select the OEM’ s product, then none of the firmsin that SC will experience derived
demand for their portion of the value-added that they provide to the product or service.” Thisrationale is observed
explicitly in our definition. As any M-chain with higher marginal cost than its competing M-chains delivers no
product to its market, all its participating operation links get zero derived demand for their portion from this M-chain
(cf. (3.2)). However, since we are considering a SCE, which generally consists of many SCs, some or al of these
operation links may participate in other active M-chains and thus get positive derived demand for their portion from

these active participant M-chains. Therefore, we can conclude with the following corollary as the answer to question

3

Corollary 1 (Active Agent)
An agent enters a SCE if and only if the operation links that it employs participatein at least one active M-Chain. A

business agent is called an active agent in a SCE if it enters such SCE.

Finally, in order to answer the central question (2), we present the following variational inequality problem that

solves for the output from the active (winning) M-chainsin a SC network equilibrium.

Theorem 1 (VIP in chain variables)
X" isa SC network equilibriumif and only if X solvesthe following variational inequality problem (V1P(4.2)):
Find X~ € Q such that

i C.(X)(X:=X;)20, vXeQ (42)

where Q = {XS >0,seS: Z Xs=d;, Vi, vj} is the feasible set of chain variables for the SC network.
se§;

Proof: In order to see that (4.1) implies (4.2), let V; = min ¢ C.(X"),Vi,j andlet X € Q) beany feasible SCE.

Forany i, ] ,and se §;,if X; =0, thenonehas (CS(X*)—V”)(XS—X;):(CS(X*)—VU)XS >0 from (4.1). If

X; >0,then, C,(X")-V; =0, and hence (C,(X")-V, )(X,~ X;)=0. Summing over for all i, j ,and se §,

onehasiZ::jZi;S;(Cs(X;)—V”)(XS—X;)ZO, VX € Q, whichisidentical to (4.2) becauseall V, will

vanish when summing over all the chainsin SJ- under the fixed demand assumption. We now turn to prove that (4.2)

implies (4.1). Forany i, j ,and S€ §, if sistheonly elementin S, then X, = d;; >0, and we have

10



C.(X") =V trivialy held. Suppose that Sis not the only element (chain) in §; andthat S'e §; is another
element. We consider two separate cases. (i) If X; =0, define Y as:

J, if s"=s
Yo = X;—S if s"=s',

X if s"#s,s'

o
where & is positive and sufficiently small. The Y isfeasible. Substituting Y for X in (4.2), one has

(Cs(x*)_C |(x*))5 >0.Since §' e §; isabitrarily chosen, this suggests that

S

C,(X")=C,(X"),¥s'es, or C(X")zming g C,(X") (4.3)

Sj
which complies with (4.12). (ii) If X; >0, define Y as.

X,-6, if s"=s
+6 if s"=s',
X, if s"#ss

where & is positive and sufficiently small. Then obviously Y € Q. Substituting Y for X in (4.2), one has

(CS(X*)—Cs'(X*))S <0.Since S'e Sj is arbitrarily chosen, this suggests that

C,(X")<Cy(X'),vs'es, or C(X")=ming g C,(X") (4.4)

se§; s’

which confirms the other part of (4.1). Therefore, we have proved that (4.2) implies (4.1). O

VIP (4.2) can be regarded as a general framework of mathematical formulation for the equilibrium of a SCE, since it

isgiven in chain marginal cost functions and does not involve alink cost imputation, which may vary in

applications. Once the link costs imputation {Cas, Vse S,Vae A} isestablished in the model, it sets forth the chain

costs {C,, Vs e S} by (3.5), which in turn sets forth the marginal chain costs {C_, Vse S} . VIP (4.2) can then be

solved using an appropriate algorithm (see, e.g., Harker and Pang (1990) and Nagurney (1999) and the references
therein). In the following, we proceed to investigate under a special link cost imputation, uniform link cost
imputation.

Definition 8 (Uniform Link Imputation)
For an operation link, &, we say itslink cost imputation is uniform, if it charges all its participating chains at a

uniformrate, i.e,,
C./A X =B, Vswiths =1 (4.5)

One can directly observe the following corollary about the uniform imputation.

11



Corollary 2
The necessary and sufficient condition of a uniform link cost imputation is that all the participating chains to the

link are charged at the rate equal to the link marginal cost, i.e.,

C./AX.=c, Vs, =1 (4.6)

Proof: The sufficient condition istrivial. For the necessary condition, we have, in light of the definition and (3.5),

Co =2 8aCo = 2 Buha X (4.7)
seS seS
which, with notice to (3.2), implies that
= Z (Saskasxs)Ba
A = =B (4.8)
X 2 BahX) T

seS

If any of the participating chain, S, isactive, i.e., X, =1, then by the previously adopted convention > 1, we

have X, > 1. The assertion of the proposition now follows directly from (4.8).

For any M-chain Se€ S, let us denote the marginal chain cost for interface by
Cy =Cy (X)) =25 &(X) (4.9)

Under the uniform link cost imputation, the following theorem presents a separable variational inequality

formulation for the equilibrium of SCE in link and chain variables.

Theorem 2 (VIP in chain and link variables)
Suppose that the link costs imputation is uniform. Then, X isa SC network equilibriumif and only if X with its

induced Xa1 Va e A through (3.2) solves the following variational inequality problem (VIP (4.10)-(4.13)):

Find X;,VSE S, X;,Vae A such that

2 aenCa ()% =)+ Gy (X)X, = X) 20 (4.10)
holdsfor all x,,vVae A,and X,,Vse S subject to
ZSES, X,=d;, Vi=1l.,mVj=1.,n; (4.11)
D OahX =X, VaeA (4.12)
X,20, Vse§ X, 20, VaeA (4.13)

12



Proof: In light of Theorem 1, it suffices to show that VIP (4.2) is equivalent to VIP (4.10)-(4.13). It follows from
the definition of chain marginal cost that, for X > 1,

C,=C,/ X, =(D.8.C+D2.G) X,

acA beBg

=28, hes Sc(xa)/X +D°6 /X,
acA beBg (414)

= Buhes a(xa)/xa+26b/><s

acA beBg

= 2 BachasCa () + DG (X,)

acA beBg

where the last equality of (4.14) follows direct from the definition of link marginal cost with notice of x, > X >1
when & =1. Note that the right-hand side of (4.14) coincideswith C, for X < 1. Therefore, under the uniform

link cost imputation, (4.14) holds true for all X, and one has

2 0sCo (X)X = X0)

=3 (BB (%) + T & (X)) (X~ X))

= DG (X)X e (Bt Xs =82 X))+ X Ca (X2)(Xo = XL)
= 2 anC (%) (% %)+ 2o Ca (X0)(X - X2).

(4.15) shows that the left-hand side of VIP (4.2) isidentical to the left-hand side of VIP (4.10)-(4.13). O

(4.15)

We note that VIP (4.10)-(4.13) has a separable cost structure while the cost structure of VIP (4.2) is nonseparable in
that the marginal chain cost of chain S, CS(X* ) , depends on all SC flows X" rather than its own chain flow, X:.

Therefore, VIP (4.10)-(4.13) can be solved in more efficient algorithms.
5. Qualitative Properties

In this section, we provide the fundamental qualitative properties of the mathematical formulation for equilibrium of

a SCE presented in the previous section. We first show the existence of equilibrium of a SCE.

Theorem 3 (existence)
Suppose that the link cost functions are continuous and that the link cost imputation is continuous. Then, there exists
some equilibrium of a SCE by Definition 8.

Proof: Under the condition of the theorem, the chain cost function of (3.5) is continuous for al M-chains. This

implies that the marginal chain cost is continuous. It is easy to see that the constrain set, {2, of VIP (4.2), is convex,

closed and bounded. In light of the standard theory of finite dimensional variational inequality problem (Harker and

13



Pang (1990), Nagurney (1993)), VIP (4.2) possesses at least one solution, which is equilibrium of SCE by Theorem
10O

As strict monotonicity of the vector function of avariational inequality problem ensures the uniqueness of its
solution (Nagurney 1999), the following theorem gives a general condition for the uniqueness of SC network

equilibrium.

Theorem 4 (uniqueness)

Suppose that the marginal chain costs C, Vse S, are strictly monotone. Then there exist a unique equilibrium of

CE.

We proceed to explore further properties under the uniform link cost imputation. Under such alink cost imputation
mechanism, the equilibrium of a SCE can be formulated as a solution to a separable variational inequality problem,
VIP (4.10)-(4.13). Viathe bridge of VIP (4.10)-(4.13)., we can establish some necessary and sufficient conditions
for a SC network equilibrium as the solution to the optimization problem (5.1)-(5.4) below.

Min ZA [ ca(u)du+; [IAOLT (5.1)
subject to
zses. X,=d;, Vi=l.,mVj=1..n (5.2)
D OuhaX =X, VaecA (5.3)
X220, VseS X, 20, VaeA (5.9

Theorem 5 (sufficient condition)
Under the uniform link cost imputation mechanism, an sufficient condition of X" bei ng an equilibriumof a SCE is

that X with itsinduced X, Va e A through (3.2) solves the optimization problem (5.1)-(5.4).

Proof: By Theorem 2, it suffices to show that any solution to optimization problem (5.1)-(5.4) isasolution to VIP
(4.10)-(4.13). However, VIP (4.10)-(4.13) is merely arestatement of the first-order necessary condition of the
optimization problem (5.1)-(5.4) by noticing that the vector function entering into V1P (4.10)-(4.13) isthe gradient

of the objective function in (5.1). O

Theorem 6 (necessary and sufficient condition)
Suppose that the marginal link costs for operation and the marginal chain costs for interface are monotone

increasing. Then, under the uniformlink cost imputation, X" isan equilibrium of a SCE if and only if X" with its

induced x;,Vae A through (3.2) solves the optimization problem (5.1)-(5.4).
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Proof: Since the vector function entering into VIP (4.13)-(4.16) is the gradient of the objective function in (5.1), the
assumption of monotone marginal link costs for operation and monotone marginal chain costs for interface implies
that the objective function of (5.1) is convex. According to Bazzara, Sherali and Shetti (1993), VIP (4.13)-(4.16) is

the necessary and sufficient condition of the solution to the convex programming (5.1)-(5.4). O
With adlightly stronger condition, the following theorem ensures the uniqueness of the equilibrium.

Theorem 7
Suppose that the marginal link costs for operation and the marginal chain costs for interface are strictly monotone

increasing. Then, under the uniform link cost imputation, there exists a unique equilibrium of a SCE.

Proof: Following from Theorem 6, the equilibrium of a SCE is the unique solution of the strictly convex

programming (5.1)-(5.4). O

Corbett and Karmarkar (2001) assume that the production cost functions are homogeneously linear and identical for
all agents at each tier. Under this assumption, but relaxing the requirement for identical production cost rate at each
tier, we can formulate the SC network equilibrium problem as alinear programming problem. Write explicitly the

link cost functions as, C,(X,) = 0,%,, Yae A foranoperationlink, and G,(X,) =q,X,, VbeB,, Vse S, foran

s

interface link. In line with Definition 6, the link marginal cost for an operational link and an interface link

respectively becomes:.c, =g,, Vae A ¢ =q,, VbeB,VseS

Theorem 8
Suppose that the link costs for all the operation links and all the interface links are linear. Then, X" isan

equilibrium of a SCE if and only if X" solves the following linear programming problem:

Min Z[Zsasxasga +>.6, ]xs (5.5)

5\ acA beB,
subject to:

2og Xs=0j, Vi=l.mvj=L..n (5.6)

X,20, VseS§ X, 20, VaeA (5.7)

Proof: The linear link cost structures suggest that they are monotone increasing. Furthermore, they imply the
uniform link cost imputation by Corollary 2. It follows from Theorem 6 that the necessary and sufficient condition

for an equilibrium of a SCE isthat it solves the optimization problem (5.1)-(5.4). The objective function (5.1)

becomes (5.5) through a simple algebra when the flow conservation equation (5.3) is substituted for X, . O
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6. Numerical Examples

In this section, we present two numerical examples to illustrate the model. The solution of the variational inequality
formulation (4.2) of these examples will determine the winning chains and their market shares as well as the output
of al the participating firms. We also provide discussion of the results and highlight the economic interpretation.
The computation of these examplesis carried out by the projection method for variational inequality problem (cf.

Nagurney 1999) as outlined below.
Proj ection method for the solution of variational inequality (4.2)

Step 0. Initialization

Prescribe a convergence tolerance € , choose any initial feasible point X Q) and set stepsizeo, <1. Letk=1.

Step 1. Computation

Compute X'eQ by solving the quadratic programming problem:

miny o> (@ /2X2+(C(XE™)—axEt)x

s

Step 2. Convergence

If | XE =X e, foral se'S, stop and terminate with X as the solution; otherwise, set k:=k+1, and go to
Step 1.

Thefirst example is proposed for adairy product SCE, and isinvestigated in two different demand cases, symmetric
demand markets and asymmetric demand markets. We bring in some explanations for the solution results of this
example and their economic rationales. The second SCE example has a more complex nature of its network
structure and its participants and their relationships. It comprises two manufacturers, two third-party logistic (3PL)
companies, and three retailers, who compete in making, transporting and selling the product in two geographic

markets.

Example 1

There are two markets, Mk-1 and Mk-2, for adairy product in a geographic area. There are two producers
(suppliers), alocal producer (L.P.), and aregional producer (R.P.), both of whom supply this product to the two
markets. We suppose that the L.P. iswithin the areaand is close to the two market sites, and, therefore, it ships the
product by itself. The R.P. is outside the area of the market sites, and needs to transport the product to a distribution
center (DC) located in the area. The product then will be delivered from the DC to the two markets.

There are two SCs, one of L.P. and one of R.P., each comprising two M-chains, S,;, S, pertaining to L.P., and

Sy S,, pertaining to R.P. Here S; and S, are competing for Mk-1, and S, and S,, are competing for Mk-2.
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Figure 3 gives a SCE model representation of this example, where the dotted arrows represent the interface links and
the solid arrows represent the operation links. Particularly, the M-chains are defined by the following sequence of

alternative operation links and interface links:

Su = aba,, s, =aba;, s, =a,bahbaba,, s, =ababaha. (6.2)
Thetwo M-chainsof L.P., S; and S, arerepresented by similar sequences of links: a common production link &,
an interfacelink b or b, , and atransportation link &, or &, for transporting the dairy product from L.P. to Mk-1
or Mk-2, respectively. Thetwo M-chainsof R. P., S,; and S,, are represented by similar sequences of links: a
common production link a,, an interface link Q or b4 , acommon transportation link a8, for transporting the
product from R.P. to DC, an interface link by, or b, acommon distribution link &, for distribution/storage at DC,
an interface link b7 or b8 and finally another transportation link a,, or @, for transporting the product from DC
to either Mk-1 or Mk-2. Here, a,, @5, @; are common operation links for both S, and S,, , while a; belongsto
S, and @4 belongsto S,, . The processrates for the operations links, @,, a,, with respect to the M-chains,

Si1r Sizr Sipy Sy, are 2, while the process rates for all the other operation links are 1.

Suppose that the operation link costs and interface link costs of the above SCE are given by:

C, =5%,, C,=2%,+1 T, =2%, +1 €T, =3X%,, (6.2)
C, =2%,+10, T, =X,, C, =X, +5 ©C, =X, +5 (6.3
Ebl = Xsu’ Ebz = XSLZ' Cba = XSA +2’ EbA = x%z +2’ (64)

G, = 0.5X321 + 2, C, = 0.5XSzz + 2, G, = O.5XSA +1, G, = O.5XSzz +1. (6.5)
One may naticein (6.2)- (6.5) that the production cost Cal is higher than Ea4 , suggesting that R.P."s production is
more efficient than that of L.P. due to alarger production scale per se. On the other hand, the transportation and
distribution cost of R.P. as the sum of Cas and 637 or Eas , in addition to Eaﬁ , is higher than the transportation cost
of L.P,, Caz or Ca3 . Therefore, the competition at these two markets characterizes the mass production advantage

of R.P., who enjoys alower production cost, and the geographic advantage of L.P. as alocal supplier, who saves on

transportation/distribution costs.
Note that the link costsin (6.2) - (6.5) are linear with nonzero constant terms in general, hence, the marginal link

cost structure that enters the variational inequality formulation is nonlinear. In the following, we investigate the

example separately in the case of symmetric markets and asymmetric markets.
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Case 1 (Symmetric Markets)

For the network and cost structure of SCE given above, assume that the demand at Mk-1, d1 =50, and the demand

at Mk-2, d2 =50, and assume a uniform link cost imputation. Then, the equilibrium is computed at
XSll = XSLZ =35.44, XSZl = stz =14.56 (6.6)

Xa, =141.76, X =Ko = 35.44, Xy, = 58.24, Xy =%, = 29.12, Xy =X =14.56. (6.7)
with the marginal chain costs

C, =C,, =13028 C, =C_ =13.030. 69)

Case 2 (Asymmetric Markets)
Assume now that the demand at Mk-1isd, = 20, and demand at Mk-2is d,, = 100, and assume also the uniform
link cost imputation. Then, the equilibrium is computed at

XSll = 20, Xslz =0, X%1 =0, X522 =100, (6.9)

X, =40, %, =20,%, =0, x, =200, x, =%, =100,%, =0, x, =100. (6.10)
Namely, L.P. has one active M-chain S;; , and one inactive M-chain S, , and R.P. has one active M-chain S, , and
oneinactive M-chain S,,. The corresponding marginal chain costs are:
C, =1305 C_=14, C =221 C_=122 (6.11)

One notices that the marginal chain cost of the inactive chains are higher than that of their competing active M-
chains, and hence at equilibrium.

Some economic implications of the solution can be observed in comparing the equilibrium solutions in the two cases

above. Since the higher transportation costs of R.P. are due mainly to the longer distance of transport (notice the

greater constant terms of Ca5 and Eas than those of Eaz and Eas ), an increased demand helps to overcome this cost

by spreading it over alarger shipment quantity. Therefore, when the demand at Mk-2 is increased to 100, the
transportation and distribution disadvantages of R.P. are diminished and hence, are outweighed by its mass
production strength. Thisdrives L.P. out of the competition in the larger market, Mk-2. The opposite happens at Mk-
1. When its demand shrinks to 20, the market size basically impedes R.P. digesting its transportation cost over
shipment quantity, while the mass production advantage of R.P. cannot be realized in this small local market. This
makes L.P. fully control Mk-1. Therefore, this example suggests that the market size may significantly impact the
market shares of competing SCs with different characteristics. While alocal producer finds it hard to enter and
compete in alarge market, it can secure asmall local market by turning away any mass producer, who cannot justify
its distribution costs in the small market size. Such a phenomenon is actually witnessed in various marketsin small

towns remote from population centroids.
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Example

2.

Figure 4 depicts a certain supply chain economy involving two producers of a consumer product, In Figure4, B, P,

are the operation links representing the production functions respectively of Producer 1 and Producer 2. There are

threeretailers, denoted by R, R,, R; inthefigure. Retailer 1 isthe only retailer in geographic market 1, and

Retailers 2 and 3 are located in geographic market 2 and are competing for that market. There are two 3PL

companies, Y and Z, who can provide the transportation to ship the product from the producers to the retailers.

Therefore, we have two families of transportation operation links y;, z;,i =1,2; j =1,2,3, respectively denoting the

transportation operations performed by company Y and company Z from Producer i to Retailer j. That is, either of
the two 3PL companies, or both of them, can be active in delivering the product from every producer to every

retailer. To simulate the complexity of real world supply chains, we assume that there is some special supply

relationship between Producer 2 and Retailer 2 that Producer 2 can choose to ship the product directly to Retailer 2.

This aternative transportation mode is illustrated in our model by operation link W,, . For presentation simplicity,

the interface links are not labeled in the figure, but they can be identified by the pair of successive operations links

they connect and are thus denoted. Generally, an interface link connecting operation links a and a, will be denoted

by (al, a2) . In Figure 4, all solid arrows denote the operation links and al the dotted lines denote interface links.

In this example, there are thirteen M-chains competing for the two geographic markets, as defined by their

composition and pertinent markets as shown in Table 1 below.

M-chains S1y1 S:I.y2 S1y3 Slzl Slzz S123 S2y1 SZyZ SZy3 SZzl SZZZ S223 SZWZ
Producer 1 1 1 1 1 1 2 2 2 2 2 2 2
3PL co. Y Y Y Z Z z Y Y Y Z Z Z Direct
Retailer 1 2 3 1 2 3 1 2 3 1 2 3 2
Market 1 2 2 1 2 2 1 2 2 1 2 2 2
Table 1. M-chains and their composition
Suppose that the costs of the operation and interface links of this SCE are given by:
Epl = 19Xpl ,Epz = ZOsz, (6.12)
C(Py Yu) = X2 TP Vi) = X ,» TPy Yia) = X, (6.13)
6( p1) Zl]_) = Xizl’ E( pls 212) = XSAZZ! 6( p11 213) = XSLZ3I (614)
C(P Vo) = Xs, 1 T(P2: ¥22) = Xs, 2 TPz Yas) = X, (6.15)
c( P> 221) = Xsma c( P2 Zzz) = Xsm1 c( P, 223) = Xsm! c( pzawzz) = x52W21 (6.16)
¢, =3x, +30,C, =3x, +30, T, =3x,_+30, (6.17)
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¢, =3x, +30,c, =3x, +30,C, =3x, +30, (6.18)

Y2

¢, =7x,+30,¢, =2x, +30,C, =x, +30, (6.19)
¢, =1x,+20,c, =3%x,+20,C, =2x, +20,C, =2X,, (6.20)
C(Yy, 1) = XSlyl +20, T(Y,,,1,) = XSiyz + 20, T(Y;3,15) = Xsm + 20, (6.21)
E(yzy rl) =30, E(y22, rz) =30, E()/231 ra) =30, (6.22)
C(zy,1) =X, +10, T(z,,1,) = Xg , +10, T(z3,1,) = Xg  +10, (6.23)
C(2,,,1,) =30, ©(2,,,1,) =30, T(Z,,15) =30, T(W,,1,) =0, (6.24)
€, =x +10,C =2x ,C =15x +5. (6.25)
The link-chain flow conservation equations are:
X, = i XSlw +i Xsu, (6.26)
j=1 j=1
X,, = i XsZw +Z3: sta + X, (6.27)
j=1 j=1

X, = Xs, Xy, = Xsw’ X, = Xsn, i=123 =123 (6.28)
X, =2 Xg, + 2 Xg 0 J=13 X, =2 X+ Xg, +Xg, - (6.29)

i=1,2 i=1,2 i=1,2 i=1,2

Suppose that the demand is 200 at each of the two demand markets. Therefore, we have the following two
congtraints for the chain flows to meet the demand at the demand markets.

> Xg, + > X, =200, > Xs,, + > Xg, +Xs, + > Xg,, + > Xg,, =200 (6.30)

i=1,2 i=1,2 i=1,2 i=1,2 i=1,2 i=1,2

The feasible set of the chain flows is then given by
Q={X; 20,5 S:(6.39) - (6.43) hold} (6.31)

The equilibrium as the solution to the variational inequality formulation of this problem is computed using the
projection method with oo = 0.05and & = 0.01. Table 2 below summarizes the equilibrium chain flows, their
marginal costs, and their corresponding retailers and pertinent markets. The winning chain columns are highlighted
with underlines.

M-chains Sy | S Sii | S | Syz | Sy | Sz | Sz | Sowz | Sz | Sy | Sz | Sz

Chainflow | 97.17 | 107.83 | 000 | 000 | 0.00 | 0.00 | 000 | 0.00 | 60.02 | 0.00 | 0.00 | 30.00 | 109.98

Marg. Cost | 2565 | 2565 | 79.01 | 8898 | 67.05 | 8598 | 6503 | 7601 | 2501 | 7150 | 90.50 | 25.01 | 25.00

Retailer 1 1 1 1 2 2 2 2 2 3 3 3 3

Market 1 1 1 1 2 2 2 2 2 2 2 2 2

Table 2. Equilibrium chain flows and their marginal costs

In the above table, one can see that al the winning chains for a pertinent market have equal and minimum marginal
costs, and the inactive chains with zero flows and higher than minimum marginal costs. The equilibrium solution
determines the link flows on all the operation links through the link-chain flow conservation equations (6.39)-(6.42).
Particularly, the production output of Producer 1 and Producer 2 is respectively 127.17 and 277.83. The 3PL
company Y will obtain a contract of shipment of 97.17 from Producer 1 to Retailer 1, and a contract of shipment of
107.83 from Producer 2 to Retailer 1, but it will not be able to get any other shipping contract. On the other hand,
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the 3PL company Z will only ship from Producer 1 and Producer 2 to Retailer 3, with a shipment of 30 from
Producer 1 to Retailer 3 and a shipment of 109.98 from Producer 2 to Retailer 3. In this example, Retailer 2 will
procure the product exclusively from Producer 2 viathe direct transport, with the advantage of the special supply
relationship, and the shipment will be 60.02. Finally, the sales volume at Retailer 1, Retailer 2, and Retailer 3 is
respectively 200, 60.02, and 139.98.

7. Conclusion

In this paper, we present ageneral framework for the formulation of SC interactions, particularly of SC vs. SC
competition. The model is proposed from a macroscopic perspective. It takes such inputs as (i) a set of related
business entities (as the network topology and the operation links), with (ii) their business functions, strengths and
weaknesses (as given by the link costs), and (iii) their connection and relationship (as the network topology and the
interface links with their cost functions). Based on the inputs, the model identifies those agents who will form viable
(winning) SCs, determine the structure of the viable chains, and predict the output they deliver to the end markets
under study.

The VIP formulation in chain variables proposed in this paper is ageneral framework for an arbitrary link cost
imputation mechanism. In a particular application, however, there might be no common operation linksin a SCE
under study. In most cases, when there are common links, their link cost imputations are chain-independent, such as
the uniform link cost imputation investigated in this paper. Under these circumstances, the V1P formulation will be
reduced to a simpler one, such as the separable VIP in chain and link variables presented in the paper, by exploiting
the special structure of specific link cost imputation mechanism. We also give conditions of the link cost function
under which there is equivalent optimization problem formulation. Particularly, there is an equivalent linear
programming formulation for equilibrium of a SCE under the linear link cost structure of Corbett and Karmarkar
(2001). Qualitative properties regarding to the existence and uniqueness of equilibrium have also been established in
this paper.

The model has a broad application potential. First, it can be used for economic studies towards policy making,
intervention and leverage. For instance, it should be of a high interest to predict the prevailing SCs under the
influence of anew policy implement, taking into account of the inter-chain competition. In this scenario, the model
serves to suggest the structure and the scale of the prevailing SCs, their market shares, and what business agents will
be involved in which SC(s). The results then can be fed back to the policy makers to analyze the impact of such
prospective policy and to make necessary changes towards a certain economic or environmental goal. Second, it can
be used for strategic SC planning with reflection of the competing SCs' reaction, which is novel to most existing SC
management study that is not embedded in an inter-chain competitive environment. For instance, one can run the
model as a simulation process to determine the return or market gain in equilibrium for a SC that will result from
building a new distribution center, or establishing along term contract with athird party logistic firm, in an attempt
to reach aregional market. Such a“simulation” process facilitates a mechanism for, not only selecting the best

strategy, but aso understanding the reaction of the competing SCs. Analogously, it conducts awhat-if analysisfor a
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hypothetic move of a competitor. Third, it can be used in a coalition formation study. For instance, to suggest the
consequence of an individual firm joining a SC, we can lower the cost on the interface links that connect the
operation link representing the firm to the operation links already participating in this SC. The costs on other
interface links remain unchanged. We then solve the model to find the new equilibrium for the viable chains and

their market shares. Following these directions, more application prospects can be proposed.

Acknowledgement: The author is grateful to three anonymous reviewers for many helpful comments and detailed

suggestions.
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